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Ïðèáëèæåííîå ðåøåíèå äèôôåðåíöèàëüíûõ óðàâíåíèé

ñ íåëèíåéíûì çàïàçäûâàíèåì è ïðèáëèæåííîå

âû÷èñëåíèå ôóíêöèîíàëà êà÷åñòâà ïðè èçâåñòíîì

óïðàâëåíèè

c⃝ Ò. Ê. Þëäàøåâ 1

Àííîòàöèÿ. Ðàññìîòðåíû âîïðîñû î ïðèáëèæåííîì ðåøåíèè äèôôåðåíöèàëüíûõ óðàâíå-
íèé ñ íåëèíåéíûì çàïàçäûâàíèåì ïðè íà÷àëüíîì óñëîâèè è î ïðèáëèæåííîì âû÷èñëåíèè
ôóíêöèîíàëà êà÷åñòâà ïðè èçâåñòíîì óïðàâëåíèè. Â ïîñòàâëåííîé çàäà÷å óïðàâëåíèå îãðà-
íè÷åíî ïî ìîäóëþ êîíñòàíòîé è íåëèíåéíî âõîäèò â óðàâíåíèå è â ôóíêöèîíàë êà÷åñòâà. Èñ-
ïîëüçîâàí ñëó÷àé, êîãäà ïåðåìåííûå ïðèíèìàþò íàòóðàëüíûå çíà÷åíèÿ. Çàäà÷à çàìåíÿåòñÿ
ñ å¼ äèñêðåòíûì àíàëîãîì. Äëÿ êàæäîãî íàáîðà çàäàííîé êîîðäèíàòû è óïðàâëåíèÿ íà÷àëü-
íàÿ çàäà÷à ñâåäåíà ê ñóììàðíîìó óðàâíåíèþ ñ çàïàçäûâàíèåì. Äîêàçàíî ñóùåñòâîâàíèå è
åäèíñòâåííîñòü ðåøåíèÿ ýòîãî ñóììàðíîãî óðàâíåíèÿ. Ïðè ýòîì èñïîëüçîâàí ìåòîä ïîñëå-
äîâàòåëüíûõ ïðèáëèæåíèé â ñî÷åòàíèè åãî ñ ìåòîäîì ñæèìàþùèõ îòîáðàæåíèé. Ïîëó÷åíà
îöåíêà äëÿ äîïóñêàåìîé ïîãðåøíîñòè ïî ñîñòîÿíèþ ïðèáëèæåííîãî ðåøåíèÿ íà÷àëüíîé ðàç-
íîñòíîé çàäà÷è. Äàëåå äîêàçàíî, ÷òî ïîñëåäîâàòåëüíîñòü äèñêðåòíûõ óïðàâëåíèé ÿâëÿåòñÿ
ìèíèìèçèðóþùåé ïîñëåäîâàòåëüíîñòüþ äëÿ èñêîìîé çàäà÷è. Â êà÷åñòâà ïðèìåðà ñîñòàâëåíà
ïðîñòåéøàÿ äèíàìè÷åñêàÿ ìîäåëü ïðîèçâîäñòâåííîãî ïðîöåññà ïðåäïðèÿòèÿ, êîòîðàÿ èìååò
âèä ðàññìàòðèâàåìîãî óðàâíåíèÿ.

Êëþ÷åâûå ñëîâà: Äèôôåðåíöèàëüíîå óðàâíåíèå, íåëèíåéíîå çàïàçäûâàíèå, íà÷àëüíîå
óñëîâèå, îïòèìàëüíîå óïðàâëåíèå, ïðèáëèæåííîå ðåøåíèå, äèíàìè÷åñêàÿ ìîäåëü ýêîíîìèêè.

Ñîâðåìåííûå ìåòîäû ðåøåíèÿ çàäà÷ óïðàâëåíèÿ â çíà÷èòåëüíîé ñòåïåíè îñíî-
âûâàþòñÿ íà êîíöåïöèè îïòèìàëüíîñòè, ÷òî îïðåäåëÿåò øèðîêîå ïðèìåíåíèå ìåòîäîâ è
àëãîðèòìîâ òåîðèè îïòèìèçàöèè ïðè ïðîåêòèðîâàíèè è ñîâåðøåíñòâîâàíèè ñèñòåì óïðàâ-
ëåíèÿ. Ìíîãèå çàäà÷è óïðàâëåíèÿ ôîðìóëèðóþòñÿ êàê êîíå÷íîìåðíûå îïòèìèçàöèîííûå
çàäà÷è. Ê òàêèì çàäà÷àì îòíîñÿòñÿ è çàäà÷è àäàïòèâíûõ ñèñòåì óïðàâëåíèÿ [1] � [5].

Ðàçðàáîòêà ìàòåìàòè÷åñêèõ ìåòîäîâ è ñîçäàíèå íà èõ îñíîâå ïàêåòîâ ïðèêëàäíûõ ïðî-
ãðàììíûõ êîìïëåêñîâ, îðèåíòèðîâàííûõ íà àâòîìàòèçàöèþ ïðîåêòíî-êîíñòðóêòîðñêèõ è
íàó÷íî-èññëåäîâàòåëüñêèõ ðàáîò ñ ïðèìåíåíèåì ñîâðåìåííûõ êîìïüþòåðîâ, ÿâëÿþòñÿ â
íàñòîÿùåå âðåìÿ âàæíåéøèìè çàäà÷àìè. Óñïåøíîìó ðåøåíèþ ýòîé çàäà÷è â çíà÷èòåëüíîé
ìåðå ñïîñîáñòâóåò ðàçðàáîòêà ýôôåêòèâíûõ ÷èñëåííûõ ìåòîäîâ è ïðîãðàììíûõ ñðåäñòâ
äëÿ ðåøåíèÿ çàäà÷ äèíàìèêè è óïðàâëåíèÿ. Ïðè ïðèáëèæåííîì ðåøåíèè çàäà÷ îïòèìàëü-
íîãî óïðàâëåíèÿ ðàçëè÷íûìè ñèñòåìàìè èñïîëüçóþòñÿ øèðîêèé ñïåêòð ðàçíûõ ìåòîäîâ
(ñì., íàïð. [6] � [11]).

Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ âîïðîñû ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è îïòèìàëü-
íîãî óïðàâëåíèÿ äëÿ îäíîãî íåëèíåéíîãî îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ
ñ íåëèíåéíûì çàïàçäûâàþùèì àðãóìåíòîì ïðè íà÷àëüíûì óñëîâèè è ñ íåëèíåéíûì êðè-
òåðèåì îïòèìàëüíîñòè.

1 Äîöåíò êàôåäðû âûñøåé ìàòåìàòèêè, Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé óíèâåðñèòåò
èìåíè àêàäåìèêà Ì. Ô. Ðåøåòíåâà, ã. Êðàñíîÿðñê, tursunbay@rambler.ru
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1. Ïîñòàíîâêà çàäà÷è

Ïóñòü óïðàâëÿåìûé ïðîöåññ íà îòðåçêå DT îïèñûâàåòñÿ íåëèíåéíûì äèôôåðåíöè-
àëüíûì óðàâíåíèåì âèäà

y′(t) = p(t)u(t) + β(t)q
[
t− τ

(
t, u(t), y′(t)

)]
×

×y
[
t− τ

(
t, u(t), y′(t)

)]
+ f(t, y(t)) (1.1)

ñ íà÷àëüíûì óñëîâèåì
y(t) = ϕ(t), t ∈

[
− η; t0

]
, (1.2)

ãäå p(t), β(t) è q(t) � çàäàííûå ïîëîæèòåëüíûå íåïðåðûâíûå ôóíêöèè, îãðàíè÷åííûå
ñâåðõó ÷èñëîì 1, f(t, y) ∈ C

(
DT × Y

)
, 0 < τ

(
t, u(t), y′(t)

)
� çàïàçäûâàþùàÿ ôóíêöèÿ,

òàêàÿ, ÷òî t − τ
(
t, u(t), y′(t)

)
≤ t0 − η , 0 < η = const , 0 < u(t) ∈ C

(
DT

)
� óïðàâëÿþùàÿ

ôóíêöèÿ, Y � îòðåçîê íà ïîëîæèòåëüíîé ïîëóîñè, DT ≡
[
t0;T

]
, 0 < t0 < T <∞ .

Çàäà÷à 1.Íàéòè ñîñòîÿíèå y⋆(t) � ðåøåíèå íà÷àëüíîé çàäà÷è (1.1), (1.2) ïðè èçâåñòíûõ
óïðàâëÿþùèõ âîçäåéñòâèÿõ

u⋆(t) ∈
{
u⋆ :

∣∣u⋆(t)∣∣ ≤M0, t ∈ DT

}
,

÷òî äîñòàâëÿþò ìèíèìóì ôóíêöèîíàëó

J [u(t)] =

∫ T

t0

τ
(
t, u(t), y′(t)

)
dt.

2. Äèñêðåòíûé àíàëîã çàäà÷è 1

Âìåñòî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1.1) ðàññìîòðèì åãî ðàçíîñòíûé àíàëîã

∆y(n) = p(n)u(n) + β(n)q
[
n− τ

(
n, u(n),∆y(n)

)]
×

×y
[
n− τ

(
n, u(n),∆y(n)

)]
+ f(n, y(n)) (2.1)

ïðè íà÷àëüíîì óñëîâèè
y(n) = ϕ(n), n ∈ D1, (2.2)

ãäå ∆y(n) = y(n+1)−y(n) , öåëî÷èñëåííûå ôóíêöèè p(n), β(n) , q(n), f(n, y) îïðåäåëåíû

äëÿ âñåõ n ∈ DN , öåëî÷èñëåííàÿ ôóíêöèÿ ϕ(n) îïðåäåëåíà äëÿ âñåõ n ∈ D1 ≡
{
n0 − η ≤

n ≤ n0

}
, η > 0 , n ∈ DN ≡

{
n0 ≤ n ≤ N

}
, à n0, n è N � íàòóðàëüíûå ÷èñëà.

Çàäà÷à 2. Íàéòè ñîñòîÿíèå y⋆(n) � ðåøåíèå íà÷àëüíîé çàäà÷è (2.1), (2.2) ïðè èçâåñò-
íûõ óïðàâëÿþùèõ âîçäåéñòâèÿõ

u⋆(n) ∈
{
u⋆ :

∣∣u⋆(n)∣∣ ≤M0, n ∈ DN

}
,

÷òî äîñòàâëÿþò ìèíèìóì ôóíêöèîíàëó

J [u(n)] =
N−1∑
n=n0

τ
(
n, u(n),∆y(n)

)
. (2.3)

Â äàííîé ðàáîòå âìåñòî çàäà÷è 1 áóäåì ðàññìàòðèâàòü äèñêðåòíóþ çàäà÷ó 2.
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Ðàçíîñòíàÿ íà÷àëüíàÿ çàäà÷à (2.1), (2.2) íà ìíîæåñòâå ýêâèâàëåíòíà ñóììàðíîìó óðàâ-
íåíèþ

y(n) ≡ Θ(n, y) = ϕ(n0)+

+
n−1∑
m=n0

[
p(m)u(m) + β(m)q

[
m− τ

(
m,u(m),∆y(m)

)]
×

×y
[
m− τ

(
m,u(m),∆y(m)

)]
+ f(m, y(m))

]
. (2.4)

3. Îäíîçíà÷íàÿ ðàçðåøèìîñòü ñóììàðíîãî óðàâíåíèÿ (2.4)

Ìû èñïîëüçóåì ñëåäóþùèå îáîçíà÷åíèÿ: Bnd(M) � êëàññ öåëî÷èñëåííûõ ôóíêöèé,

îãðàíè÷åííûõ ïî íîðìå ñ ïîëîæèòåëüíûì ÷èñëîì M ; Lip
{
L|u,v,...

}
� êëàññ ôóíêöèé,

óäîâëåòâîðÿþùèõ óñëîâèþ Ëèïøèöà ïî ïåðåìåííûì u, v, . . . ñ ïîëîæèòåëüíûì êîýôôè-
öèåíòîì L .

Â êà÷åñòâå íîðìû íà ìíîæåñòâå DN äëÿ ïðîèçâîëüíîé öåëî÷èñëåííîé ôóíêöèè x(n)
ìû áóäåì áðàòü åâêëèäîâó íîðìó

∥x(n)∥ = max
{
|x(n)| : n ∈ DN

}
.

Ò å î ð å ì à 3.1. Ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:
1. f(n, y) ∈ Bnd(M1) ∩ Lip

{
L1|y

}
, 0 < L1 = const ;

2. τ(n, u, y) ∈ Lip
{
L2|y

}
, 0 < L2 = const ;

3. max
{
|ϕ(n0)|; ∥p(n)∥; ∥y(n)∥

}
= γ0 = const <∞ ;

4.
∣∣q(n1)− q(n2)

∣∣ ≤ L01

∣∣n1 − n2

∣∣ , 0 < L01 = const ;
5.
∣∣y(n1)− y(n2)

∣∣ ≤ L02

∣∣n1 − n2

∣∣ , 0 < L02 = const ;

6. ρ = max
{
γ1; γ2

}
< 1 , γ1 = max

{
q0 + L1;

(
q0 + L1

)
(N − n0 − 1)

}
,

γ2 = max
{
L2

(
γ0L01 + q0L02

)
;L2

(
γ0L01 + q0L02

)
(N − n0 − 1)

}
,

q0 = max
{
q(n) : n ∈ DN

}
.

Òîãäà ñóììàðíîå óðàâíåíèå (2.4) ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ óïðàâëåíèÿ u(n) èìå-
åò åäèíñòâåííîå ðåøåíèå íà ìíîæåñòâå DN .

Ä î ê à ç à ò å ë ü ñ ò â î. Èñïîëüçóåì ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé â
ñî÷åòàíèè åãî ñ ìåòîäîì ñæèìàþùèõ îòîáðàæåíèé (ñì., íàïð. [12] � [14]). Ðàññìîòðèì
ñëåäóþùèé èòåðàöèîííûé ïðîöåññ Ïèêàðà:{

y0(n) = ϕ(n0) +
∑n−1

m=n0
p(m)u(m),

yk+1(n) = Θ(n, yk), k = 0, 1, 2, . . . ;
(3.1)

∆yk+1(n) = p(n)u(n) + β(n)q
[
n− τ

(
n, u(n),∆yk(n)

)]
×

×yk
[
n− τ

(
n, u(n),∆yk(n)

)]
+ f(n, yk(n)). (3.2)

Â ñèëó ïåðâîãî óñëîâèÿ òåîðåìû äëÿ íóëåâîãî ïðèáëèæåíèÿ èç (3.1) ñïðàâåäëèâà ñëå-
äóþùàÿ îöåíêà ∥∥y0(n)∥∥ ≤ γ0 + γ0M0 <∞. (3.3)
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Â ñèëó óñëîâèé òåîðåìû, ñ ó÷åòîì (3.3) èç (3.1) äëÿ ïåðâîãî ïðèáëèæåíèÿ èìååì îöåíêó

∥∥y1(n)− y0(n)
∥∥ ≤

n−1∑
m=n0

∥∥∥y0[m− τ
(
m,u(m),∆y0(m)

)]∥∥∥+
+

n−1∑
m=n0

∥∥∥f(m, y0)∥∥∥ ≤
[
γ0

(
1 +M0

)
+M1

](
N − n0 − 1

)
<∞. (3.4)

Àíàëîãè÷íî äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî ÷èñëà k > 1 èç (3.1) ïî èíäóêöèè ïîëó-
÷àåì ∥∥yk+1(n)− yk(n)

∥∥ ≤
n−1∑
m=n0

[∥∥∥q[m− τ
(
m,u(m),∆yk(m)

)]∥∥∥×
×
∥∥∥yk[m− τ

(
m,u(m),∆yk(m)

)]
− yk−1

[
m− τ

(
m,u(m),∆yk−1(m)

)]∥∥∥+
+
∥∥∥yk−1

[
m− τ

(
m,u(m),∆yk(m)

)]∥∥∥×
×
∥∥∥q[m− τ

(
m,u(m),∆yk(m)

)]
− q
[
m− τ

(
m,u(m),∆yk−1(m)

)]∥∥∥]+
+

n−1∑
m=n0

∥∥f(m, yk(m)
)
− f

(
m, yk−1(m)

)∥∥.
Îòñþäà, â ñèëó óñëîâèé òåîðåìû, èìååì∥∥yk+1(n)− yk(n)

∥∥ ≤

≤
{
q0

∥∥∥yk[n− τ
(
n, u(n),∆yk(n)

)]
− yk−1

[
n− τ

(
n, u(n),∆yk(n)

)]∥∥∥+
+q0

∥∥∥yk−1

[
n− τ

(
n, u(n),∆yk(n)

)]
− yk−1

[
n− τ

(
n, u(n),∆yk−1(n)

)]∥∥∥+
+γ0L01

∣∣∣τ(n, u(n),∆yk(n))− τ
(
n, u(n),∆yk−1(n)

)∣∣∣+
+L1

∥∥yk(n)− yk−1(n)
∥∥} (N − n0 − 1

)
èëè ∥∥yk+1(n)− yk(n)

∥∥ ≤
(
N − n0 − 1

) [(
q0 + L1

)∥∥yk(n)− yk−1(n)
∥∥+

+
(
γ0L01 + q0L02

)∣∣∣τ(n, u(n),∆yk(n))− τ
(
n, u(n),∆yk−1(n)

)∣∣∣] ≤
≤
[(
q0 + L1

)∥∥yk(n)− yk−1(n)
∥∥+

+L2

(
γ0L01 + q0L02

)∥∥∆yk(n)−∆yk−1(n)
∥∥] (N − n0 − 1

)
, (3.5)

ãäå q0 = max
{
q(n) : n ∈ DN

}
.

Àíàëîãè÷íî èç (3.2) èìååì∥∥∆yk+1(n)−∆yk(n)
∥∥ ≤

(
q0 + L1

)∥∥yk(n)− yk−1(n)
∥∥+

+L2

(
γ0L01 + q0L02

)∥∥∆yk(n)−∆yk−1(n)
∥∥. (3.6)
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Èç (3.5) è (3.6) ñëåäóåò, ÷òî∥∥yk+1(n)− yk(n)
∥∥+ ∥∥∆yk+1(n)−∆yk(n)

∥∥ ≤

≤ γ1
∥∥yk(n)− yk−1(n)

∥∥+ γ2
∥∥∆yk(n)−∆yk−1(n)

∥∥ ≤
≤ ρ

[∥∥yk(n)− yk−1(n)
∥∥+ ∥∥∆yk(n)−∆yk−1(n)

∥∥] , (3.7)

ãäå γ1 = max
{
q0 + L1;

(
q0 + L1

)
(N − n0 − 1)

}
,

γ2 = max
{
L2

(
γ0L01 + q0L02

)
;L2

(
γ0L01 + q0L02

)
(N − n0 − 1)

}
,

q0 = max
{
q(n) : n ∈ DN

}
.

Èç (3.4) è (3.7) ñëåäóåò, ÷òî îïåðàòîð â ïðàâîé ÷àñòè (2.4) ÿâëÿåòñÿ ñæèìàþùèì. Ñëå-
äîâàòåëüíî, ñóììàðíîå óðàâíåíèå (2.4) ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ óïðàâëåíèÿ u(n)
èìååò åäèíñòâåííîå ðåøåíèå íà ìíîæåñòâå DN .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ò å î ð å ì à 3.2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 3.1. Åñëè 2ρ < 1 , òî ïðè
ôèêñèðîâàííûõ çíà÷åíèÿõ óïðàâëåíèÿ u(n) ñïðàâåäëèâà îöåíêà

∥∥∆y(n)−∆yk(n)
∥∥ ≤

ρ k
{
M1 +

[
γ0

(
1 +M0

)
+M1

](
N − n0 − 1

)}
2(1− 2ρ)

. (3.8)

Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ ðàçíîñòè y(n) − yk(n) ñ ó÷åòîì (3.4) è (3.7) èìååì
îöåíêó ∥∥y(n)− yk(n)

∥∥ ≤
≤
∥∥y(n)− yk+1(n)

∥∥+ ∥∥yk+1(n)− yk(n)
∥∥ ≤

≤ ρ
[∥∥yk(n)− yk−1(n)

∥∥+ ∥∥∆yk(n)−∆yk−1(n)
∥∥]+

+ρ k
[
γ0

(
1 +M0

)
+M1

](
N − n0 − 1

)
. (3.9)

Àíàëîãè÷íî ïîëó÷àåì, ÷òî ∥∥∆y(n)−∆yk(n)
∥∥ ≤

≤ ρ
[∥∥yk(n)− yk−1(n)

∥∥+ ∥∥∆yk(n)−∆yk−1(n)
∥∥]+M1ρ

k. (3.10)

Èç (3.9) è (3.10) ñëåäóåò îöåíêà∥∥y(n)− yk(n)
∥∥+ ∥∥∆y(n)−∆yk(n)

∥∥ ≤

≤ 2ρ
[∥∥yk(n)− yk−1(n)

∥∥+ ∥∥∆yk(n)−∆yk−1(n)
∥∥]+

+ρ k
{
M1 +

[
γ0

(
1 +M0

)
+M1

](
N − n0 − 1

)}
.

Îòñþäà èìååì ∥∥x(n)− xk(n)
∥∥ ≤ 2ρ

∥∥x(n)− xk(n)
∥∥+

+
ρ k

2

{
M1 +

[
γ0

(
1 +M0

)
+M1

](
N − n0 − 1

)}
, (3.11)

ãäå
∥∥x(n)− xk(n)

∥∥ = max
{∥∥y(n)− yk(n)

∥∥;∥∥∆y(n)−∆yk(n)
∥∥} èëè

∥∥∆x(n)−∆xk(n)
∥∥ ≤

ρ k
{
M1 +

[
γ0

(
1 +M0

)
+M1

](
N − n0 − 1

)}
2(1− 2ρ)

. (3.12)

Òàê êàê
∥∥∆y(n)−∆yk(n)

∥∥ ≤
∥∥∆x(n)−∆xk(n)

∥∥ , òî èç (3.12) ñëåäóåò îöåíêà (3.8).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
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Ñ ë å ä ñ ò â è å 3.1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 3.2. Òîãäà èìååò ìå-
ñòî ñëåäóþùåå ñîîòíîøåíèå

lim
k→∞

∥∥∆y(n)−∆yk(n)
∥∥ = 0. (3.13)

4. Ñõîäèìîñòü ôóíêöèîíàëà êà÷åñòâà

Ñ ó÷åòîì ïîñëåäîâàòåëüíîñòåé ôóíêöèé (3.1) è (3.2) ôóíêöèîíàë (2.3) çàïèøåì â âèäå

J [uk(n)] =
N−1∑
n=n0

τ
(
n, u(n),∆yk(n)

)
. (4.1)

Ò å î ð å ì à 4.1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 3.2. Òîãäà èìååò ìåñòî
ñëåäóþùåå ïðåäåëüíîå ñîîòíîøåíèå

lim
k→∞

∣∣J [u(n)]− Jk[u(n)]
∣∣ = 0. (4.2)

Ä î ê à ç à ò å ë ü ñ ò â î. Â ñèëó óñëîâèé òåîðåìû, ñ ó÷åòîì (3.8) èç (2.3) è (4.1)
ïîëó÷àåì ñëåäóþùóþ îöåíêó

∣∣J [u(n)]− Jk[u(n)]
∣∣ ≤ L2ρ

k
{
M1 +

[
γ0

(
1 +M0

)
+M1

](
N − n0 − 1

)}(
N − n0 − 1

)
2(1− 2ρ)

.

Òàê êàê 2ρ < 1 , òî èç ïîñëåäíåé îöåíêè ñëåäóåò ñïðàâåäëèâîñòü (4.2).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ïóñòü u ⋆(n) � îïòèìàëüíîå äîïóñòèìîå óïðàâëåíèå â çàäà÷å 2. Ïðåäïîëàãàåòñÿ, ÷òî
äëÿ ýòîãî îïòèìàëüíîãî óïðàâëåíèÿ ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà∥∥u ⋆(n)− u ⋆k (n)

∥∥ ≤ δk(n), lim
µ→∞

δk(n) = 0. (4.3)

Èç (1.1), (2.1) � (3.2) è (4.1) ïðèõîäèì ê ñëåäóþùèì ñîîòíîøåíèÿì:

∆y ⋆(n) = p(n)u ⋆(n) + β(n)q
[
n− τ

(
n, u ⋆(n),∆y ⋆(n)

)]
×

×y
[
n− τ

(
n, u ⋆(n),∆y ⋆(n)

)]
+ f(n, y ⋆(n)); (4.4)

y ⋆(n) ≡ Θ(n, y ⋆) = ϕ(n0)+

+
n−1∑
m=n0

[
p(m)u ⋆(m) + β(m)q

[
m− τ

(
m,u ⋆(m),∆y ⋆(m)

)]
×

×y ⋆
[
m− τ

(
m,u ⋆(m),∆y ⋆(m)

)]
+ f(m, y ⋆(m))

]
; (4.5)

∆y ⋆k+1(n) = p(n)u ⋆(n) + β(n)q
[
n− τ

(
n, u ⋆(n),∆y ⋆k (n)

)]
×

×y ⋆k
[
n− τ

(
n, u ⋆(n),∆y ⋆k (n)

)]
+ f(n, y ⋆k (n)); (4.6){

y ⋆0 (n) = ϕ(n0) +
∑n−1

m=n0
p(m)u ⋆(m),

y ⋆k+1(n) = Θ(n, y ⋆k ), k = 0, 1, 2, . . . ;
(4.7)
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J [u ⋆(n)] =
N−1∑
n=n0

τ
(
n, u ⋆(n),∆y ⋆(n)

)
; (4.8)

Jk[u
⋆(n)] =

N−1∑
n=n0

τ
(
n, u ⋆(n),∆y ⋆k (n)

)
; (4.9)

Jk[u
⋆
k (n)] =

N−1∑
n=n0

τ
(
n, u ⋆k (n),∆y

⋆
k (n)

)
. (4.10)

Ò å î ð å ì à 4.2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 4.1. Åñëè

τ
(
n, u ⋆, y ⋆

)
∈ Lip

{
L

2

∣∣u ⋆,y ⋆

}
è âûïîëíÿåòñÿ óñëîâèå (4.3), òî èìååò ìåñòî ñëåäóþùåå ñîîòíîøåíèå

lim
k→∞

∣∣∣J [u ⋆(n)]− Jk[u
⋆
k (n)]

∣∣∣ = 0. (4.11)

Ä î ê à ç à ò å ë ü ñ ò â î. Ôîðìóëû (3.13) è (4.2) â ñëó÷àå (4.4) � (4.9) âûãëÿäÿò òàê

lim
k→∞

∣∣∣∆y ⋆(n)−∆y ⋆k (n)
∣∣∣ = 0, (4.12)

lim
k→∞

∣∣∣J [u ⋆(n)]− Jk[u
⋆(n)]

∣∣∣ = 0. (4.13)

Ðàññìîòðèì îöåíêó ðàçíîñòè J [u ⋆k (n)]− Jk[u
⋆
k (n)] . Â ñèëó óñëîâèÿ òåîðåìû, èç (4.9) è

(4.10) ïîëó÷àåì∣∣∣J [u ⋆k (n)]− Jk[u
⋆
k (n)]

∣∣∣ ≤ L2

[∥∥u ⋆(n)− u ⋆k (n)
∥∥+ ∥∥∆y ⋆(n)−∆y ⋆k (n)

∥∥] . (4.14)

Ñ ó÷åòîì (4.3) è (4.12) èç (4.14) ïîëó÷àåì, ÷òî ñïðàâåäëèâî ñîîòíîøåíèå

lim
k→∞

∣∣∣J [u ⋆k (n)]− Jk[u
⋆
k (n)]

∣∣∣ = 0. (4.15)

Òàê êàê∣∣∣J [u ⋆(n)]− Jk[u
⋆
k (n)]

∣∣∣ ≤ ∣∣∣J [u ⋆(n)]− Jk[u
⋆(n)]

∣∣∣+ ∣∣∣J [u ⋆k (n)]− Jk[u
⋆
k (n)]

∣∣∣,
òî, ïåðåõîäÿ ê ïðåäåëó ïðè k → ∞ , ñ ó÷åòîì (4.13) è (4.15) ïîëó÷àåì (4.11).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

5. Çàêëþ÷åíèå

Àíàëèòè÷åñêîå ðåøåíèå çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ïðîöåññàìè, îïèñûâàåìû-
ìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè ñ íåëèíåéíûì çàïàçäûâàþùèì àðãóìåíòîì, î÷åíü
ñëîæíî. Ïîýòîìó íà ïðàêòèêå èñïîëüçóþòñÿ ïðèáëèæåííûå ìåòîäû ïîñòðîåíèÿ ïðîãðàìì-
íîãî è ñèíòåçèðóþùåãî îïòèìàëüíîãî óïðàâëåíèÿ. Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ âî-
ïðîñû ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ äëÿ îäíîãî íåëèíåéíîãî
îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ íåëèíåéíûì çàïàçäûâàþùèì àðãóìåíòîì
ïðè íà÷àëüíûì óñëîâèè è ñ íåëèíåéíûì êðèòåðèåì îïòèìàëüíîñòè. Ïðè ýòîì èñïîëüçó-
þòñÿ èòåðàöèè (4.7) è (4.10). Äîêàçûâàåòñÿ ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè ôóíêöèîíàëà
êà÷åñòâà (4.10). Â êà÷åñòâà ïðèìåðà äëÿ óðàâíåíèÿ (1.1) ñîñòàâëÿåòñÿ ìàòåìàòè÷åñêàÿ
ìîäåëü ýêîíîìèêè ïðîèçâîäñòâåííîãî ïðåäïðèÿòèÿ.
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6. Ïðèëîæåíèå

Îáîñíîâàíèå ïîñòàíîâêó çàäà÷è. Ðàññìîòðèì ïðîèçâîäñòâåííûé ïðîöåññ îäíîãî
ïðåäïðèÿòèÿ â óñëîâèÿõ ðûíî÷íûõ îòíîøåíèé. Ïóñòü u(t) � îáúåì ïðîäóêöèè ïðåäïðèÿ-
òèÿ, ðåàëèçîâàííîé ê ìîìåíòó âðåìåíè t . Åãî äîõîä ê äàííîìó ìîìåíòó âðåìåíè t ñîñòà-
âèò

y(t) = p(t)u(t), (6.1)

ãäå p(t) � ðûíî÷íàÿ öåíà ðåàëèçàöèè ïðîäóêöèè ïðîèçâîäèìîé ïðåäïðèÿòèåì â ìîìåíò
âðåìåíè t .

Èç (6.1) âèäíî, ÷òî åñëè öåíà ðåàëèçàöèè ïðîäóêöèè âîçðàñòàåò, òî è äîõîä ïðåäïðèÿ-
òèÿ òîæå âîçðàñòàåò ê äàííîìó ìîìåíòó âðåìåíè t . Íî, ïîâûøåíèå öåíû ìîæåò îòðèöà-
òåëüíî îòðàæàòüñÿ â ñêîðîñòè ðåàëèçàöèè òîâàðà, ïðîèçâîäèìîé ïðåäïðèÿòèåì.

Ïóòåì äèôôåðåíöèðîâàíèÿ ôîðìóëû (6.1) ïî âðåìåíè t íàõîäèì ñêîðîñòü ðåàëèçàöèè
ïðîäóêöèè

y′(t) = p′(t)u(t) + p(t)u′(t), (6.2)

ãäå p′(t) � òåíäåíöèÿ ôîðìèðîâàíèÿ öåíîîáðàçîâàíèÿ.
Íàñ èíòåðåñóåò ñëó÷àé, êîãäà y′(t) > 0 , ò. å. ñ êàæäûì äíåì áîëüøå ïðîäóêöèè ðåàëè-

çóþòñÿ. Èç ôîðìóëû (6.2) âèäíî, ÷òî ýòî çàâèñèò îò òåíäåíöèè ôîðìèðîâàíèÿ öåíîîáðà-
çîâàíèÿ p′(t) è ñêîðîñòè âûïóñêà ïðîäóêöèè u′(t) . Íî, p′(t) îïðåäåëÿåòñÿ èç ðàâíîâåñèÿ
ñïðîñà è ïðåäëîæåíèÿ íà ðûíêå ê ìîìåíòó âðåìåíè t .

Ñêîðîñòü âûïóñêà ïðîäóêöèè îïðåäåëÿåòñÿ èç ñëåäóþùåãî ñîîòíîøåíèÿ

u′(t) = α(t)z
(
t− τ(t)

)
, (6.3)

ãäå z(t) � ôóíêöèÿ èíâåñòèöèé, íàïðàâëåííûõ íà ðàñøèðåíèå ïðîèçâîäñòâà, α(t) � êîýô-
ôèöèåíò ýôôåêòèâíîñòè èñïîëüçîâàíèÿ èíâåñòèöèé, 0 < α(t) < 1 , 0 < t0 < τ(t) < t .
Åñëè ôóíêöèÿ çàïàçäûâàíèÿ τ(t) ìåíüøå áóäåò, òî ýòî ñïîñîáñòâóåò òîìó, ÷òî ñêîðîñòü
âûïóñêà ïðîäóêöèè áîëüøå ñòàíîâèòñÿ. Åñëè τ(t) = t , òî ïðîöåññ èíâåñòèðîâàíèÿ áóäåò
îñòàíàâëèâàòüñÿ. Î÷åâèäíî, ÷òî çàïàçäûâàíèå τ(t) çàâèñèò îò îáúåìà ïðîäóêöèè u(t) è
ñêîðîñòè ðåàëèçàöèè ïðîèçâîäèìîé ïðåäïðèÿòèåì ïðîäóêöèè y′(t) ê ìîìåíòó âðåìåíè t

τ(t) = τ
(
t, u(t), y′(t)

)
.

Òîãäà ôîðìóëà (6.3) ïðèîáðåòàåò âèä

u′(t) = α(t)z
(
t− τ

(
t, u(t), y′(t)

))
, (6.4)

Âåëè÷èíà èíâåñòèöèé z(t) ÿâëÿåòñÿ ÷àñòüþ äîõîäà

z(t) = q(t)y(t), (6.5)

ãäå q(t) � äîëÿ ïðèáûëè â ñîñòàâå äîõîäà, 0 < q(t) < 1 . Âåëè÷èíà q(t) õàðàêòåðèçóåò
ðåíòàáåëüíîñòü ïðîèçâîäñòâà.

Ïîäñòàâëÿÿ (6.5) â (6.4), ïîëó÷àåì

u′(t) = α(t)q
(
t− τ

(
t, u(t), y′(t)

))
y
(
t− τ

(
t, u(t), y′(t)

))
. (6.6)

Èç ôîðìóëû (6.6) ñëåäóåò, ÷òî âåëè÷èíà ñêîðîñòè âûïóñêà ïðîäóêöèè âçàèìîñâÿçàíà
ñ âåëè÷èíîé ðåíòàáåëüíîñòè ïðîèçâîäñòâà. Çàïàçäûâàíèå τ õàðàêòåðèçóåòñÿ âåëè÷èíîé
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ïðîäóêöèè, íàêîïëåííûõ â ñêëàäàõ ïðåäïðèÿòèÿ, è ñêîðîñòüþ âûïóñêà ïðîäóêöèè ê äàí-
íîìó ìîìåíòó âðåìåíè t .

Ïîäñòàíîâêà (6.6) â (6.2) äàåò íàì ñëåäóþùåå äèôôåðåíöèàëüíîå óðàâíåíèå

y′(t) = p′(t)u(t) + β(t)q
(
t− τ

(
t, u(t), y′(t)

))
y
(
t− τ

(
t, u(t), y′(t)

))
, (6.7)

ãäå β(t) = p(t)α(t) , 0 < β(t) < 1 , 0 < q(t) < 1 � èçâåñòíûå ôóíêöèè, y(t) � íåèçâåñòíàÿ
ôóíêöèÿ, u(t) � ôóíêöèÿ óïðàâëåíèÿ,

t− τ
(
t, u(t), y′(t)

)
≥ t0 − η, 0 < η = const.

Â óðàâíåíèè (6.7) ó÷òåì ôàêòîð âíåøíåãî âîçäåéñòâèÿ f(t) . Îòìåòèì, ÷òî ôàêòîð
âíåøíåãî âîçäåéñòâèÿ ÷àùå âñåãî çàâèñèò îò äîõîäà ñàìîãî ïðåäïðèÿòèÿ. Åñëè íå ó÷òåì
ìàëûõ è ñëó÷àéíûõ âíåøíèõ ôàêòîðîâ, òî äèôôåðåíöèàëüíîå óðàâíåíèå (6.7) ïðèîáðå-
òàåò âèä

y′(t) = p′(t)u(t) + β(t)q
[
t− τ

(
t, u(t), y′(t)

)]
×

×y
[
t− τ

(
t, u(t), y′(t)

)]
+ f(t, y(t)).

Íà áîëüøîì âðåìåííîì îòðåçêå
[
t − τ

(
t, u(t), y′(t)

)
; t
]
ìàêñèìèçèðîâàòü äîõîä ïðåä-

ïðèÿòèÿ ïðàêòè÷åñêè íåâîçìîæíî. Ïîýòîìó ýòîò âîïðîñ ðåøàåòñÿ ïóòåì ìèíèìèçàöèè
ôóíêöèè çàïàçäûâàíèÿ τ

(
t, u(t), y′(t)

)
óïðàâëåíèåì îáúåìîì ïðîäóêöèè íà îòðåçêå âðå-

ìåíè DT .
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Approximate solving of di�erential equations with

nonlinear delay and approximate calculation of

functionality of quality at known operating in�uences

c⃝ T. K. Yuldashev2

Abstract. It is considered the questions of approximate solving of di�erential equations with
nonlinear delay and of approximate calculation of functionality of quality at known operating
in�uences. This problem is involved the control bounded by a constant and is contained it as
nonlinear function into equation and into functionality of quality. It is considered the case when
the variables are integer values. The problem is changed to its discrete analog. For each set of
given coordinate and controls the initial value problem is reduced to a summary equation with
nonlinear delay. It is proved the existence and uniqueness of solution of the summary equation.
It is used the method of successive approximations, combined it with the method of compressing
maps. It is estimated the permissible error with respect to state of approximation solution of initial
value di�erence problem. Further it is proved that discrete control sequence is minimizing for the
considering problem. As an example it is constructed a simple dynamical model of the economy in
the form of di�erential equations with delay time, which is considered in this paper. This model
takes into account the relationship of volume of production and income in certain conditions of
market pricing.

Key Words: Di�erential equation, nonlinear delay, initial value condition, optimal control,
approximate solution, dynamical model of economics.
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