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ôîðìû òåëà è åãî ïëîòíîñòè â îáðàòíîé çàäà÷å òåîðèè

ïîòåíöèàëà

c⃝ È. Â. Áîéêîâ1, Â. À. Ðÿçàíöåâ2

Àííîòàöèÿ. Ïîñòðîåíû èòåðàöèîííûå ìåòîäû îäíîâðåìåííîãî âîññòàíîâëåíèÿ ôîðìû òåëà
è åãî ïëîòíîñòè â îáðàòíîé çàäà÷å òåîðèè ïîòåíöèàëà.

Êëþ÷åâûå ñëîâà: ëîãàðèôìè÷åñêèé ïîòåíöèàë, íüþòîíîâñêèé ïîòåíöèàë, îáðàòíàÿ çàäà÷à,
îäíîâðåìåííîå âîññòàíîâëåíèå

1. Ââåäåíèå

Ïðîáëåìà âîññòàíîâëåíèÿ ôîðìû òåëà ïî ñîçäàâàåìîìó èì íà ïîâåðõíîñòè Çåìëè
ïîëþ ñèëû òÿæåñòè èëè ïîëþ ïîòåíöèàëà ñèëû òÿæåñòè, ÿâëÿåòñÿ êëàññè÷åñêîé â ãðà-
âèðàçâåäêå. Ââåäåì äåêàðòîâó ñèñòåìó êîîðäèíàò, íàïðàâèâ îñü Oz âåðòèêàëüíî âíèç. Â
ñëó÷àå, åñëè òåëî ïðîñòèðàåòñÿ â áåñêîíå÷íîñòü ïî îäíîìó èç íàïðàâëåíèé è ðàñïîëîæåíî
ìåæäó ïîâåðõíîñòÿìè z = +H , z = +H − ϕ(x) , ãäå ϕ(x) � íåîòðèöàòåëüíàÿ ôóíêöèÿ
ñ ôèíèòíûì íîñèòåëåì [a, b] , ýòà çàäà÷à îïèñûâàåòñÿ óðàâíåíèåì ëîãàðèôìè÷åñêîãî ïî-
òåíöèàëà

G

b∫
a

σ(s) ln

[
(x− s)2 +H2

(x− s)2 +
(
H − ϕ(s)

)2
]
ds = f(x), a ≤ x ≤ b, (1.1)

ãäå ϕ(s) � ôîðìà ïîâåðõíîñòè òåëà; H � ãëóáèíà çàëåãàíèÿ; σ(s) � ïëîòíîñòü òåëà,
G � ãðàâèòàöèîííàÿ ïîñòîÿííàÿ. Ëèíåàðèçàöèÿ óðàâíåíèÿ (1.1) îïèñûâàåòñÿ ëèíåéíûì
èíòåãðàëüíûì óðàâíåíèåì

2GH

b∫
a

σ(s)φ(s)

(x− s)2 +H2
ds = f(x). (1.2)

Ïðèáëèæåííîìó ðåøåíèþ óðàâíåíèé (1.1)-(1.2) ïîñâÿùåíî áîëüøîå ÷èñëî ðàáîò [1], [2],
[3], [4], [5], [6], [7], [8], [9] â êîòîðûõ ðàçëè÷íûìè ìåòîäàìè îïðåäåëÿåòñÿ ãðàíèöà òåëà ïðè
èçâåñòíîé åãî ïëîòíîñòè èëè ïëîòíîñòü òåëà ïðè èçâåñòíîé ãðàíèöå. Íàñêîëüêî àâòîðàì
èçâåñòíî, â íàñòîÿùåå âðåìÿ ìåòîäû îäíîâðåìåííîãî âîññòàíîâëåíèÿ ôîðìû òåëà è åãî
ïëîòíîñòè â çàäà÷å ëîãàðèôìè÷åñêîãî ïîòåíöèàëà îòñóòñòâóþò.

Ðàññìîòðèì ñëó÷àé íüþòîíîâñêîãî ïîòåíöèàëà. Ïóñòü ðóäíîå òåëî çàëåãàåò íà ãëóáèíå
H , ïðè÷åì åãî íèæíÿÿ ïîâåðõíîñòü ñîâïàäàåò ñ ïëîñêîñòüþ z = H , à âåðõíÿÿ ïîâåðõíîñòü
îïèñûâàåòñÿ ôóíêöèåé z(x, y) = H − ϕ(x, y) ñ íåîòðèöàòåëüíîé ôóíêöèåé ϕ(x, y) , óäî-
âëåòâîðÿþùåé óñëîâèþ maxϕ(x, y) < H . Òîãäà ãðàâèòàöèîííîå ïîëå íàä ïîâåðõíîñòüþ

1 Çàâåäóþùèé êàôåäðîé âûñøåé è ïðèêëàäíîé ìàòåìàòèêè, Ïåíçåíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,
ã. Ïåíçà; boikov@pnzgu.ru.

2 Àñïèðàíò êàôåäðû âûñøåé è ïðèêëàäíîé ìàòåìàòèêè, Ïåíçåíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã.
Ïåíçà; ryazantsevv@mail.ru.
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Çåìëè îïèñûâàåòñÿ óðàâíåíèåì

G

∞∫
−∞

∞∫
−∞

H∫
H−ϕ(ζ,η)

σ(ζ, η, ξ)(ξ − z)(
(x− ζ)2 + (y − η)2 + (ξ − z)2

)3/2 dζ dη dξ = f(x, y, z), (1.3)

ãäå G � ãðàâèòàöèîííàÿ ïîñòîÿííàÿ, σ(ξ, η, ζ) � ïëîòíîñòü ãðàâèòèðóþùåãî òåëà.
Ëèíåàðèçàöèÿ óðàâíåíèÿ (1.3) ïðèâîäèò ê óðàâíåíèþ

G

∞∫
−∞

∞∫
−∞

σ(ζ, η)

[
Hϕ(ζ, η)(

(x− ξ)2 + (y − η)2 +H2
)3/2

]
dζ dη = f(x, y, 0).

Â ðàáîòàõ [10], [11], [12], [8], [9] ïðåäëîæåíû àëãîðèòìû îïðåäåëåíèÿ ôîðìû òåëà ϕ(ζ, η)
ïðè èçâåñòíîé ïëîòíîñòè è ïëîòíîñòè òåëà ïðè èçâåñòíîé ôîðìå. Ìåòîäû îäíîâðåìåííîãî
âîññòàíîâëåíèÿ ôîðìû òåëà è åãî ïëîòíîñòè àâòîðàì íåèçâåñòíû.

Íèæå, â ðàçäåëàõ 2, 3 ïðåäëàãàåòñÿ ìåòîä îäíîâðåìåííîãî âîññòàíîâëåíèÿ ôîðìû òåëà
è åãî ïëîòíîñòè â çàäà÷å ëîãàðèôìè÷åñêîãî ïîòåíöèàëà è îáðàòíîé òðåõìåðíîé çàäà÷å
íüþòîíîâñêîãî ïîòåíöèàëà.

2. Ëîãàðèôìè÷åñêèé ïîòåíöèàë

Àïïðîêñèìèðóåì óðàâíåíèå (1.1) áîëåå ïðîñòûì íåëèíåéíûì óðàâíåíèåì

G

b∫
a

σ(s)
2Hφ(s)− φ2(s)

(x− s)2 +H2
ds = f(x), (2.1)

êîòîðîå ïîëó÷àåòñÿ èç óðàâíåíèÿ (1.1) ïðè ó÷åòå âòîðîé ñòåïåíè u ïðè ðàçëîæåíèè
ôóíêöèè ln(1 + u) , u = 2Hϕ−ϕ2

(x−s)2+
(
H−ϕ(s)

)2 â ðÿä Òåéëîðà è àïïðîêñèìàöèè ôóíêöèè

2Hϕ(s)−ϕ2(s)

(x−s)2+
(
H−ϕ(s)

)2 ôóíêöèåé 2Hϕ(s)−ϕ2(s)
(x−s)2+H2 .

Ïðåäïîëîæèì, ÷òî íàðÿäó ñ èçìåðåíèÿìè íà ïîâåðõíîñòè Çåìëè, èçìåðåíèÿ ïðîâîäÿò-
ñÿ íà âûñîòå −h , è ðåçóëüòàòîì ýòèõ èçìåðåíèé ÿâÿåòñÿ ôóíêöèÿ f1(x) . Î÷åâèäíî, ýòà
ôóíêöèÿ îêàçûâàåòñÿ ñâÿçàííîé ñ ôóíêöèÿìè ϕ(s) è σ(s) óðàâíåíèåì

G

b∫
a

σ(s)
2(H + h)ϕ(s)− ϕ2(s)

(x− s)2 + (H + h)2
ds = f1(x). (2.2)

Ðàññìîòðèì ñèñòåìó óðàâíåíèé (2.1)-(2.2). Ââåäåì íåèçâåñòíûå ôóíêöèè u1(s) =
σ(s)ϕ(s) è u2(s) = σ(s)ϕ2(s) . Â ðåçóëüòàòå ïðèõîäèì ê ñèñòåìå óðàâíåíèé:

G

b∫
a

2Hu1(s)− u2(s)

(x− s)2 +H2
ds = f(x),

G

b∫
a

2(H + h)u1(s)− u2(s)

(x− s)2 + (H + h)2
ds = f1(x),

(2.3)
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Îïðåäåëèâ èç ñèñòåìû (2.3) íåèçâåñòíûå ôóíêöèè u1(s) è u2(s) , íàõîäèì ϕ(s) = u2(s)
u1(s)

è σ(s) = u1(s)
ϕ(s)

.
Ñèñòåìó (2.3) ìîæíî ðåøàòü ðàçëè÷íûìè ìåòîäàìè. Ïðåæäå âñåãî ðàññìîòðèì ìåòîä

èíòåãðàëüíûõ ïðåîáðàçîâàíèé. Áóäåì ñ÷èòàòü, ÷òî f(x) è f1(x) � ôèíèòíûå ôóíêöèè
ñ íîñèòåëåì [a, b] . Â òåðìèíàõ ãðàâèìåòðèè ýòî îçíà÷àåò, ÷òî âëèÿíèå ãðàâèòèðóþùåãî
òåëà ðàñïðîñòðàíÿåòñÿ òîëüêî íà ýòîò ïðîìåæóòîê. Ïðîäîëæèì ôóíêöèè f(x) è f1(x)
íóëåì íà ìíîæåñòâî (−∞,∞) \ [a, b] è ïîëó÷åííûå â ðåçóëüòàòå ôóíêöèè ïî-ïðåæíåìó
îáîçíà÷èì ÷åðåç f(x) è f1(x) . Ïîëîæèâ G = 1 , ðàññìîòðèì ñèñòåìó óðàâíåíèé

1√
2π

∞∫
−∞

2Hu1(s)− u2(s)

(x− s)2 +H2
ds =

1√
2π
f(x), −∞ < x <∞,

1√
2π

∞∫
−∞

2(H + h)u1(s)− u2(s)

(x− s)2 + (H + h)2
ds =

1√
2π
f1(x), −∞ < x <∞.

(2.4)

Èçâåñòíî [3], ÷òî ïðåîáðàçîâàíèåì Ôóðüå ôóíêöèè
√

2
π

H
x2+H2 ÿâëÿåòñÿ ôóíêöèÿ e−H|ω| .

Ïðèìåíèì ê ñèñòåìå óðàâíåíèé (2.4) ïðåîáðàçîâàíèå Ôóðüå. Â ðåçóëüòàòå èìååì:
√
2πe−H|ω|U1(ω)−

√
π

2

1

H
e−H|ω|U2(ω) =

1√
2π
F (ω),

√
2πe−(H+h)|ω|U1(ω)−

√
π

2

1

H + h
e−(H+h)|ω|U2(ω) =

1√
2π
F1(ω),

(2.5)

ãäå U1(ω) , U2(ω) , F (ω) , F1(ω) � ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèé u1(s) , u2(s) , f(s) ,
f1(s) . Ñèñòåìà óðàâíåíèé (2.5) èìååò ðåøåíèå â ÿâíîì âèäå:

U1(ω) =
1

2π
F (ω)eH|ω| +

1

2H
U2(ω),

U2(ω) =
H(H + h)

πh

(
e(H+h)|ω|F1(ω)− eH|ω|F (ω)

)
.

(2.6)

Ïðèìåíÿÿ ê ôóíêöèÿì U1(ω) è U2(ω) îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå, íàõîäèì ôóíê-
öèè u1(s) è u2(s) . Äëÿ âû÷èñëåíèÿ îáðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå ìîæíî ïðèìåíèòü
êâàäðàòóðíûå ôîðìóëû [14].

Çàäà÷à âû÷èñëåíèÿ îáðàòíîãî ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèé U1(ω) è U2(ω) ìîæåò
îêàçàòüñÿ íåêîððåêòíîé, ò. ê. èç-çà âû÷èñëèòåëüíûõ îøèáîê ïðîèçâåäåíèÿ F (ω)eH|ω| è
F1(ω)e

(H+h)|ω| ìîãóò íå ñòðåìèòüñÿ ê íóëþ ïðè |ω| → ∞ . Â ýòîì ñëó÷àå ê ðåøåíèþ ñèñòå-
ìû óðàâíåíèé (2.6) åñòåñòâåííî ïðèìåíèòü èòåðàöèîííûå ìåòîäû.

Ïóñòü A è B � äîñòàòî÷íî áîëüøèå ïîëîæèòåëüíûå ÷èñëà. Ââåäåì ñåòêè óçëîâ sk =
−A+ 2k A

N1
, k = 0, 1, . . . , N1 , ωk = −B + 2k B

N2
, k = 0, 1, . . . , N2 .

Ñèñòåìó óðàâíåíèé (2.6) àïïðîêñèìèðóåì N2 ñèñòåìàìè àëãåáðàè÷åñêèõ óðàâíåíèé
√
2πe−H|ωk|U1

(
ωk
)
−
√
π

2

1

H
e−H|ωk|U2

(
ωk
)
=

1√
2π
F
(
ωk
)
,

√
2πe−(H+h)|ωk|U1

(
ωk
)
−
√
π

2

1

H + h
e−(H+h)|ωk|U2

(
ωk
)
=

1√
2π
F1

(
ωk
)
,

k = 0, N2 − 1

êîòîðûå çàïèøåì â îïåðàòîðíîé ôîðìå

A(k)Y (k) = F (k), k = 0, N2 − 1 (2.7)
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ãäå Y (k) =
(
U1

(
ωk
)
, U2

(
ωk
))
, F (k) =

(
F
(
ωk
)
, F1

(
ωk
))
; ïîñòðîåíèå ìàòðèöû A(k) î÷åâèä-

íî, à çíà÷åíèÿ F (ωk) ðàññ÷èòûâàþòñÿ ïî êâàäðàòóðíûì ôîðìóëàì âû÷èñëåíèÿ ïðÿìîãî
ïðåîáðàçîâàíèÿ Ôóðüå íà ñåòêå sk .

Äëÿ ðåøåíèÿ ñèñòåì óðàâíåíèé (2.7) âîñïîëüçóåìñÿ èòåðàöèîííûì ìåòîäîì

Ym+1(k) = αYm(k) + (1− α)
(
Ym(k)− βk(A

∗(k)A(k)Ym(k)− A∗(k)F (k))
)
, (2.8)

ãäå k = 0, N2 − 1 , m = 0, 1, . . . , βk = 1
2∥A∗(k)A(k)∥ â ìåòðèêå l2 , 0 < α < 1 . Çíà÷åíèÿ u1(sl) ,

u2(sl) , l = 0, N1 − 1 âû÷èñëÿþòñÿ ïî êâàäðàòóðíûì ôîðìóëàì îáðàòíîãî ïðåîáðàçîâàíèÿ
Ôóðüå íà ñåòêå ωk .

Ï ð è ì å ð 2.1. Íàéòè íåèçâåñòíûå ôóíêöèè σ(s) , ϕ(s) èç ñèñòåìû óðàâíåíèé:

∞∫
−∞

σ(s)
10ϕ(s)− ϕ2(s)

(x− s)2 + 25
ds =

π

10
· 113x2 + 5628

x4 + 85x2 + 1764
,

∞∫
−∞

σ(s)
12ϕ(s)− ϕ2(s)

(x− s)2 + 36
ds =

10π

3
· 4x2 + 259

x4 + 113x2 + 3136
.

(2.9)

Ðåøåíèåì äàííîé ñèñòåìû ÿâëÿþòñÿ ôóíêöèè

σ(s) =
s2 + 4

s4 + 2s2 + 1
, ϕ(s) =

s2 + 1

s2 + 4
. (2.10)

Ïàðà ôóíêöèé ϕ(s) , σ(s) ñâÿçàíû ñ ôóíêöèÿìè u1(s) , u2(s) ôîðìóëàìè ϕ(s) = u2(s)
u1(s)

,

σ(s) = u1(s)
ϕ(s)

. Ôóíêöèè u1(s) , u2(s) ÿâëÿþòñÿ ïðîîáðàçàìè ôóíêöèé U1(ω) , U2(ω) , êîòî-
ðûå îïðåäåëÿþòñÿ èç ñèñòåìû:

√
2πe−5|ω|U1(ω)−

√
π

50
e−5|ω|U2(ω) =

π

20

(
20e−6|ω| − e−7|ω|),

√
2πe−6|ω|U1(ω)−

√
π

72
e−6|ω|U2(ω) =

π

24

(
24e−7|ω| − e−8|ω|).

Ôóíêöèè U1(ω) , U2(ω) íàõîäèì ïî ôîðìóëàì (2.6):

U1(ω) =

√
π

2
e−|ω|, U2(ω) =

√
π

8
e−2|ω|.

Ïðèìåíÿÿ ê íàéäåííûì ôóíêöèÿì îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå, èìååì u1(s) =
1

s2+1
, u2(s) = 1

s2+4
, îòêóäà ïî ôîðìóëàì ϕ(s) = u2(s)

u1(s)
, σ(s) = u1(s)

ϕ(s)
íàõîäèì ðåøåíèå

(2.10) èñõîäíîé ñèñòåìû (2.9). Ñèñòåìà óðàâíåíèé (2.9) ðåøàëàñü òàêæå îïèñàííûì
âûøå ÷èñëåííûì ìåòîäîì. Ðåçóëüòàòû âû÷èñëåíèé ïðèâåäåíû íà ðèñ. 2.1, 2.2.
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Ð è ñ ó í î ê 2.1

Ð è ñ ó í î ê 2.2

Çäåñü èñïîëüçîâàíû ñëåäóþùèå îáîçíà÷åíèÿ: [−A,A] � ñåãìåíò, íà êîòîðîì îïðåäå-
ëåíû ôóíêöèè ϕ(s) , σ(s) , f(s) ; [−B,B] � ñåãìåíò, íà êîòîðîì âû÷èñëåíû ïðåîáðàçî-
âàíèÿ Ôóðüå ôóíêöèé U1(ω) , U2(ω) , F (ω) ; N1 ÷èñëî óçëîâ ñåòêè sj = −A + 2A j

N1
,

j = 0, 1, . . . , N1 ; N2 � ÷èñëî óçëîâ ñåòêè ωk = −B + 2B k
N2

, k = 0, 1, . . . , N2 ; M � ÷èñ-
ëî èòåðàöèé ïðè ðåàëèçàöèè ìåòîäà (2.8). Ñèìâîëîì ϵϕ ( ϵσ ) îáîçíà÷åíà àáñîëþòíàÿ
ïîãðåøíîñòü âîññòàíîâëåíèÿ ôóíêöèè ϕ (σ ).

3. Îáðàòíàÿ ïðîñòðàíñòâåííàÿ çàäà÷à òåîðèè ïîòåíöèàëà

Ââåäåì äåêàðòîâó ïðÿìîóãîëüíóþ ñèñòåìó êîîðäèíàò, íàïðàâèâ îñü Oz âíèç. Åñëè
ðóäíîå òåëî çàëåãàåò íà ãëóáèíå H , ïðè÷åì åãî íèæíÿÿ ïîâåðõíîñòü ñîâïàäàåò ñ ïëîñ-
êîñòüþ z = H , à âåðõíÿÿ ïîâåðõíîñòü îïèñûâàåòñÿ ôóíêöèåé z(x, y) = H − ϕ(x, y) ñ
íåîòðèöàòåëüíîé ôóíêöèåé ϕ(x, y) è maxϕ(x, y) < H , òî ãðàâèòàöèîííîå ïîëå íàä ïî-
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âåðõíîñòüþ Çåìëè îïèñûâàåòñÿ óðàâíåíèåì

G

∞∫
−∞

∞∫
−∞

H∫
H−ϕ(ζ,η)

σ(ζ, η, ξ)(ξ − η) dζ dη dξ(
(x− ζ)2 + (y − η)2 + (ξ − z)2

)3/2 = f(x, y, z), (3.1)

ãäå G � ãðàâèòàöèîííàÿ ïîñòîÿííàÿ; σ(ζ, η, ξ) � ïëîòíîñòü òåëà. Ïðåäïîëàãàåòñÿ, ÷òî,
âî-ïåðâûõ, ïëîòíîñòü σ(ζ, η, ξ) ≡ 0 âíå òåëà; âî-âòîðûõ, ïëîòíîñòü äèôôåðåíöèðóåìà ïî
ξ ; â-òðåòüèõ, ãðàäèåíò íàïðÿæåííîñòè ãðàâèòàöèîííîãî ïîëÿ èçâåñòåí ïðè z ≤ 0 .

Íà ïîâåðõíîñòè Çåìëè óðàâíåíèå (3.1) èìååò âèä

G

∞∫
−∞

∞∫
−∞

H∫
H−ϕ(ζ,η)

σ(ζ, η, ξ)ξ dξ dη dζ(
(x− ζ)2 + (y − η)2 + ξ2

)3/2 = f(x, y, 0).

Âû÷èñëèâ ïî ÷àñòÿì èíòåãðàë â ëåâîé ÷àñòè ïðåäûäóùåãî óðàâíåíèÿ, èìååì

G

∞∫
−∞

∞∫
−∞

σ(ζ, η, ξ) dζ dη(
(x− ζ)2 + (y − η)2 + (H − ϕ(ζ, η))2

)1/2−G
∞∫

−∞

∞∫
−∞

σ(ζ, η, ξ) dζ dη(
(x− ζ)2 + (y − η)2 +H2

)1/2+
+G

∞∫
−∞

∞∫
−∞

H∫
H−φ(ζ,η)

σ′
ξ(ζ, η, ξ) dζ dη dξ(

(x− ζ)2 + (y − η)2 + ξ2
)3/2 = f(x, y, 0).

Äëÿ óïðîùåíèÿ äàëüíåéøèõ âûêëàäîê ïðåäïîëîæèì, ÷òî ïëîòíîñòü íå çàâèñèò îò ξ .
Òîãäà ïðèõîäèì ê óðàâíåíèþ

G

∞∫
−∞

∞∫
−∞

σ(ζ, η)

[
1(

(x− ζ)2 + (y − η)2 + (H − ϕ(ζ, η))2
)1/2−

− 1(
(x− ζ)2 + (y − η)2 +H2

)1/2
]
dζ dη = f(x, y, 0). (3.2)

Ïîëîæèì u = ϕ2(ζ,η)−2Hϕ(ζ,η)
(x−ζ)2+(y−η)2+H2 . Â ïðåäïîëîæåíèè, ÷òî |u| < 1 , ôóíêöèþ (1 + u)−1/2

ðàçëàãàåì â ðÿä
1

(1 + u)1/2
= 1 +

∞∑
n=1

(−1)n
(2n− 1)!!

2nn!
un.

Òîãäà óðàâíåíèå (3.2) èìååò âèä

G
∞∑
n=1

(−1)n
(2n− 1)!!

2nn!

∞∫
−∞

∞∫
−∞

σ(ζ, η)
(
ϕ2(ζ, η)− 2Hϕ(ζ, η)

)n
dζ dη(

(x− ζ)2 + (y − η)2 +H2
)n+1/2

= f(x, y, 0).

Îãðàíè÷èâàÿñü ïåðâûì ñëàãàåìûì â ëåâîé ÷àñòè, ïðèõîäèì ê óðàâíåíèþ:

−G
2

∞∫
−∞

∞∫
−∞

σ(ζ, η)
(
ϕ2(ζ, η)− 2Hϕ(ζ, η)

)
dζ dη(

(x− ζ)2 + (y − η)2 +H2
)3/2 = f(x, y, 0). (3.3)
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Ïðîâåäÿ èçìåðåíèÿ íà âûñîòå h íàä ïîâåðõíîñòüþ Çåìëè, ïðèõîäèì ê óðàâíåíèþ:

−G
2

∞∫
−∞

∞∫
−∞

σ(ζ, η)
(
ϕ2(ζ, η)− 2(H + h)ϕ(ζ, η)

)
dζ dη(

(x− ζ)2 + (y − η)2 + (H + h)2
)3/2 = f(x, y,−h). (3.4)

Îïðåäåëèì ôóíêöèè σ(ζ, η) è ϕ(ζ, η) èç ðåøåíèÿ ñècòåìû (3.3)-(3.4). Ââåäåì ôóíêöèè
u1(ζ, η) = σ(ζ, η)ϕ(ζ, η) è u2(ζ, η) = σ(ζ, η)ϕ2(ζ, η) . Òîãäà ñèñòåìà óðàâíåíèé (3.3)-(3.4)
ïðèìåò âèä

G

2

∞∫
−∞

∞∫
−∞

2Hu1(ζ, η)− u2(ζ, η)(
(x− ζ)2 + (y − η)2 +H2

)3/2 dζ dη = f(x, y, 0),

G

2

∞∫
−∞

∞∫
−∞

2(H + h)u1(ζ, η)− u2(ζ, η)(
(x− ζ)2 + (y − η)2 + (H + h)2

)3/2 dζ dη = f(x, y,−h).
(3.5)

Ïðèìåíèì ê óðàâíåíèÿì ñèñòåìû (3.5) ïðåîáðàçîâàíèå Ôóðüå. Èçâåñòíî [3], ÷òî ïðå-

îáðàçîâàíèå Ôóðüå ôóíêöèè H(
x2+y2+H2

)3/2 ðàâíî e−H
√
ω2
1+ω

2
2 . Â ðåçóëüòàòå ïðèõîäèì ê

ñèñòåìå:
2πGe−H

√
ω2
1+ω

2
2U1(ω1, ω2)−

πG

H
e−H

√
ω2
1+ω

2
2U2(ω1, ω2) = F (ω1, ω2, 0),

2πGe−(H+h)
√
ω2
1+ω

2
2U1(ω1, ω2)−

πG

H + h
e−(H+h)

√
ω2
1+ω

2
2U2(ω1, ω2) = F (ω1, ω2,−h),

(3.6)

ãäå U1(ω1, ω2) , U2(ω1, ω2) , F (ω1, ω2, 0) , F (ω1, ω2,−h) � ïðåîáðàçîâàíèÿ Ôóðüå ôóíêöèé
u1(ζ, η) , u2(ζ, η) , f(x, y, 0) , f(x, y,−h) .

Ñèñòåìà (3.6) èìååò ðåøåíèå â àíàëèòè÷åñêîé ôîðìå:
U1(ω1, ω2) =

eH
√
ω2
1+ω

2
2

2πG
F (ω1, ω2, 0) +

1

2H
U2(ω1, ω2),

U2(ω1, ω2) =
(H + h)H

πGh

(
e(H+h)

√
ω2
1+ω

2
2F (ω1, ω2,−h)− eH

√
ω2
1+ω

2
2F (ω1, ω2, 0)

)
.

(3.7)

Ïðèìåíèâ ê ôóíêöèÿì U1(ω1, ω2) è U2(ω1, ω2) îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå, íàõî-
äèì u1(ζ, η) è u2(ζ, η) , ïîñëå ÷åãî âû÷èñëÿåì èñêîìûå ôóíêöèè σ(ζ, η) è ϕ(ζ, η) :

ϕ(ζ, η) =
u2(ζ, η)

u1(ζ, η)
, σ(ζ, η) =

u1(ζ, η)

ϕ(ζ, η)
. (3.8)

Ï ð è ì å ð 3.1. Íàéäåì ôóíêöèè σ(ξ, η) , ϕ(ξ, η) èç ñèñòåìû

∞∫
−∞

∞∫
−∞

σ(ζ, η)
(
6ϕ(ζ, η)− ϕ2(ζ, η)

)(
(x− ζ)2 + (y − η)2 + 9

)3/2 dζ dη =
16π(

x2 + y2 + 16
)3/2 − 5π/3

x2 + y2 + 25
,

∞∫
−∞

∞∫
−∞

σ(ζ, η)
(
8ϕ(ζ, η)− ϕ2(ζ, η)

)(
(x− ζ)2 + (y − η)2 + 16

)3/2 dζ dη =
20π(

x2 + y2 + 25
)3/2 − 3π/2(

x2 + y2 + 36
)3/2 .

(3.9)

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 3



28 È. Â. Áîéêîâ, Â. À. Ðÿçàíöåâ

Ââåäÿ çàìåíó íåèçâåñòíûõ ôóíêöèé u1 = σ(ζ, η)ϕ(ζ, η) , u2 = σ(ζ, η)ϕ2(ζ, η) , ïåðåõî-
äèì îò ñèñòåìû (3.9) ê ñèñòåìå

∞∫
−∞

∞∫
−∞

6u1(ζ, η)− u2(ζ, η)(
(x− ζ)2 + (y − η)2 + 9

)3/2 dζ dη =
16π(

x2 + y2 + 16
)3/2 − 5π/3

x2 + y2 + 25
,

∞∫
−∞

∞∫
−∞

8u1(ζ, η)− u2(ζ, η)(
(x− ζ)2 + (y − η)2 + 16

)3/2 dζ dη =
20π(

x2 + y2 + 25
)3/2 − 3π/2(

x2 + y2 + 36
)3/2 .

(3.10)
Ïðèìåíèì ê ñèñòåìå (3.10) ïðåîáðàçîâàíèå Ôóðüå, â ðåçóëüòàòå ÷åãî ïîëó÷èì ñëåäó-

þùóþ ñèñòåìó â ñïåêòðàëüíîé îáëàñòè:4πe−3
√
ω2
1+ω

2
2U1(ω1, ω2)−

2π

3
e−3

√
ω2
1+ω

2
2U2(ω1, ω2) =

π

3

[
12e−4

√
ω2
1+ω

2
2 − e−5

√
ω2
1+ω

2
2

]
,

4πe−4
√
ω2
1+ω

2
2U1(ω1, ω2)−

π

2
e−4

√
ω2
1+ω

2
2U2(ω1, ω2) =

π

4

[
16e−5

√
ω2
1+ω

2
2 − e−6

√
ω2
1+ω

2
2

]
.

Ðåøåíèå ýòîé ñèñòåìû (ïðè G = 1 ):U1(ω1, ω2) = e−
√
ω2
1+ω

2
2 ,

U2(ω1, ω2) =
1

2
e−2

√
ω2
1+ω

2
2 .

(3.11)

Ïðèìåíèâ ê (3.11) îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå, ïîëó÷àåì òî÷íîå ðåøåíèå ñèñòå-
ìû (3.9)

u1(ζ, η) =
(
x2 + y2 + 1

)−3/2
, u2(ζ, η) =

(
x2 + y2 + 4

)−3/2

Èñïîëüçóÿ ñîîòíîøåíèÿ (3.8), âûðàæàåì íåèçâåñòíûå ôóíêöèè σ(ζ, η) , ϕ(ζ, η) , îïðå-
äåëÿþùèå òî÷íîå ðåøåíèå èñõîäíîé ñèñòåìû (3.9).

σ(ξ, η) =

(
x2 + y2 + 4(
x2 + y2 + 1

)2
)3/2

, ϕ(ξ, η) =

(
x2 + y2 + 1

x2 + y2 + 4

)3/2

.

Èç-çà ðàçëè÷íîãî ðîäà ïîãðåøíîñòåé (â ÷àñòíîñòè, âû÷èñëèòåëüíûõ) ïðîèçâåäåíèÿ

eH
√
ω2
1+ω

2
2F (ω1, ω2, 0) è e(H+h)

√
ω2
1+ω

2
2F (ω1, ω2,−h) ìîãóò íå ñòðåìèòüñÿ ê íóëþ ïðè

∣∣ω1| →
∞ ,

∣∣ω2

∣∣→ ∞ . Ïîýòîìó ê ôóíêöèÿì U1

(
ω1, ω2

)
, U2

(
ω1, ω2

)
ìîæåò îêàçàòüñÿ íåïðèìåíè-

ìûì îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå. Â ýòîì ñëó÷àå äëÿ âû÷èñëåíèÿ ôóíêöèé u1(ζ, η) è
u2(ζ, η) íåîáõîäèìî ïðèìåíèòü ìåòîäû ðåãóëÿðèçàöèè. Â ÷àñòíîñòè, ìîæíî ââåñòè ðåãó-
ëÿðèçèðóþùèå ìíîæèòåëè, ïîäîáíûå ïðèâåäåííûì â îäíîìåðíîì ñëó÷àå â [2].

Áîëåå ýôôåêòèâíûì ÿâëÿåòñÿ èòåðàöèîííûé ìåòîä. Ïóñòü A è B � äîñòàòî÷íî áîëü-
øèå ïîëîæèòåëüíûå ÷èñëà, òàê ÷òî ïðÿìîå ïðåîáðàçîâàíèå Ôóðüå âû÷èñëÿåòñÿ â êâàäðà-
òå [−A,A]2 , à îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå âû÷èñëÿåòñÿ â êâàäðàòå [−B,B]2 . Ïóñòü
ωk = −B+2k B

N
, k = 0, 1, . . . , N . Ââåäåì ñåòêó óçëîâ wkl =

{
ωk, ωl

}
, k, l = 0, 1, . . . , N − 1 .

Ñèñòåìå óðàâíåíèé (3.6) ïîñòàâèì â ñîîòâåòñòâèå N2 ñèñòåì óðàâíåíèé
2πGe−H

√
ω2
k+ω

2
l U1

(
ωk, ωl

)
− πG

H
e−H

√
ω2
k+ω

2
l U2

(
ωk, ωl

)
= F

(
ωk, ωl, 0

)
,

2πGe−(H+h)
√
ω2
k+ω

2
l U1

(
ωk, ωl

)
− πG

H + h
e−(H+h)

√
ω2
k+ω

2
l U2

(
ωk, ωl

)
= F

(
ωk, ωl,−h),

(3.12)

ãäå k, l = 0, 1, . . . , N − 1 .
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Ïðåäñòàâèì ñèñòåìû (3.12) â ìàòðè÷íîì âèäå

A(k, l)Y (k, l) = F (k, l), k, l = 0, 1, . . . , N − 1, (3.13)

ãäå F (k, l) =
(
F
(
ωk, ωl, 0

)
, F
(
ωk, ωl,−h

))
, ïîñòðîåíèå ìàòðèö A(k, l) î÷åâèäíî.

Ïðèáëèæåííîå ðåøåíèå ñèñòåì óðàâíåíèé (3.13) èùåòñÿ èòåðàöèîííûì ìåòîäîì:

Ym+1(k, l) = αYm(k, l)+(1−α)
(
Ym(k, l)−βkl

(
A∗(k, l)A(k, l)Ym(k, l)−A∗(k, l)F (k, l)

)
, (3.14)

ãäå m = 0, 1, . . . , k, l = 0, 1, . . . , 2N − 1 , 0 < α < 1 .
Ïàðàìåòð βkl âûáèðàåòñÿ èç òðåáîâàíèÿ, ÷òîáû βkl =

1
2∥A∗(k,l)A(k,l)∥ . Îáîñíîâàíèå ñõî-

äèìîñòè ïîñëåäîâàòåëüíîñòè (3.14) â l2 ïðîâîäèòñÿ íà îñíîâå óòâåðæäåíèé ðàáîò [13], [15].
Çíà÷åíèÿ ôóíêöèé u1 è u2 íàõîäÿòñÿ ïî êóáàòóðíûì ôîðìóëàì îáðàòíîãî ïðåîáðàçîâà-
íèÿ Ôóðüå.

Ï ð è ì å ð 3.2. Íàéòè ðåøåíèå ñèñòåìû óðàâíåíèé (3.9) èòåðàöèîííûì ìåòî-
äîì (3.13)-(3.14).

Ðåçóëüòàòû ðåøåíèÿ ïðåäñòàâëåíû íà ðèñóíêàõ 3.1 è 3.2 . Çäåñü Ω1 =
[−A,A]2 � îáëàñòü îïðåäåëåíèÿ ôóíêöèé u1(x, y) , u2(x, y) , f(x, y) ; Ω2 = [−B,B]2

� îáëàñòü îïðåäåëåíèÿ ôóíêöèè U1(ω1, ω2) , U2(ω1, ω2) , F (ω1, ω2) . Ïóñòü
{
xi, xj

}
� óçëû ïîñòðîåííîé â Ω1 ðàâíîìåðíîé ñåòêè, ãäå xi = −A + 2i A

N1
, i =

0, 1, . . . , N1 . Ïóñòü
{
ωk, ωl

}
� óçëû ïîñòðîåííîé â Ω2 ðàâíîìåðíîé ñåòêè, ãäå

ωk = −B + 2k B
N2

, k = 0, 1, . . . , N2 . Îáîçíà÷èì ÷åðåç M ÷èñëî èòåðàöèé ìåòîäà
(3.14), ÷åðåç ϵφ ( ϵσ ) � àáñîëþòíóþ ïîãðåøíîñòü âîññòàíîâëåíèÿ ôóíêöèè ϕ (σ ).

Ð è ñ ó í î ê 3.1
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Abstract. Analytical and approximation methods for simultaneous reconstruction of shape and
density of the body in the inverse potential problem are o�ered
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