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Îáðàòíàÿ çàäà÷à äëÿ ýëëèïòè÷åñêîãî

èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà

c⃝ Ò. Ê. Þëäàøåâ 1 À. Ã. Ëîñêóòîâà2

Àííîòàöèÿ. Â äàííîé ðàáîòå èçó÷àåòñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü íåëèíåéíîé îáðàòíîé
çàäà÷è äëÿ ýëëèïòè÷åñêîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà. Ìîäèôèöè-
ðóåòñÿ ìåòîä âûðîæäåííîãî ÿäðà, ðàçðàáîòàííîãî äëÿ èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà
âòîðîãî ðîäà. Ïîëó÷àåòñÿ íåëèíåéíîå èíòåãðàëüíîå óðàâíåíèå ïåðâîãî ðîäà, êîòîðîå ñ ïîìî-
ùüþ ñïåöèàëüíîãî íåêëàññè÷åñêîãî èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ ñâîäèòñÿ ê íåëèíåéíîìó
èíòåãðàëüíîìó óðàâíåíèþ âòîðîãî ðîäà. Èñïîëüçóåòñÿ ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé
â ñî÷åòàíèè åãî ñ ìåòîäîì ñæèìàþùèõ îòîáðàæåíèé.

Êëþ÷åâûå ñëîâà: íåëèíåéíàÿ îáðàòíàÿ çàäà÷à, óðàâíåíèå ýëëèïòè÷åñêîãî òèïà, èíòåãðî-
äèôôåðåíöèàëüíîå óðàâíåíèå, èíòåãðàëüíîå ïðåîáðàçîâàíèå, ìåòîä ïîñëåäîâàòåëüíûõ ïðè-
áëèæåíèé

1. Ïîñòàíîâêà çàäà÷è

Â îáëàñòè Ω ≡ ΩT ×R ðàññìàòðèâàåòñÿ èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå Ôðåä-
ãîëüìà âèäà

∂ 2 u(t, x)

∂ t 2
+

T∫
0

K(t, s)
∂ 2u(s, x)

∂ x2
ds = f(t, x, σ(t)) (1.1)

ñ íà÷àëüíûìè óñëîâèÿìè

u(0, x) = ϕ1(x), ut(0, x) = ϕ2(x), x ∈ R, (1.2)

u(t, 0) = ϕ1(0) + ϕ2(0)t−N1

t∫
0

(t− s)a(s)ds+

t∫
0

(t− s)f(s, 0, σ(s))ds, (1.3)

ux(t, 0) = ϕ′
1(0) + ϕ′

2(0)t−N2

t∫
0

(t− s)a(s)ds+

t∫
0

(t− s)fx(s, 0, σ(s))ds (1.4)

è äîïîëíèòåëüíûìè óñëîâèÿìè

u(t, x0) = ψ(t), t ∈ ΩT , x0 ̸= 0, (1.5)

σ(0) = σ0 = const ̸= 0, (1.6)

ãäå f(t, x, σ(t)) ∈ C 0,2,0(Ω × ΩT ) , ϕi(x) ∈ C 2(R) , K(t, s) = a(t)b(s) , a(t), b(s) ∈ C(ΩT ) ,
σ(t) � âîññòàíàâëèâàåìàÿ ôóíêöèÿ, Ni � çàäàííûå ïîñòîÿííûå, i = 1, 2 , ΩT ≡ [0, T ] ,
0 < T <∞ , R ≡ (−∞,∞) .

Îòìåòèì, ÷òî èçó÷åíèþ äèôôåðåíöèàëüíûõ óðàâíåíèé ýëëèïòè÷åñêîãî òèïà ïîñâÿ-
ùåíî ìíîãî ðàáîò. Íî, èçó÷åíèþ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ýëëèïòè÷åñêîãî

1 Äîöåíò êàôåäðû âûñøåé ìàòåìàòèêè, Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé óíèâåðñèòåò
èìåíè àêàäåìèêà Ì. Ô. Ðåøåòíåâà, ã. Êðàñíîÿðñê, tursunbay@rambler.ru;

2 Ñòóäåíòêà ôàêóëüòåòà ìàøèíîâåäåíèÿ è ìåõàòðîíèêè, Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé
óíèâåðñèòåò èìåíè àêàäåìèêà Ì. Ô. Ðåøåòíåâà, ã. Êðàñíîÿðñê
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òèïà ïîñâÿùåíî ñðàâíèòåëüíî ìåíüøå. Èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ èìåþò îñî-
áåííîñòåé â âîïðîñå îäíîçíà÷íîé ðàçðåøèìîñòè [1], [2]. Èçó÷åíèþ ðàçðåøèìîñòè îáðàò-
íûõ çàäà÷ äëÿ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïîñâÿ-
ùåíî áîëüøîå êîëè÷åñòâî ðàáîò. Áèáëèîãðàôèþ ìíîãèõ ïóáëèêàöèé, ïîñâÿùåííûõ òåîðèè
ëèíåéíûõ îáðàòíûõ çàäà÷, ìîæíî íàéòè, íàïðèìåð â [3] - [5].

Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ îáðàòíàÿ çàäà÷à, ãäå âîññòàíàâëèâàåìàÿ ôóíêöèÿ σ(t)
íåëèíåéíî âõîäèò â óðàâíåíèå. Çàäàíèå óñëîâèÿ (1.6) ïðè èíòåãðàëüíîì ïðåîáðàçîâàíèè
îáåñïå÷èâàåò åäèíñòâåííîñòü ðåøåíèÿ íåëèíåéíîãî èíòåãðàëüíîãî óðàâíåíèÿ ïåðâîãî ðîäà
è îïðåäåëÿåò çíà÷åíèå íåèçâåñòíîé ôóíêöèè â íà÷àëüíîé òî÷êå t = 0 .

Î ï ð å ä å ë å í è å 1.1. Ðåøåíèåì îáðàòíîé çàäà÷è (1.1)-(1.6) íàçûâàåòñÿ ïàðà
ôóíêöèé

{
u(t, x) ∈ C 2,2(Ω), σ(t) ∈ C(ΩT )

}
, óäîâëåòâîðÿþùàÿ óðàâíåíèþ (1.1) è óñëîâèÿì

(1.2)-(1.6).

2. Íà÷àëüíàÿ çàäà÷à (1.1)-(1.4)

Èñïîëüçóåòñÿ ìåòîä èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà ñ âûðîæäåííûì ÿäðîì [6].
Ïðè ïîìîùè îáîçíà÷åíèÿ

c(x) =

T∫
0

b(s)
∂ 2u(s, x)

∂ x2
ds (2.1)

èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå Ôðåäãîëüìà (1.1) ïåðåïèøåòñÿ â âèäå

∂ 2 u(t, x)

∂ t2
+ a(t)c(x) = f(t, x, σ(t)).

Ñ ó÷åòîì óñëîâèÿ (1.2) äâóêðàòíîå èíòåãðèðîâàíèå ïîñëåäíåãî ðàâåíñòâà ïî t äàåò

u(t, x) = ϕ1(x) + ϕ2(x)t− c(x)

t∫
0

(t− s)a(s)ds+

t∫
0

(t− s)f(s, x, σ(s))ds. (2.2)

Äèôôåðåíöèðóåì (2.2) äâà ðàçà ïî x :

ux(t, x) = ϕ′
1(x) + ϕ′

2(x)t− c′(x)

t∫
0

(t− s)a(s)ds+

t∫
0

(t− s)fx(s, x, σ(s))ds, (2.3)

uxx(t, x) = ϕ′′
1(x) + ϕ′′

2(x)t− c′′(x)

t∫
0

(t− s)a(s)ds+

t∫
0

(t− s)fxx(s, x, σ(s))ds. (2.4)

Ïîäñòàâëÿÿ (2.4) â (2.1), èìååì

c(x) =

T∫
0

b(s)
[
ϕ′′
1(x) + ϕ′′

2(x)s− c′′(x)

s∫
0

(s− θ)a(θ)dθ +

s∫
0

(s− θ)fxx(θ, x, σ(θ))dθ
]
ds. (2.5)

Ïóñòü

A =

T∫
0

b(s)q(s)ds > 0, (2.6)
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ãäå q(t) =
t∫
0

(t− s)a(s)ds .

Òîãäà äëÿ îïðåäåëåíèÿ c(x) â (2.1) ïîëó÷àåì èç (2.5) ñëåäóþùåå äèôôåðåíöèàëüíîå
óðàâíåíèå

c′′(x) + Bc(x) = F (x), (2.7)

ãäå B = A−1, F (x) = BF0(x) ,

F0(x) =
T∫
0

b(s)
[
ϕ′′
1(x) + ϕ′′

2(x)s
]
ds+

T∫
0

b(s)
s∫
0

(s− θ)fxx(θ, x, σ(θ))dθds .

Ðåøàÿ äèôôåðåíöèàëüíîå óðàâíåíèå (2.7) ìåòîäîì âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿí-
íûõ, ïîëó÷àåì

c(x) = D1 cos νx+D2 sin νx+
1

ν

x∫
0

F (y)Q(x, y)dy, (2.8)

ãäå Q(x, y) = sin ν(x− y), ν =
√
B , êîýôôèöèåíòû Di ïîäëåæàò îïðåäåëåíèþ, i = 1, 2 .

Èç (2.8) èìååì
c(0) = D1, c

′(0) = νD2. (2.9)

Ñ ó÷åòîì (2.9) èç (2.2) è (2.3) ïîëó÷àåì, ÷òî

u(t, 0) = ϕ1(0) + ϕ2(0)t−D1

t∫
0

(t− s)a(s)ds+

t∫
0

(t− s)f(s, 0, σ(s))ds, (2.10)

ux(t, 0) = ϕ′
1(0) + ϕ′

2(0)t− νD2

t∫
0

(t− s)a(s)ds+

t∫
0

(t− s)f(s, 0, σ(s))ds. (2.11)

Ñðàâíåíèå ñîîòíîøåíèé (2.10) è (2.11) ñ çàäàííûìè óñëîâèÿìè (1.3) è (1.4) äàåò D1 =
N1, D2 =

N2

ν
.

Òîãäà (2.8) ïðèíèìàåò âèä

c(x) = N1 cos νx+
N2

ν
sin νx+

1

ν

x∫
0

F (y)Q(x, y)dy. (2.12)

Ïîäñòàíîâêà (2.12) â (2.2) äàåò

u(t, x) = ϕ1(x) + ϕ2(x)t+

t∫
0

(t− s)f(s, x, σ(s))ds−

−q(t)
{
N1 cos νx+

N2

ν
sin νx+ ν

T∫
0

b(s)

x∫
0

Q(x, y)
[
ϕ′′
1(y) + ϕ′′

2(y)s
]
dsdy+

+ν

x∫
0

Q(x, y)

T∫
0

b(s)

s∫
0

(s− θ)f yy(θ, y, σ(θ))dθdsdy
}
. (2.13)
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3. Âîññòàíàâëèâàåìàÿ ôóíêöèÿ

Â ñèëó óñëîâèÿ (1.5), èç (2.13) ïîëó÷àåì

t∫
0

(t− s)f(s, x0, σ(s))ds = g(t)−

−νq(t)
x0∫
0

Q(x0, y)

T∫
0

b(s)

s∫
0

(s− θ)f yy(θ, y, σ(θ))dθdsdy, (3.1)

ãäå

g(t) = ψ(t) + ϕ1(x0) + ϕ2(x0)t+ q(t)
[
N1 cos νx0 +

N2

ν
sin νx0+

+ν

T∫
0

b(s)

x0∫
0

Q(x0, y)
(
ϕ′′
1(y) + ϕ′′

2(y)s
)
dsdy

]
.

Íåëèíåéíîå èíòåãðàëüíîå óðàâíåíèå ïåðâîãî ðîäà (3.1) ïðè íà÷àëüíîì óñëîâèè
(1.6)ýêâèâàëåíòíî ñëåäóþùåìó èíòåãðàëüíîìó óðàâíåíèþ âòîðîãî ðîäà (ñì., íàïð. [7]
- [9]) :

σ(t) ≡ Θ(t; σ(t)) =
[
σ(t) +

t∫
0

G(s)σ(s)ds−
t∫

0

(t− s)f(s, x0, σ(s))ds−

−νq(t)
x0∫
0

Q(x0, y)

T∫
0

b(s)

s∫
0

(s− θ)f yy(θ, y, σ(θ))dθdsdy + g(t)
]
e−µ(t)+

+

t∫
0

G(s)e−µ(t−s)
[
σ(t)− σ(s) +

t∫
0

G(s)σ(s)ds−
s∫

0

G(θ)σ(θ)dθ−

−
t∫

0

(t− s)f(s, x0, σ(s))ds+

s∫
0

(s− θ)f(θ, x0, σ(θ))dθ−

−νq(t)
x0∫
0

Q(x0, y)

T∫
0

b(s)

s∫
0

(s− θ)f yy(θ, y, σ(θ))dθdsdy+

+νq(s)

x0∫
0

Q(x0, y)

T∫
0

b(θ)

θ∫
0

(θ − ξ)f yy(ξ, y, σ(ξ))dξdθdy + g(t)− g(s)
]
ds, (3.2)

ãäå µ(t) =
t∫
0

G(s)ds > 0 òàêàÿ, ÷òî

e−µ(t) ≪ 1; 2

t∫
0

G(s)e−µ(t−s)ds≪ 1.
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Ò å î ð å ì à 3.1. Ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:
1. max

{
|g(t)| : t ∈ ΩT

}
≤ δ <∞ ;

2. max
{
|f(t, x, σ(t))|; |fxx(t, x, σ(t))|

}
≤ ∆ <∞ ;

3. f(t, x, σ) ∈ Lip{L1|σ} , 0 < L1 = const <∞ ;
4. fxx(t, x, σ) ∈ Lip{L2|σ} , 0 < L2 = const <∞ ;

5. ρ =
[
1 + µ0 + L1

T 2

2
+ νq0L2

x0∫
0

Q(x0, y)
T∫
0

s2

2
b(s)dsdy

]
P (T ) < 1 , ãäå

µ0 = max
{
µ(t) : t ∈ ΩT

}
, q0 = max

{
|q(t)| : t ∈ ΩT

}
, P (t) = e−µ(t) + 2

t∫
0

G(s)e−µ(t−s)ds.

Òîãäà íåëèíåéíîå èíòåãðàëüíîå óðàâíåíèå (3.2) èìååò åäèíñòâåííîå ðåøåíèå íà îò-
ðåçêå ΩT .

Ä î ê à ç à ò å ë ü ñ ò â î. Èñïîëüçóåì ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Ðàñ-
ñìîòðèì ñëåäóþùèé èòåðàöèîííûé ïðîöåññ Ïèêàðà:

σ0(t) = 0, σ1(t) =
[
−

t∫
0

(t− s)f(s, x0, 0)ds−

−νq(t)
x0∫
0

Q(x0, y)

T∫
0

b(s)

s∫
0

(s− θ)f yy(θ, y, 0)dθdsdy + g(t)
]
e−µ(t)+

+

t∫
0

G(s)e−µ(t−s)
[ t∫
0

(t− s)f(s, x0, 0)ds−
s∫

0

(s− θ)f(θ, x0, 0)dθ−

−νq(t)
x0∫
0

Q(x0, y)

T∫
0

b(s)

s∫
0

(s− θ)f yy(θ, y, 0)dθdsdy+

+νq(s)

x0∫
0

Q(x0, y)

T∫
0

b(θ)

θ∫
0

(θ − ξ)f yy(ξ, y, 0)dξdθdy + g(t)− g(s)
]
ds, (3.3)

σk(t) = Θ(t; σk−1), k = 2, 3, 4, . . . . (3.4)

Â ñèëó óñëîâèé òåîðåìû, èç ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé (3.3) è (3.4) ïîëó÷àåì

∥σ1(t)− σ0(t)∥ ≤
[
∆
T 2

2
+ νq0∆

x0∫
0

Q(x0, y)

T∫
0

s2

2
b(s)dsdy + δ

]
P (T ); (3.5)

∥σk(t)− σk−1(t)∥ ≤
[
1 + µ0 + L1

T 2

2
+ νq0L2

x0∫
0

Q(x0, y)

T∫
0

s2

2
b(s)dsdy

]
×

×P (T )∥σk−1(t)− σk−1(t)∥. (3.6)

Èç îöåíîê (3.5) è (3.6) ñëåäóåò, ÷òî îïåðàòîð â ïðàâîé ÷àñòè (3.2) ÿâëÿåòñÿ ñæèìàþùèì.
Ñëåäîâàòåëüíî, èíòåãðàëüíîå óðàâíåíèå (3.2) èìååò åäèíñòâåííîå ðåøåíèå íà îòðåçêå ΩT .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
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4. Ðàçðåøèìîñòü îáðàòíîé çàäà÷è (1.1) � (1.6)

Ò å î ð å ì à 4.1. Ïóñòü:
1. Âûïîëíÿþòñÿ (2.6) è óñëîâèÿ òåîðåìû 3.1.;
2. max

{
|ϕi(x)|

}
<∞, i = 1, 2 ;

3.
∣∣∣ x∫
0

Q(x, y)
(
φ′′
1(y) + φ′′

2(y)s
)
dy
∣∣∣ <∞ ;

4.
∣∣∣ x∫
0

Q(x, y)f yy(t, y, σ(t))dy
∣∣∣ <∞ .

Òîãäà â îáëàñòè Ω ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå íà÷àëüíîé çàäà÷è (1.1)-(1.4).
Äîêàçàòåëüñòâî òåîðåìû 4.1. ñëåäóåò èç òîãî, ÷òî ïîäñòàâëÿÿ â (2.13) ðåøåíèå èíòå-

ãðàëüíîãî óðàâíåíèÿ (3.2), ïîëó÷àåì èñêîìóþ ôóíêöèþ u(t, x) .
Èç ñïðàâåäëèâîñòè ïðèâåäåííûõ âûøå äâóõ òåîðåì ñëåäóåò, ÷òî ñïðàâåäëèâà

Ò å î ð å ì à 4.2. Ïóñòü âûïîëíÿþòñÿ âñå óñëîâèÿ òåîðåìû 4.1. Òîãäà ñóùåñòâó-
åò åäèíñòâåííàÿ ïàðà ðåøåíèé

{
u(t, x) ∈ C 2,2(Ω), σ(t) ∈ C(ΩT )

}
îáðàòíîé çàäà÷è (1.1)-

(1.6).
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Inverse problem for elliptic Fredholm integro-di�erential

equation

c⃝ T. K. Yuldashev3A. G. Loskutova4

Abstract. It is studied the one value solvability of the nonlinear inverse problem for an elliptic
Fredholm integro-di�erential equation. It is modi�ed the method of degenerate kernel designed
for Fredholm integral equations of the second kind. It is obtained nonlinear integral equation of
the �rst kind, which with the aid of special non-classical integral transformation is reduced to a
nonlinear integral equation of the second kind. It is used the method of successive approximations,
combined it with the method of compressing maps.

Key Words: nonlinear inverse problem, equation of elliptic type, integro-di�erential equation,
integral transformation, method of successive approximation
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