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Ñîîòíîøåíèÿ îïòèìàëüíîñòè â ëèíåéíî-êâàäðàòè÷íîé

çàäà÷å óïðàâëåíèÿ

c⃝ Â. Â. Àôîíèí1, Ñ. Ì. Ìóðþìèí2

Àííîòàöèÿ. Ðàáîòà ïîñâÿùåíà àíàëèçó çàäà÷è îïòèìàëüíîé ñòàáèëèçàöèè ëèíåéíûì ñòàöè-
îíàðíûì îáúåêòîì. Ïîêàçàíû ñîîòíîøåíèÿ îïòèìàëüíîñòè, ñâÿçûâàþùèå ìåæäó ñîáîé ïàðà-
ìåòðû îáúåêòà è ðåãóëÿòîðà. Ïðîâåðåíû ÷èñëåííûå ýêñïåðèìåíòû, ïîäòâåðæäàþùèå ïîëó-
÷åííûå ñîîòíîøåíèÿ îïòèìàëüíîñòè.
Êëþ÷åâûå ñëîâà: óïðàâëåíèå, îïòèìàëüíûé ðåãóëÿòîð, êâàäðàòè÷íûé ôóíêöèîíàë, ìî-
äåëü.

1. Ïîñòàíîâêà çàäà÷è

1.1. Ðàññìîòðèì âïîëíå óïðàâëÿåìóþ ìîäåëü îáúåêòà â âèäå

∂X(t)

∂t
= AX(t) +BU(t), (1.1)

Ãäå X(t) - n-ìåðíûé âåêòîð ñîñòîÿíèÿ, U(t) - r-ìåðíûé âåêòîð óïðàâëåíèÿ, A � ìàòðè-
öà ñîñòîÿíèÿ, ìàòðèöà äåéñòâèòåëüíûõ ÷èñåë ðàçìåðà nxn, B � ìàòðèöà âõîäà, ìàòðèöà
äåéñòâèòåëüíûõ ÷èñåë ðàçìåðà nxr.

Ïðåäïîëàãàåòñÿ, ÷òî íà óïðàâëåíèÿ uj(t)(j = 1, 2, . . . , r) îãðàíè÷åíèÿ íå íàëîæåíû.
Óïðàâëåíèå äîëæíî áûòü âûáðàíî òàê, ÷òîáû ïðè ïðîèçâîëüíîì íà÷àëüíîì óñëîâèè X(0)
ìèíèìèçèðîâàòü êâàäðàòè÷íûé ôóíêöèîíàë

J = [

∞∫
0

[XT (t)QX(t) + UT (t)RU(t)] dt], (1.2)

Ãäå Q � ïîëîæèòåëüíî îïðåäåëåííàÿ ñèììåòðè÷åñêàÿ ìàòðèöà äåéñòâèòåëüíûõ ÷èñåë
ðàçìåðà nxn, R � ïîëîæèòåëüíî-îïðåäåëåííàÿ ñèììåòðè÷åñêàÿ ìàòðèöà äåéñòâèòåëüíûõ
÷èñåë ðàçìåðà rxr, T � ñèìâîë òðàíñïîíèðîâàíèÿ [3].

Ðåøåíèå çàäà÷è (1.1), (1.2) èìååò âèä

U(t) = −R( − 1)BTPX(t), (1.3)

ãäå P � (n?n) ñèììåòðè÷åñêàÿ ìàòðèöà, ïîëîæèòåëüíî-îïðåäåëåííîå ðåøåíèå íåëèíåé-
íîãî ìàòðè÷íîãî àëãåáðàè÷åñêîãî óðàâíåíèÿ Ðèêêàòè

PA+ ATP − PBR( − 1)BTP +Q = 0. (1.4)

Îáîçíà÷èì:
Kp = R( − 1)BTP.. (1.5)

Òîãäà (1.3) ïåðåïèøåì
U(t) = −KpX(t) (1.6)

ãäå Kp - ïîñòîÿííàÿ ìàòðèöà îïòèìàëüíîãî ðåãóëÿòîðà ðàçìåðà rxn.
Ïðåäïîëàãàåòñÿ, ÷òî âñå ïåðåìåííûå ñîñòîÿíèÿ äîñòóïíû äëÿ èçìåðåíèÿ.
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Ò å î ð å ì à 1.1. çàäà÷à (1.1) - (1.2) èìååò ðåøåíèå, òî

R = BTSTQSB + (E +BTSTKT
p )R(E +KpSB), (1.7)

ãäå S = (A−BKp)
( − 1) , E � åäèíè÷íàÿ ìàòðèöà ðàçìåðà rxr.

Ôîðìóëà (1.7) àíàëèòè÷åñêè ñâÿçûâàåò ìåæäó ñîáîé ïàðàìåòðû îáúåêòà (ìàòðèöû À, Â),
âåñîâûå ìàòðèöû ôóíêöèîíàëà Q, R è ìàòðèöó îïòèìàëüíîãî ðåãóëÿòîðà Kp [1,2].

1.2. Ðàññìîòðèì çàäà÷ó îïòèìàëüíîé ñòàáèëèçàöèè âïîëíå óïðàâëÿåìîãî ïî âûõîäó
ëèíåéíîãî îáúåêòà. Ê îïèñàíèþ îáúåêòà óïðàâëåíèÿ

∂X(t)

∂t
= AX(t) +BU, (1.8)

äîáàâëÿåòñÿ óðàâíåíèå âûõîäà:
Y (t) = CX(t), (1.9)

ãäå Y(t) � m-ìåðíûé âåêòîð âûõîäà, C � ìàòðèöà âûõîäà, ìàòðèöà äåéñòâèòåëüíûõ
÷èñåë ðàçìåðà mxn,mxn.

Íåîáõîäèìî íàéòè óïðàâëåíèå òàêîå, ÷òîáû ìèíèìèçèðîâàòü êâàäðàòè÷íûé ôóíêöèî-
íàë âèäà

J = [

∞∫
0

[Y T (t)QyY (t) + UT (t)RU(t)] dt], (1.10)

ãäå Qy � ïîëîæèòåëüíî-îïðåäåëåííàÿ äèàãîíàëüíàÿ ìàòðèöà äåéñòâèòåëüíûõ ÷èñåë ðàç-
ìåðà mxm, R - ïîëîæèòåëüíî-îïðåäåëåííàÿ ñèììåòðè÷åñêàÿ ìàòðèöà äåéñòâèòåëüíûõ ÷è-
ñåë ðàçìåðà rxr, T � ñèìâîë òðàíñïîíèðîâàíèÿ [3].

Óïðàâëåíèå äëÿ ìèíèìèçàöèè ôóíêöèîíàëà (1.10) èìååò âèä

U(t) = −R( − 1)BTPyX(t), (1.11)

ãäå Py - ïîñòîÿííàÿ ñèììåòðè÷åñêàÿ ïîëîæèòåëüíî-îïðåäåëåííàÿ ìàòðèöà ðàçìåðà nxn,
ÿâëÿþùàÿñÿ ðåøåíèåì íåëèíåéíîãî ìàòðè÷íîãî àëãåáðàè÷åñêîãî óðàâíåíèÿ òèïà Ðèêêàòè

RyA+ ATPy − PyBR
( − 1)BTPy + CTQyC = 0 (1.12)

Îáîçíà÷èì:
Kpy = R( − 1)BTPy. (1.13)

Ñ ó÷åòîì (1.13) îïòèìàëüíîå óïðàâëåíèå (1.11) çàïèøåì â âèäå

U(t) = −KpyX(t) (1.14)

ãäå Kpy - ìàòðèöà îïòèìàëüíîãî ðåãóëÿòîðà ðàçìåðà rxn.
Ïðåäïîëàãàåòñÿ, ÷òî âñå ïåðåìåííûå ñîñòîÿíèÿ è âûõîäà äîñòóïíû äëÿ èçìåðåíèÿ.

Ò å î ð å ì à 1.2. Åñëè çàäà÷à (1.8) � (1.10) èìååò ðåøåíèå, òî

R = BTST
y C

TQyCSyB + (E +BTST
y Kpy

T )R(E +KpySyB), (1.15)

ãäå Sy = (A−BKpy)
( − 1), E � åäèíè÷íàÿ ìàòðèöà ðàçìåðà rxr.
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Ò å î ð å ì à 1.3. Åñëè çàäà÷à (1.1), (1.2) èìååò ðåøåíèå, òî ìàòðèöà R êâàäðà-
òè÷íîãî ôóíêöèîíàëà íàõîäèòñÿ (âîññòàíàâëèâàåòñÿ) èç ðåøåíèÿ ñëåäóþùåãî óðàâíåíèÿ
Ëÿïóíîâà [4]:

M ∗R−R ∗N = C, (1.16)

ãäå M = Er+B
TSTKT , N = −(Er+KSB)(−1), C = −(BTSTQSB)∗(Er++KSB)(−1), S =

(A−BK)(− 1), Er - åäèíè÷íàÿ ìàòðèöà ðàçìåðîì rxr, K � ìàòðèöà îïòèìàëüíîãî ðåãó-
ëÿòîðà, A, B- ìàòðèöû îáúåêòà óïðàâëåíèÿ, Q � ìàòðèöà êâàäðàòè÷íîãî ôóíêöèîíàëà.

Äîêàçàòåëüñòâî âûòåêàåò èç ðåøåíèÿ óðàâíåíèÿ (1.7) îòíîñèòåëüíî èñêîìîé ìàòðèöû R.

Ò å î ð å ì à 1.4. Åñëè çàäà÷à (1.8) � (1.10) èìååò ðåøåíèå, òî ìàòðèöà R êâàäðà-
òè÷íîãî ôóíêöèîíàëà íàõîäèòñÿ (âîññòàíàâëèâàåòñÿ) èç ðåøåíèÿ ñëåäóþùåãî óðàâíåíèÿ
Ëÿïóíîâà:

My ∗R−R ∗Ny = Cy, (1.17)

ãäå My = Er + BTST
y K

T
y , Ny = −(Er + KySyB)( − 1), Cy = −(BTST

y C
TQyCSyB) ∗ (Er +

KySyB)( − 1), Sy = (A − BKy)
( − 1), Er - åäèíè÷íàÿ ìàòðèöà ðàçìåðîì rxr, Ky - ìàò-

ðèöà îïòèìàëüíîãî ðåãóëÿòîðà ïî âûõîäó, A, B � ìàòðèöû îáúåêòà óïðàâëåíèÿ, Qy -
ìàòðèöà êâàäðàòè÷íîãî ôóíêöèîíàëà (1.10), C � ìàòðèöà âûõîäà îáúåêòà óïðàâëåíèÿ.

Äîêàçàòåëüñòâî âûòåêàåò èç ðåøåíèÿ óðàâíåíèÿ (1.15) îòíîñèòåëüíî èñêîìîé ìàòðèöû R.

2. Ðåçóëüòàòû ÷èñëåííîãî ýêïåðèìåíòà

Ïðîâåðêà ïðèâåäåííûõ ñîîòíîøåíèé âûïîëíÿëàñü â ñèñòåìå ÌÀÒ- LÀÂ ñ ïàêåòîì
Control System Toolbox, â êîòîðîì èìåþòñÿ ôóíêöèè äëÿ ðåøåíèÿ óðàâíåíèé Ðèêêàòè è
Ëÿïóíîâà, à òàêæå îáåñïå÷åíû ìíîãèå ìàòðè÷íûå îïåðàöèè.

Ïðè ìîäåëèðîâàíèè ìàòðèöû îáúåêòà ñîçäàâàëèñü ñëó÷àéíûì îáðàçîì ñ ïîñëåäóþùåé
ïðîâåðêîé íà óïðàâëÿåìîñòü ïàðû À,B è À, ÑÂ). Ïîëîæèòåëüíî îïðåäåëåííûå ìàòðèöû
êâàäðàòè÷íîãî ôóíêöèîíàëà ôîðìèðîâàëèñü íà îñíîâå ñòàíäàðòíûõ ìàòðèö, âõîäÿùèõ
â ãàëåðåþ ìàòðèö ñèñòåìû MATLAB. Ïðîâåðÿëîñü òàêæå ïðè äèàãîíàëüíûõ ìàòðèöàõ
ôóíêöèîíàëà. Â êà÷åñòâå ïðèìåðà ïðèíèìàëèñü ôèêñèðîâàííûå ðàçìåðû ìàòðèö îáú-
åêòà è ôóíêöèîíàëà; èñïîëüçîâàëîñü òàêæå ïñåâäîîáðàùåíèå ìàòðèö ïî ìåòîäó Ìóðà-
Ïåíðîóçà. Â ñëó÷àå íå ïîëíîñòüþ óïðàâëÿåìîé ñèñòåìû óðàâíåíèå Ëÿïóíîâà íå èìååò
ðåøåíèÿ â âèäå ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöû.

Èç ïîëó÷åííûõ ðåçóëüòàòîâ âèäíî, ÷òî àáñîëþòíûå ïîãðåøíîñòè óêëàäûâàþòñÿ â äî-
ïóñòèìóþ òî÷íîñòü âåùåñòâåííîãî òèïà äàííûõ ñ äâîéíîé òî÷íîñòüþ � òèï double.

Optimality ralations in the linear-quadratic control

problem

c⃝ V. V. Afonin3, S. M. Muryumin4

Abstract. This paper analyzes the problem of optimal stabilization oà linear stationary object.
Showing optimality ratio relating the parameters of the object and the regulator. The numerical
experiments, con�rming the relations obtained optimality.
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