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Ïðîäîëæåíèå ôóíêöèè èç ïîëóïðîñòðàíñòâà íà âñå

ïðîñòðàíñòâî ñ ïîìîùüþ åå ñóæåíèÿ íà ãðàíèöó

c⃝ Ã. À. Ñìîëêèí1

Àííîòàöèÿ. Ðàññìîòðåíî íåïðåðûâíîå ïðîäîëæåíèå ôóíêöèè èç ïîëóïðîñòðàíñòâà, âíå êî-
òîðîãî, ñîâïàäàþùåå ñ ðàçáèåíèåì ñëåäà ôóíêöèè âäîëü ãðàíèöû. Ïðîèçâåäåíû îöåíêè íîðì
(ïî Ñîáîëåâó) ðàçáèåíèÿ ñëåäà è ïðîäîëæåíèÿ ÷åðåç íîðìó ôóíêöèè â ïîëóïðîñòðàíñòâå.
Êîíñòðóêöèÿ ïðîäîëæåíèÿ è åå ìîäèôèêàöèè ìîãóò áûòü èñïîëüçîâàíû ïðè èçó÷åíèè àïðè-
îðíûõ îöåíîê â êðàåâûõ çàäà÷àõ äëÿ âûðîæäàþùèõñÿ âïëîòü äî ãðàíèöû êâàçèýëëèïòè÷å-
ñêèõ îïåðàòîðîâ.

Êëþ÷åâûå ñëîâà: ïðåîáðàçîâàíèå Ôóðüå, ïðîñòðàíñòâà Ñ.Ë. Ñîáîëåâà- Ë.Í. Ñëîáîäåöêîãî,
ïñåâäîäèôôåðåíöèàëüíûå îïåðàòîðû

Â ñòàòüå ïðèíÿòû ñëåäóþùèå îáîçíà÷åíèÿ:
Rn - åâêëèäîâî ïðîñòðàíñòâî òî÷åê x = (x1, . . . , xn), n > 1; ξ = (ξ1, . . . , ξn) - äâîéñòâåííàÿ
ïåðåìåííàÿ, x′ = (x1, . . . , xn−1) , xξ = x1ξ1 + · · ·+ xnξn, i

2 = −1 , Ω = {x : x1 > 0},

w̃ = w̃(ξ) =

∫
e−ixξw(x)dx− ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè w(x),

α = (α1, . . . , αn) - ìóëüòèèíäåêñ ñ öåëî÷èñëåííûìè íåîòðèöàòåëüíûìè êîîðäèíàòàìè,

∂αx =
∂|α|

∂xα1
1 . . .∂xαn

n

, |α| = α1 + · · ·+ αn; ∂
j
k =

∂j

∂xjk
, k = 1, . . . , n.

Ïóñòü s ≥ 0, [s]− öåëàÿ ÷àñòü ÷èñëà s.
Íîðìû ∥ · ∥s, ∥ · ∥s,Ω â ïðîñòðàíñòâàõ Ñ.Ë.Ñîáîëåâà-Ë.Í.Ñëîáîäåöêîãî îïðåäåëÿþòñÿ

ñëåäóþùèì îáðàçîì:

∥U∥2s =
∫

|Ũ(ξ)|2(1 + |ξ|)2sdξ.

Åñëè s− öåëîå, òî

∥U∥2s,Ω =
∑
|α|≤s

∫
Ω

|∂αxU |2dx.

Åñëè s− íåöåëîå, òî

∥U∥2s,Ω =
∑

|α|≤[s]

∫
Ω

|∂αxU |2dx+
∑

|α|≤[s]

∫
Ω

∫
Ω

|∂αxU(x)− ∂αy U(y)|2

|x− y|n+2(s−[s])
dxdy.

Ïîñòîÿííûå, âîçíèêàþùèå â íåðàâåíñòâàõ â êà÷åñòâå êîýôôèöèåíòîâ, áóäåì îáîçíà-
÷àòü áóêâîé C , áûòü ìîæåò ñ èíäåêñàìè.

Ââåäåì ðàçáèåíèå åäèíèöû äâîéñòâåííîé ïåðåìåííîé ξ . Ïóñòü h(t) ∈ C∞
0 (R), 0 ≤

h(t) ≤ 1; h(t) = 1, åñëè |t| ≤ 1; h(t) = 0, åñëè |t| ≥ 2 . Ïóñòü

gk(t) = h(t− k)/
∞∑
j=0

h(t− j),

Ψk(ξ) = gk(ln((1 + |ξ|2)1/2), k = 0, 1, . . . .

1 Äîöåíò êàôåäðû ïðèêëàäíîé ìàòåìàòèêè, äèôôåðåíöèàëüíûõ óðàâíåíèé è òåîðåòè÷åñêîé ìåõàíèêè,
Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Í. Ï. Îãàðåâà, ã. Ñàðàíñê
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Î÷åâèäíî, ÷òî â êàæäîé òî÷êå ξ ∈ Rn ïåðñåêàåòñÿ êîíå÷íîå ÷èñëî íîñèòåëåé ôóíêöèé
Ψk(ξ),

∞∑
k=0

Ψk(ξ) = 1,

e−2(1 + |ξ|2)1/2 ≤ ek ≤ e2(1 + |ξ|2)1/2, (1.1)

åñëè ξ ∈ suppΨk(ξ).
Ôóíêöèè Ψk(ξ) ñîîòâåòñòâóåò ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð Ψk(D) , îïðåäåëÿ-

åìûé ïî ôîðìóëå

Ψk(D)w(x) = (2π)−n

∫
eixξΨk(ξ)w̃(ξ)dξ.

(Îïðåäåëåíèå ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ ñì., íàïðèìåð, â ðàáîòàõ [1], [3], [4].)
Òåîðåìà. Äëÿ êàæäîé ïîñòîÿííîé τ ∈ [0, 1] ñóùåñòâóþò ïîñòîÿííûå C1, C2, C3 , íå

çàâèñÿùèå îò z(x) ∈ C∞(xn ≥ 0)
∩
C∞

0 (Rn) è òàêèå, ÷òî

∥Z∥τ ≤ C1∥z∥τ,Ω, (1.2)

∥w∥τ ≤ C2∥z∥τ,Ω, (1.3)

∥v∥τ ≤ C3∥z∥τ,Ω, (1.4)

ãäå

Z(x) =

{
z(x), åñëè xn ≥ 0
z(x1,−x2), åñëè xn < 0,

w = w(x) =
∞∑
k=0

h(xne
k)νk(x

′
),

v = v(x) =

{
z(x), åñëè xn ≥ 0
w(x), åñëè xn < 0,

νk(x
′
) = Zk(x

′
, 0), Zk(x) = Ψk(D)Z(x), w(x) íàçîâåì ðàçáèåíèåì ñëåäà ôóíêöèè z(x)

âäîëü ïëîñêîñòè xn = 0.
Äîêàçàòåëüñòâî.
Ñîãëàñíî ðàáîòå Ñëîáîäåöêîãî [2] ôóíêöèÿ Z(x) óäîâëåòâîðÿåò íåðàâåíñòâó (1.2).
Äîêàæåì íåðàâåíñòâî (1.3). Èç íåðàâåíñòâà

∥w∥2τ ≤ C

∫
(1 + |ξ|)2τ |

∫
e−ixnξnw̃(ξ

′
, xn)dxn|2dξ

′

ñëåäóåò

∥w∥2τ ≤ C

∞∑
l=0

∞∑
k=l

∫
ν̃l(ξ

′
)ν̃k(ξ

′
)(1 + |ξ|)2τIlIkdξ,

ãäå

Il =

∫
e−ixnξnh(xne

l)dxn, Ik =

∫
e−iynξnh(yne

k)dyn

Ïîñëå çàìåíû xne
l íà xn , ξne

−l íà ξn ïîëó÷àåì

∥w∥2τ ≤ C
∞∑
l=0

∞∑
k=l

∫
ν̃l(ξ

′
)ν̃k(ξ

′
)(1 + |ξ′|2τ + ξ2τn e

2lτ )JlJkdξ,
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ãäå

Jl =

∫
e−ixnξnh(xn)dxn, Jk =

∫
e−iynξnelh(yne

k)dyn.

Î÷åâèäíî |Jl| ≤ C(1 + ξ4n)
−1, |Jk| ≤ Ce−k .

Ïîýòîìó, èìååì

∥w∥2τ ≤ C
∞∑
l=0

∞∑
k=l

∫
ν̃l(ξ

′
)ν̃k(ξ

′
)(1 + |ξ′ |2τ + e2lτ )e−kdξ

′
. (1.5)

Ïîñêîëüêó

νk(ξ
′
) =

∫
Ψk(ξ)Z̃(ξ)dξn,

òî èç íåðàâåíñòâà Êîøè-Áóíÿêîâñêîãî è èç (1.1) ñëåäóåò

|νk(ξ
′
)|2 ≤ Cek

∫
|Ψk(ξ)Z̃(ξ)|2dξn, k = 0, 1, 2, ...

Îòñþäà, èç (1.5), (1.1) è Zk(x) = Ψk(D)Z(x), ïîëó÷àåì

∥w∥2τ ≤ C

∞∑
l=0

∞∑
k=l

∥Zl∥∥Zk∥e(l+k)/2(e2τ + e2lτ )e−k

≤ C
∞∑
l=0

∞∑
k=l

∥Zl∥∥Zk∥e2lτ+(l−k)/2 ≤ C
∞∑
l=0

∞∑
k=l

(∥Zl∥2τ + ∥Zk∥2τ )e(l−k)/2

≤ C(∥Z∥2τ + ∥Z0∥2τ + e−1/2∥Z1∥2τ + e−2/2∥Z2∥2τ + · · ·+ e−k/2∥Zk∥2τ + · · ·
+∥Z1∥2τ + e−1/2∥Z2∥2τ + · · ·+ e(1−k)/2∥Zk∥2τ + · · ·

+∥Z2∥2τ + · · ·+ e(2−k)/2∥Zk∥2τ + · · ·
+ · · ·

+∥Zk∥2τ + · · · )
≤ C∥Z∥2τ .

Ïîýòîìó, èç (1.2) ñëåäóåò îöåíêà (1.3).
Îñòàëîñü äîêàçàòü íåðàâåíñòâî (1.4).
Åñëè τ = 0 èëè τ = 1 , òî íåðàâåíñòâî (1.4) ñëåäóåò èç (1.2) è (1.3).
Ïóñòü 0 < τ < 1. Èìååì

∥v∥2τ ≤ C(I1 + I2)

∫
(1 + |ξ′|2 + ξ2n)

τ |ṽ(ξ)|2dξ,

ãäå

I1 =

∫
(1 + |ξ′ |2)τ

∫
|ṽ(ξ′

, xn)|2dxndξ
′
, I2 =

∫
ξ2τn |ṽ(ξ)|2dξ.

ßñíî, ÷òî

I1 ≤
∫
(1 + |ξ′|2)τ

∫
xn>0

|Z̃(ξ′
, xn)|2dxndξ

′

+

∫
(1 + |ξ′|2)τ

∫
xn<0

|w̃(ξ′
, xn)|2dxndξ

′ ≤ C(∥Z∥2τ + ∥w∥2τ ) ≤ C∥z∥2τ,Ω.
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Èç ðàáîòû Ñëîáîäåöêîãî [2] èìååì

I1 ≤ C(∥w∥2 + J),

ãäå

J =

∫ ∫ ∫
|w(x′

, xn)− w(x
′
, yn)|2/|xn − yn|1+2τdxndyndx

′

≤ C(J1 + J2 + J3)dx
′
,

J1 =

∫ ∫
yn>0

∫
xn>0

|z(x′
, xn)− z(x

′
, yn)|2/|xn − yn|1+2τdxndyndx

′

≤ C∥z∥2τ,Ω,

ãäå

J2 =

∫ ∫
yn<0

∫
xn<0

|w(x′
, xn)− w(x

′
, yn)|2/|xn − yn|1+2τdxndyndx

′

≤ C∥w∥2τ ≤ C∥z∥2τ,Ω.

Ïîñëåäíåå íåðàâåíñòâî ñëåäóåò èç (1.3).

J3 =

∫ ∫
yn<0

∫
xn>0

|z(x′
, xn)− w(x

′
, yn)|2/|xn − yn|1+2τdxndyndx

′

≤ C(J4 + J5),

J4 =

∫ ∫
yn<0

∫
xn>0

|w(x′
, xn)− w(x

′
, yn)|2/|xn − yn|1+2τdxndyndx

′

≤ C∥w∥2τ ≤ C∥z∥2τ,Ω,

J5 =

∫ ∫
yn<0

∫
xn>0

|z(x′
, xn)− w(x

′
, xn)|2/|xn − yn|1+2τdxndyndx

′ ≤ CJ6,

J6 =

∫ ∫
xn>0

|z(x′
, xn)− w(x

′
, xn)|2/|xn|2τdxndx

′
.

Äàëåå, ïîëîæèì

gk = gk(x) = (1− h(xne
k))Zk(x), uk = uk(x) = h(xne

k)(Zk(x)− Zk(x
′
, 0).

Èç ðàâåíñòâ

w(x) =
∞∑
k=0

h(x2e
k)Zk(x1, 0), z(x) =

∞∑
k=0

Zk(x) ïðè x2 ≥ 0

ñëåäóåò J6 ≤ C(J7 + J8), ãäå

J7 =

∫ ∫
xn>0

|
∞∑
k=0

gk(x)|2/|xn|2τdxndx
′
,

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 2



102 Ã. À. Ñìîëêèí

J8 =

∫ ∫
xn>0

|
∞∑
k=0

uk(x)|2/|xn|2τdxndx
′
.

Òàê êàê gk(x) = 0 ïðè xn ≥ e−l, òî

J7 ≤
∫ ∫

xn>0

∞∑
l=0

∞∑
k=l

|gl(x)||gk(x)|e2lτdxndx
′

≤ C
∞∑
l=0

∞∑
k=l

∥Zl(x)∥∥Zk(x)∥e2lτ

≤ C

∞∑
l=0

∞∑
k=l

(∥Zl(x)∥2e2lτ+(l−k)τ + ∥Zk(x)∥2e2kτ+(l−k)τ )

≤ C(
∞∑
l=0

(∥Zl(x)∥2τ +
∞∑
l=0

∞∑
k=l

∥Zk(x)∥2τe(l−k)τ )

≤ C(∥Z(x)∥2τ +
∞∑
k=0

k∑
l=0

∥Zk(x)∥2τe(l−k)τ ) ≤ C∥Z(x)∥2τ .

Îöåíèì J8.
Èç ôîðìóëû Íüþòîíà-Ëåéáíèöà è íåðàâåíñòâà Êîøè-Áóíÿêîâñêîãî ñëåäóåò

|Zk(x)− Zk(x
′
, 0)| ≤ |xn|1/2(

∫
| ∂
∂t
Zk(x

′
, t)|2dt)1/2

. Îòñþäà ïîëó÷àåì

J8 ≤
∞∑
l=0

∞∑
k=l

∥D2Zl∥∥D2Zk∥
∫
h(xne

k)|xn|1−2τdxn.

Çàìåíèâ xne
k íà x2 è ó÷èòûâàÿ (1.1), ïîëó÷àåì

J8 ≤ C
∞∑
l=0

∞∑
k=l

∥Zl∥∥Zk∥e2kτ+l−k

∫
h(xn)|xn|1−2τdxn.

≤ C

∞∑
l=0

∞∑
k=l

∥Zl∥∥Zk∥e2kτ+l−k

≤ C
∞∑
l=0

∞∑
k=l

(∥Zl∥2e2lτ+l−k + ∥Zk∥2e−2lτ+2kτ+l−k)

≤ C

∞∑
l=0

∥Zl∥2e2lτ +
∞∑
l=0

∞∑
k=l

∥Zk∥2e−2lτ+2kτ+l−k

≤ C(∥Z∥2τ +
∞∑
k=0

k∑
l=0

∥Zk∥2e−2lτ+2kτ+l−k ≤ C∥Z∥2τ .

Ýòèì çàâåðøàåòñÿ äîêàçàòåëüñòâî òåîðåìû.
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Continuation of the function of half of all space via its

restriction to the boundary efootnote

c⃝ G. A. Smolkin2

Abstract. Consider a continuous extension of the half-space, which is coincident with trace
partition function along the border. Produced estimates of the norms (Sobolev) partition trace
and continue through the norm of the function in the half. design extension and its modi�cations
can be used the study of a priori estimates in boundary value problems for degenerate up to the
boundary of quasi-elliptic operators.

Key Words: Fourier transformation,space S.L. Sobolev - L.N. Slobodetskii, pseudodi�erential
operators

2 Associate professor of Applied Mathematics, Di�erential Equations and theoretical Mechanics Chair,
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