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Ïðèáëèæåííûé ðàñ÷åò ôóíêöèîíàëà êà÷åñòâà ïðè

èçâåñòíûõ óïðàâëÿþùèõ âîçäåéñòâèÿõ äëÿ

êâàçèëèíåéíûõ óðàâíåíèé ñ ÷àñòíûìè ðàçíîñòÿìè

ïåðâîãî ïîðÿäêà

c⃝ Ò. Ê. Þëäàøåâ 1 Ì. À. Äîâãèé2

Àííîòàöèÿ. Â äàííîé ðàáîòå ïðåäëàãàåòñÿ ìåòîäèêà ïðèáëèæåííîãî ðåøåíèÿ êâàçèëèíåé-
íîãî óðàâíåíèÿ â ÷àñòíûõ ðàçíîñòÿõ ïåðâîãî ïîðÿäêà è ïðèáëèæåííûé ðàñ÷åò ôóíêöèîíàëà
êà÷åñòâà ïðè èçâåñòíûõ óïðàâëÿþùèõ âîçäåéñòâèÿõ. Ñ ïîìîùüþ íåëèíåéíîãî äèñêðåòíîãî
àíàëîãà ìåòîäà õàðàêòåðèñòèê íà÷àëüíàÿ çàäà÷à ñâîäèòñÿ ê èçó÷åíèþ íåëèíåéíîãî ñóììàð-
íîãî óðàâíåíèÿ. Äàëåå èñïîëüçóåòñÿ ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé.

Êëþ÷åâûå ñëîâà: îïòèìàëüíîå óïðàâëåíèå, ðàçíîñòíîå óðàâíåíèå, ñóììàðíîå óðàâíåíèå,
ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé, ìèíèìèçàöèÿ ôóíêöèîíàëà

1. Ïîñòàíîâêà çàäà÷è

Ïóñòü óïðàâëÿåìûé ïðîöåññ â îáëàñòè D îïèñûâàåòñÿ êâàçèëèíåéíûì
ðàçíîñòíûì óðàâíåíèåì âèäà

∆nu(n,m) + A
(
n,m, u(n,m)

)
∆mu(n,m) =

= α(n)σ(n) + f
(
n,m, u(n,m)

)
(1.1)

ñ íà÷àëüíûì óñëîâèåì
u(n,m)|n=n0

= φ(m), (1.2)

ãäå öåëî÷èñëåííûå ôóíêöèè A
(
n,m, u

)
, f
(
n,m, u

)
îïðåäåëåíû äëÿ âñåõ

n ≥ n0 , öåëî÷èñëåííàÿ ôóíêöèÿ φ(m) îïðåäåëåíà äëÿ m ∈ Z , ∆nu(n,m) =
u(n+1,m)−u(n,m) , ∆mu(n,m) = u(n,m+1)−u(n,m) , α(n) � öåëî÷èñëåí-
íàÿ ôóíêöèÿ, îïðåäåëåííàÿ ïðè n ≥ n0 , D ≡ DN×Z , DN ≡

{
n0 ≤ n ≤ N

}
,

à n0, n,N � íàòóðàëüíûå ÷èñëà, Z � ìíîæåñòâî öåëûõ ÷èñåë.
Óïðàâëåíèå σ(n) ñóììèðóåìî ñ êâàäðàòîì è óäîâëåòâîðÿåò íåðàâåíñòâó∣∣σ(n)∣∣ ≤M0 = const. (1.3)

Êà÷åñòâà óïðàâëåíèÿ õàðàêòåðèçóþòñÿ ôóíêöèîíàëîì

J
[
σ
]
=

N−1∑
n=no

m0−1∑
m=−mo

K(m)u2(n,m) + γ

N−1∑
n=no

σ2(n), (1.4)

1 Äîöåíò êàôåäðû âûñøåé ìàòåìàòèêè, Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé óíèâåðñèòåò
èìåíè àêàäåìèêà Ì. Ô. Ðåøåòíåâà, ã. Êðàñíîÿðñê, tursunbay@rambler.ru;

2 Ñòóäåíòêà èíñòèòóòà èíôîðìàòèêè è òåëåêîììóíèêàöèè, Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷å-
ñêèé óíèâåðñèòåò èìåíè àêàäåìèêà Ì. Ô. Ðåøåòíåâà, ã. Êðàñíîÿðñê

Æóðíàë ÑÂÌÎ. 2014. Ò. 16, � 1



146 Ò. Ê. Þëäàøåâ, Ì. À. Äîâãèé

ãäå 0 <
m0−1∑

m=−mo

K(m) < ∞ , γ � äåéñòâèòåëüíîå ÷èñëî, m0 � äîñòàòî÷íî

áîëüøîå íàòóðàëüíîå ÷èñëî.
Óðàâíåíèÿ âèäà (1.1) ïðè íóëåâîì óïðàâëåíèè ÿâëÿþòñÿ äèñêðåòíûìè àíà-

ëîãàìè äèôôåðåíöèàëüíûõ óðàâíåíèé, êîòîðûå âñòðå÷àþòñÿ ïðè ðåøåíèè
ìíîãèõ çàäà÷ ìåõàíèêè. Ñòàíäàðòíûå ìåòîäû ïîçâîëÿþò íàéòè òî÷íûõ (÷àñò-
íûõ) ðåøåíèé êâàçèëèíåéíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïî-
ðÿäêà ïðè êîíêðåòíûõ ñëó÷àÿõ íåëèíåéíûõ ôóíêöèé, âõîäÿùèõ â äàííîå
óðàâíåíèå [1]. Äëÿ íàõîæäåíèÿ îáùèõ ðåøåíèé êâàçèëèíåéíûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ îáùèìè íåëèíåéíûìè ôóíê-
öèÿìè ýôôåêòèâíûìè ÿâëÿþòñÿ òå ìåòîäû, êîòîðåé ïîçâîëÿþò ïîñòàâëåííóþ
çàäà÷ó çàìåíèòü ñ ýêâèâàëåíòíûì åé íåëèíåéíûì èíòåãðàëüíûì óðàâíåíèåì
Âîëüòåððà âòîðîãî ðîäà.

Ñîâðåìåííûå ìåòîäû ðåøåíèÿ çàäà÷ óïðàâëåíèÿ â çíà÷èòåëüíîé ñòåïåíè
îñíîâûâàþòñÿ íà êîíöåïöèè îïòèìàëüíîñòè, ÷òî îïðåäåëÿåò øèðîêîå ïðè-
ìåíåíèå ìåòîäîâ è àëãîðèòìîâ òåîðèè îïòèìèçàöèè ïðè ïðîåêòèðîâàíèè è
ñîâåðøåíñòâîâàíèè ñèñòåì óïðàâëåíèÿ [2] - [5]. Ìíîãèå çàäà÷è óïðàâëåíèÿ
ôîðìóëèðóþòñÿ êàê êîíå÷íîìåðíûå îïòèìèçàöèîííûå çàäà÷è. Ê òàêèì çà-
äà÷àì, â ÷àñòíîñòè, îòíîñÿòñÿ è çàäà÷è àäàïòèâíûõ ñèñòåì óïðàâëåíèÿ. Ïðè
ïðèáëèæåííîì ðåøåíèè çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ ñèñòåìàìè ñ ðàñïðå-
äåëåííûìè ïàðàìåòðàìè èñïîëüçóþòñÿ øèðîêèé ñïåêòð ðàçíûõ ìåòîäîâ (ñì.,
íàïð. [5] - [7]).
Çàäà÷à. Íàéòè òàêîå ñîñòîÿíèå u⋆(n,m) íà÷àëüíîé çàäà÷è (1.1), (1.2) ïðè

çàäàííîé óïðàâëÿþùåé ôóíêöèè

σ⋆(n) ∈ Q ≡
{
σ⋆ :

∣∣σ⋆(n)∣∣ ≤M0, n0 ≤ n ≤ N
}
,

÷òî äîñòàâëÿåò ìèíèìóì ôóíêöèîíàëó (1.4).

2. Ðàçðåøèìîñòü íà÷àëüíîé çàäà÷è (1.1), (1.2)

Ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ óïðàâëåíèÿ σ(n) íà÷àëüíàÿ çàäà÷à (1.1),
(1.2) ýêâèâàëåíòíà ñëåäóþùåìó ñóììàðíîìó óðàâíåíèþ [8]

u(n,m) ≡ Θ(n,m;u) = φ

(
m−

n−1∑
ν=n0

A
(
ν,m, u(ν,m)

))
+

+
n−1∑
ν=n0

[
α(ν)σ(ν) + f

(
ν,m, u(ν,m)

)]
, (2.1)

ãäå m � öåëî÷èñëåííûé ïàðàìåòð.
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Ìû èñïîëüçóåì ñëåäóþùèå îáîçíà÷åíèÿ: Bnd(M) � êëàññ öåëî÷èñëåííûõ

ôóíêöèé, îãðàíè÷åííûõ ïî íîðìå ñ ïîëîæèòåëüíûì ÷èñëîì M ; Lip
{
L|u,v,...

}
� êëàññ ôóíêöèé, óäîâëåòâîðÿþùèõ óñëîâèþ Ëèïøèöà ïî ïåðåìåííûì
u, v, . . . ñ ïîëîæèòåëüíûì êîýôôèöèåíòîì L .

Â êà÷åñòâå íîðìû íà ìíîæåñòâå D äëÿ ïðîèçâîëüíîé öåëî÷èñëåííîé
ôóíêöèè g(n,m) ìû áóäåì áðàòü åâêëèäîâó íîðìó

∥g(n,m)∥ = max
{
|g(n,m)| : n ∈ DN ,m ∈ Z

}
.

Ò å î ð å ì à 2.1. Ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:
1. φ(m) ∈ Bnd(M1) ∩ Lip

{
L1|m

}
, 0 < L1 = const ;

2. f(n,m, u) ∈ Bnd(M2) ∩ Lip
{
L2|u

}
, 0 < L2 = const ;

3. A(n,m, u) ∈ Lip
{
L3|u

}
, 0 < L3 = const ;

4. ρ =
(
L1L3 + L2

)
(N − n0 − 1) < 1 .

Òîãäà ñóììàðíîå óðàâíåíèå (2.1) ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ óïðàâ-
ëåíèÿ σ(n) , äëÿ êîòîðûõ âûïîëíÿåòñÿ óñëîâèå (1.3), èìååò åäèíñòâåííîå
ðåøåíèå íà ìíîæåñòâå D .

Ä î ê à ç à ò å ë ü ñ ò â î. Èñïîëüçóåì ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëè-
æåíèé â ñî÷åòàíèè åãî ñ ìåòîäîì ñæèìàþùèõ îòîáðàæåíèé (ñì., íàïð. [8] -
[11]). Ðàññìîòðèì ñëåäóþùèé èòåðàöèîííûé ïðîöåññ Ïèêàðà:

u0(n,m) = φ

(
m−

n−1∑
ν=n0

A
(
ν,m, 0

))
+

n−1∑
ν=n0

[
α(ν)σ(ν) + f

(
ν,m, 0

)]
, (2.2)

uµ+1(n,m) = Θ(n,m;uµ), µ = 0, 1, 2, . . . , (2.3)

ãäå m � öåëî÷èñëåííûé ïàðàìåòð.
Â ñèëó ïåðâîãî óñëîâèÿ òåîðåìû äëÿ íóëåâîãî ïðèáëèæåíèÿ èç (2.2) ìû

ïîëó÷èì ñëåäóþùóþ îöåíêó∥∥u0(n,m)
∥∥ ≤M1 +M2(N − n0 − 1). (2.4)

Â ñèëó óñëîâèé òåîðåìû, ñ ó÷åòîì (2.4) èç (2.2) è (2.3) äëÿ ïåðâîãî ïðè-
áëèæåíèÿ èìååì îöåíêó ∥∥u1(n,m)− u0(n,m)

∥∥ ≤

≤ L1

n−1∑
ν=n0

∥∥A(ν,m, u0)− A
(
ν,m, 0

)∥∥+ n−1∑
ν=n0

∥∥f(ν,m, u0)− f
(
ν,m, 0

)∥∥ ≤

≤
(
L1L3+L2

)
(N−n0−1)

∥∥u0(n,m)
∥∥ ≤ (M1 +M2(N − n0 − 1)) ρ < M1+M2(N−n0−1).

(2.5)
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Àíàëîãè÷íî, â ñèëó óñëîâèé òåîðåìû, äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî
÷èñëà µ èç (2.3) ïî èíäóêöèè ïîëó÷àåì∥∥uµ+1(n,m)− uµ(n,m)

∥∥ ≤

≤ L1

n−1∑
ν=n0

∥∥A(ν,m, uµ(ν,m)
)
− A

(
ν,m, uµ−1(ν,m)

)∥∥+
+

n−1∑
ν=n0

∥∥f(ν,m, uµ(ν,m)
)
− f

(
ν,m, uµ−1(ν,m)

)∥∥ ≤

≤ ρ
∥∥uµ(n,m)− uµ−1(n,m)

∥∥ < ∥∥uµ(n,m)− uµ−1(n,m)
∥∥. (2.6)

Êðîìå òîãî, äëÿ ðàçíîñòè u(n,m)− uµ(n,m) èìååì îöåíêó∥∥u(n,m)− uµ(n,m)
∥∥ ≤

∥∥u(n,m)− uµ+1(n,m)
∥∥+ ∥∥uµ+1(n,m)− uµ(n,m)

∥∥ ≤

≤ L1

n−1∑
ν=n0

∥∥A(ν,m, u(ν,m)
)
− A

(
ν,m, uµ(ν,m)

)∥∥+
+L1

n−1∑
ν=n0

∥∥A(ν,m, uµ(ν,m)
)
− A

(
ν,m, uµ−1(ν,m)

)∥∥+
+

n−1∑
ν=n0

∥∥f(ν,m, u(ν,m)
)
− f

(
ν,m, uµ(ν,m)

)∥∥+
+

n−1∑
ν=n0

∥∥f(ν,m, uµ(ν,m)
)
− f

(
ν,m, uµ−1(ν,m)

)∥∥ ≤

≤ ρ
∥∥u(n,m)− uµ(n,m)

∥∥+ ρµ (M1 +M2(N − n0 − 1)) .

Îòñþäà îêîí÷àòåëüíî ïîëó÷àåì, ÷òî∥∥u(n,m)− uµ(n,m)
∥∥ ≤ ρµ (M1 +M2(N − n0 − 1))

1− ρ
. (2.7)

Èç îöåíîê (2.4) - (2.6) ñëåäóåò, ÷òî îïåðàòîð â ïðàâîé ÷àñòè (2.1) ÿâëÿåòñÿ
ñæèìàþùèì. Ñëåäîâàòåëüíî, çàäà÷à (1.1), (1.1) ïðè ôèêñèðîâàííûõ çíà÷å-
íèÿõ óïðàâëåíèÿ σ(n) , äëÿ êîòîðûõ âûïîëíÿåòñÿ óñëîâèå (1.3), èìååò åäèí-
ñòâåííîå ðåøåíèå íà ìíîæåñòâå D .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
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3. Ïðèáëèæåííûé ðàñ÷åò ôóíêöèîíàëà êà÷åñòâà â çàäà÷å îïòè-
ìàëüíîãî óïðàâëåíèÿ

Òàê êàê ρ < 1 , òî èç (2.7) ñëåäóåò, ÷òî

lim
µ→∞

∥∥u(n,m)− uµ(n,m)
∥∥ = 0.

Ñ ó÷åòîì ïîñëåäîâàòåëüíîñòè ôóíêöèé (2.3) ôóíêöèîíàë (1.4) çàïèøåì â
âèäå

Jµ[σ] =
N−1∑
n=n0

m0−1∑
m=−m0

K(m)u2µ(n,m) + γ
N−1∑
n=n0

σ2(n). (3.1)

Â ñèëó óñëîâèé òåîðåìû, èç (2.7) è (3.1) ïîëó÷àåì ñëåäóþùóþ îöåíêó∣∣J [σ]− Jµ[σ]
∣∣ ≤ 2β

ρµ (M1 +M2(N − n0 − 1))2 (N − n0 − 1)

1− ρ
,

ãäå β =
m0−1∑

m=−m0

K(m) <∞ .

Èç ýòîé îöåíêè ñëåäóåò, ÷òî

lim
µ→∞

∣∣J [σ]− Jµ[σ]
∣∣ = 0. (3.2)

Ïóñòü σ⋆(n) � îïòèìàëüíîå äîïóñòèìîå óïðàâëåíèå â çàäà÷å. Òîãäà äëÿ
ýòîãî îïòèìàëüíîãî óïðàâëåíèÿ ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà∣∣σ⋆(n)− σ⋆µ(n)

∣∣ ≤ qµ(n), lim
µ→∞

qµ(n) = 0. (3.3)

Ðàññìîòðèì ñëåäóþùèå ñîîòíîøåíèÿ:

u⋆(n,m) ≡ Θ
(
n,m;u⋆

)
= φ

(
m−

n−1∑
ν=n0

A
(
ν,m, u⋆(ν,m)

))
+

+
n−1∑
ν=n0

[
α(ν)σ⋆(ν) + f

(
ν,m, u⋆(ν,m)

)]
, (3.4)

u⋆0(n,m) = φ

(
m−

n−1∑
ν=n0

A
(
ν,m, 0

))
+

n−1∑
ν=n0

[
α(ν)σ⋆0(ν) + f

(
ν,m, 0

)]
, (3.5)

u⋆µ+1(n,m) = Θ
(
n,m;u⋆µ

)
, (3.6)

Jµ[σ
⋆] =

N−1∑
n=n0

m0−1∑
m=−m0

K(m)
(
u⋆µ(n,m)

)2
+ γ

N−1∑
n=n0

(
σ⋆(n)

)2
, (3.7)
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Jµ[σ
⋆
µ] =

N−1∑
n=n0

m0−1∑
m=−m0

K(m)
(
u⋆µ(n,m)

)2
+ γ

N−1∑
n=n0

(
σ⋆µ(n)

)2
. (3.8)

Ò å î ð å ì à 3.1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 2.1. è (3.3).
Òîãäà ñïðàâåäëèâî ñîîòíîøåíèå

lim
µ→∞

∣∣J [σ⋆]− Jµ[σ
⋆
µ]
∣∣ = 0.

Ä î ê à ç à ò å ë ü ñ ò â î. Ñ ó÷åòîì (3.3) èç (3.4)-(3.6) èìååì îöåíêó∥∥u⋆(n,m)− u⋆µ(n,m)
∥∥ ≤

ρµ
[
M1 +

(
M2 + qµ(n)

)
(N − n0 − 1)

]
1− ρ

. (3.9)

Äàëåå, ñ ó÷åòîì (1.3) è (3.9) èç (3.7) è (3.8) ïîëó÷àåì, ÷òî

∣∣Jµ[σ⋆]− Jµ[σ
⋆
µ]
∣∣ ≤ 2

{
β
ρµ
[
M1 +

(
M2 + qµ(n)

)
(N − n0 − 1)

]2
1− ρ

+

+γM0qµ(n)
}
(N − n0 − 1).

Èç ïîñëåäíåé îöåíêè ñëåäóåò, ÷òî ñïðàâåäëèâî ñëåäóþùåå ïðåäåëüíîå ñî-
îòíîøåíèå

lim
µ→∞

∣∣Jµ[σ⋆]− Jµ[σ
⋆
µ]
∣∣ = 0. (3.10)

Ñ ó÷åòîì îöåíêè (3.2) è ñîîòíîøåíèå (3.10) äëÿ ôóíêöèîíàëîâ

J [σ⋆] =
N−1∑
n=n0

m0−1∑
m=−m0

K(m)
(
u⋆(n,m)

)2
+ γ

N−1∑
n=n0

(
σ⋆(n)

)2
è (3.8) ïîëó÷àåì, ÷òî

lim
µ→∞

∣∣J [σ⋆]− Jµ[σ
⋆
µ]
∣∣ = lim

µ→∞

∣∣J [σ⋆]− Jµ[σ
⋆]
∣∣+ lim

µ→∞

∣∣Jµ[σ⋆]− Jµ[σ
⋆
µ]
∣∣ = 0.

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
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Approximate calculation of functionality of quality at

known operating in�uences for quazilinear partial

di�erence equation of the �rst order

c⃝ T. K. Yuldashev3 M. A. Dovgiy4

Abstract. It is proposed in this paper a method of approximate studying the quasilinear partial
di�erence equation of �rst order and approximate calculation of functionality of quality at known
operating in�uences. With the help of a nonlinear discrete method of characteristics the problem
reduces to the study of nonlinear summary equation. Further, we use the discrete analog of the
method of successive approximation.

Key Words: Optimal control, di�erence equation, summary equation, method of successive
approximation, minimization of functional.
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