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Àííîòàöèÿ. Âûïîëíåíî ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ãàðìîíèê íàìàãíè÷åííîñòè æåñòêî-
ãî ñâåðõïðîâîäíèêà âòîðîãî ðîäà â âèäå òîíêîãî äèñêà â ïðèáëèæåíèè ýêðàíèðîâêè ïîëÿ â
öåíòðå îáðàçöà äëÿ ìîäåëè êðèòè÷åñêîãî ñîñòîÿíèÿ ñ Jc ∼ γ/H2 . Ðàññ÷èòàíû ãèñòåðåçèñíûå
êðèâûå íàìàãíè÷åííîñòè è ðÿä çàâèñèìîñòåé äåéñòâèòåëüíîé è ìíèìîé ÷àñòåé ïåðâîé, òðå-
òüåé è ïÿòîé ãàðìîíèê íàìàãíè÷åííîñòè îò âåëè÷èíû íàïðÿæåííîñòåé ïåðåìåííîãî è ïîñòî-
ÿííîãî ìàãíèòíûõ ïîëåé è îò òåìïåðàòóðû. Ïîëó÷åíî, ÷òî íà çàâèñèìîñòè àìïëèòóä ãàðìîíèê
íàìàãíè÷åííîñòè çíà÷èòåëüíî âëèÿåò àìïëèòóäà ïåðåìåííîãî ìàãíèòíîãî ïîëÿ, êà÷åñòâåííî
ìåíÿÿ óêàçàííûå çàâèñèìîñòè îò âåëè÷èíû ïîñòîÿííîãî ïîëÿ äëÿ ìàëûõ è áîëüøèõ àìïëèòóä
ïåðåìåííîãî ïîëÿ.

Êëþ÷åâûå ñëîâà: âûñîêîòåìïåðàòóðíûé ñâåðõïðîâîäíèê, æåñòêèé ñâåðõïðîâîäíèê II ðîäà,
êðèòè÷åñêîå ñîñòîÿíèå, òîíêèé äèñê, êðèòè÷åñêàÿ ïëîòíîñòü òîêà, ïåòëÿ ãèñòåðåçèñà íàìàã-
íè÷åííîñòè, ãàðìîíèêè íàìàãíè÷åííîñòè

1. Ââåäåíèå

Âûñîêîòåìïåðàòóðíûå ñâåðõïðîâîäíèêè (ÂÒÑÏ) âàæíû äëÿ ïðàêòè÷åñêèõ ïðèëîæå-
íèé, íàïðèìåð, â ýëåêòðîòåõíèêå, ðàäèîòåõíèêå è äðóãèõ îáëàñòÿõ. Âàæíî çíàòü îòêëèê
ðàçëè÷íîé ñòðóêòóðû è ãåîìåòðè÷åñêîé ôîðìû ÂÒÑÏ íà ïåðåìåííîå è ïîñòîÿííîå ìàã-
íèòíûå ïîëÿ.

Íàìàãíè÷åííîñòü ÂÒÑÏ çàâèñèò îò ïðåäûñòîðèè åãî ñîñòîÿíèÿ, ò.å. îáíàðóæèâàåò ãè-
ñòåðåçèñ. Òàêîå ïîâåäåíèå ñâåðõïðîâîäíèêà îïèñûâàåòñÿ ðàçëè÷íûìè ìîäåëÿìè, êîòîðûå
áàçèðóþòñÿ íà ìîäåëè êðèòè÷åñêîãî ñîñòîÿíèÿ, ïðåäëîæåííîé ×. Áèíîì â ðàáîòå [1] äëÿ
æåñòêèõ ñâåðõïðîâîäíèêîâ âòîðîãî (II) ðîäà.

Ìàãíèòíîå ïîëå âåëè÷èíîé áîëüøå ïåðâîãî êðèòè÷åñêîãî ïîëÿ â æåñòêèå ñâåðõïðîâîä-
íèêè II ðîäà ïðîíèêàåò â âèäå ïîòîêà, îáðàçîâàííîãî íèòÿìè Àáðèêîñîâà è ðàñïðîñòðà-
íÿåòñÿ ôðîíòîì âíóòðü ñâåðõïðîâîäíèêà, ïðåîäîëåâàÿ ñèëó ïèííèíãà (ñèëó çàêðåïëåíèÿ
âèõðÿ íà íåîäíîðîäíîñòè). Ñëàáîå ìàãíèòíîå ïîëå â êåðàìè÷åñêèå ÂÒÑÏ ïðîíèêàþò â âè-
äå âèõðåé Äæîçåôñîíà èëè ãèïåðâèõðåé. Èçìåíåíèå ìàãíèòíîãî ïîòîêà âíóòðè ñâåðõïðî-
âîäíèêà âûçûâàåò â îáëàñòè ïðîíèêíîâåíèÿ âèõðåé ýëåêòðè÷åñêîå ïîëå, êîòîðîå â ñâîþ
î÷åðåäü, ìãíîâåííî ñîçäàåò ýêðàíèðóþùèé ñâåðõïðîâîäÿùèé òîê (ñâåðõòîê) ñ êðèòè÷å-
ñêîé ïëîòíîñòüþ Jc . Âåëè÷èíà Jc çàâèñèò îò ëîêàëüíîé ïëîòíîñòè ìàãíèòíîãî ïîòîêà
(êîíöåíòðàöèè âèõðåé � ñðåäíåé èíäóêöèè ïîëÿ B èëè íàïðÿæåííîñòè ïîëÿ H ) ò. å.
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Jc = Jc(B) [2]. Óêàçàííàÿ çàâèñèìîñòü îáóñëîâëåíà ñèëîé ïèííèíãà è ñèëîé îòòàëêèâàíèÿ
ìåæäó âèõðÿìè. Ðàñ÷åò ñâåðõòîêà è ìàãíèòíîãî ïîëÿ âíóòðè ñâåðõïðîâîäíèêà, à òàêæå
íàìàãíè÷åííîñòè è âîñïðèèì÷èâîñòè ñâåðõïðîâîäíèêà ïðåäñòàâëÿåò ñîáîé íåïðîñòóþ çà-
äà÷ó [3] � [6].

2. Ìîäåëü ðàñ÷åòà

Â ðàáîòå âûïîëíåíî ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ïðîöåññà ïðîíèêíîâåíèÿ ìàãíèò-
íîãî ïîëÿ â òîíêèé äèñê æåñòêîãî ñâåðõïðîâîäíèêà II ðîäà â ïðèáëèæåíèå ïîëíîé ýêðà-
íèðîâêè âíåøíåãî ìàãíèòíîãî ïîëÿ â öåíòðå îáðàçöà è ðàññ÷èòàíû ìàãíèòíîïîëåâûå è
òåìïåðàòóðíûå çàâèñèìîñòè ãàðìîíèê íàìàãíè÷åííîñòè. Èñïîëüçîâàëàñü ñëåäóþùàÿ çà-
âèñèìîñòü êðèòè÷åñêîé ïëîòíîñòè òîêà îò ìàãíèòíîãî ïîëÿ: Jc(H) = γ/H2 , êîòîðàÿ ïðè-
áëèæåííî îïèñûâàåò ñèòóàöèþ ïðè âûñîêîé ïëîòíîñòè ïðîíèêøèõ â îáðàçåö âèõðåé è äëÿ
êåðàìè÷åñêèõ ñâåðõïðîâîäíèêîâ [7]. Â ïðåíåáðåæåíèè ýôôåêòà Ìåéñíåðà óðàâíåíèå êðè-
òè÷åñêîãî ñîñòîÿíèÿ äëÿ î÷åíü òîíêîãî äèñêà ðàäèóñà R è ïîëóòîëùèíû b (R >> b) [8]
â àêñèàëüíîì âíåøíåì ïîëå èìååò âèä:

dH

dr
= ± γb

H2r
(2.1)

Çäåñü r åñòü òåêóùèé ðàäèóñ öèëèíäðà, H(r) ïðåäñòàâëÿåò ñîáîé îñåâóþ ñîñòàâëÿþ-
ùóþ íàïðÿæåííîñòè ìàãíèòíîãî ïîëÿ. Çíàê ïðàâîé ÷àñòè óðàâíåíèÿ (2.1) îïðåäåëÿåòñÿ
çíàêîì ïðîèçâîäíîé ïî âðåìåíè îò âíåøíåãî ïîëÿ, ò.å. çíàêîì dH/dt . Âûøåóêàçàííàÿ
çàâèñèìîñòü Jc(H) ðÿäîì àâòîðîâ èñïîëüçîâàëîñü äëÿ îïèñàíèÿ êðèòè÷åñêîãî ñîñòîÿíèÿ
ãðàíóëÿðíûõ ïîëèêðèñòàëëè÷åñêèõ âûñîêîòåìïåðàòóðíûõ ñâåðõïðîâîäíèêîâ (íàïðèìåð,
[7]). Óðàâíåíèå (2.1) ðåøàåòñÿ ñ ãðàíè÷íûì óñëîâèåì H(R) = He . Ãäå He � íàïðÿæåí-
íîñòü âíåøíåãî ìàãíèòíîãî ïîëÿ. Çíàê (+) â óðàâíåíèè (2.1) ñîîòâåòñòâóåò ðàñòóùåìó âî
âðåìåíè ìàãíèòíîìó ïîëþ, à çíàê (�) óáûâàþùåìó ïîëþ. Ðåøåíèå (2.1) èìååò âèä:

H(r) =

[
H3
e ∓ 3γb · ln(R

r
)

] 1
3

(2.2)

Ìàãíèòíîå ïîëå â òîíêèé äèñê ïðîíèêàåò íà ãëóáèíó R− ρ , à ðàäèóñ ρ îïðåäåëÿåòñÿ
èç óñëîâèÿ H(ρ) = 0 :

ρ(He) = R · exp
(
−H3

e

3γb

)
(2.3)

Íàìàãíè÷åííîñòü M(He) òîíêîãî äèñêà âû÷èñëÿëàñü ñîãëàñíî ôîðìóëå èñïîëüçóåìîé
äëÿ îïðåäåëåíèÿ ìàãíèòíîãî ìîìåíòà ñèñòåìû òîêîâ [8], [9] ó÷èòûâàÿ, ÷òî ýêðàíèðóþùèé
òîê â ñèëó öèëèíäðè÷åñêîé ñèììåòðèè ÿâëÿåòñÿ àçèìóòàëüíûì:

M(He) =
1

2V

∫ R

ρ

|[r⃗, J⃗c]|dV (2.4)

Çäåñü V � îáúåì ñâåðõïðîâîäíèêà, ρ � ðàäèóñ âíóòðåííåé ÷àñòè öèëèíäðà, êóäà ïîëå
íå ïðîíèêëî (2.3). Íà÷àëüíàÿ êðèâàÿ íàìàãíè÷åííîñòè äëÿ âîçðàñòàþùåãî âíåøíåãî ïîëÿ
îò 0 äî He , ñëåäóÿ (2.4), âû÷èñëÿåòñÿ ïî ôîðìóëå:

Min(He) = − 1

R2

∫ R

ρ(He)

Jc(H)r2dr = −M0 · exp
(
−H

3
e

γb

)∫ (H3
e/3γb)

0

e3zdz

z2/3
(2.5)
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Çäåñü M0 = (γR3/9b2)1/3 . Èíòåãðàë â âûðàæåíèè (2.5) íå âûðàæàåòñÿ ÷åðåç ýëåìåí-
òàðíûå ôóíêöèè.

Â ïåðåìåííîì ìàãíèòíîì ïîëå (He(t) = H0 + h · cos(ωt) ) ñâåðõïðîâîäíèê ðàçáèâàåò-
ñÿ íà îáëàñòè ñ ïðîòèâîïîëîæíî òåêóùèìè ýêðàíèðóþùèìè ñâåðõòîêàìè (ðèñ. 2.1). Ýòî
ïðèâîäèò ê ãèñòåðåçèñó â íàìàãíè÷èâàíèè æåñòêîãî ñâåðõïðîâîäíèêà. Óðàâíåíèÿ êðèâûõ,
êîòîðûå îïðåäåëÿþò ïåòëþ ãèñòåðåçèñà íàìàãíè÷åííîñòè, áóäóò âûðàæàòüñÿ ñëåäóþùèìè
èíòåãðàëàìè:

M+(H0, h) = − 1

R2

[∫ λ

ρ

Jc(H)r2dr −
∫ ζ

λ

Jc(H)r2dr +

∫ R

ζ

Jc(H)r2dr

]

M−(H0, h) = − 1

R2

[∫ ξ

ρ

Jc(H)r2dr −
∫ R

ξ

Jc(H)r2dr

] (2.6)

ãäå M+(H0, h) � âåòâü ïåòëè â âîçðàñòàþùåì ïîëå, à M−(H0, h) � âåòâü ïåòëè äëÿ
óáûâàþùåãî âíåøíåãî ìàãíèòíîãî ïîëÿ. Çäåñü ρ � ðàäèóñ öåíòðàëüíîé ÷àñòè äèñêà, êóäà
âîçðàñòàþùåå ïîëå äî âåëè÷èíû H0 + h åùå íå ïðîíèêëî, λ � âíóòðåííèé ðàäèóñ êîëü-
öåâîãî ñëîÿ äèñêà ñ ïðîòèâîïîëîæíî òåêóùèì ýêðàíèðóþùèì ñâåðõòîêîì â óáûâàþùåì
ïîëå äî çíà÷åíèÿ H0−h è ζ � âíåøíèé ðàäèóñ ýòîãî æå êîëüöåâîãî ñëîÿ äèñêà. Âåëè÷èíà
ξ ÿâëÿåòñÿ âíóòðåííèì ðàäèóñîì êîëüöåâîãî ñëîÿ â óáûâàþùåì ïîëå îò çíà÷åíèÿ H0 + h
äî òåêóùåãî çíà÷åíèÿ He(t) (ñì. ðèñ. 2.1).

Ð è ñ ó í î ê 2.1

Ðàçáèåíèå ñâåðõïðîâîäíèêà â ïîñòîÿííîì è ïåðåìåííîì àêñèàëüíûõ ìàãíèòíûõ ïîëÿõ íà

îáëàñòè ñ ïðîòèâîïîëîæíî òåêóùèìè ñâåðõòîêàìè: à) Âîçðàñòàþùåå ïîëå ïðîíèêëî íà ãëóáèíó

R− ρ , óáûâàþùåå � íà ãëóáèíó R− λ è ñíîâà âîçðàñòàþùåå íà R− ζ (âåòâü ïåòëè ãèñòåðåçèñà

â ðàñòóùåì ïîëå � M+ ). b) Âîçðàñòàþùåå ïîëå ïðîíèêëî íà ãëóáèíó R− ρ , óáûâàþùåå � íà

ãëóáèíó R− ξ (âåòâü ïåòëè ãèñòåðåçèñà â óáûâàþùåì ïîëå � M− ).)

Àíàëèòè÷åñêèé ðàñ÷åò ïî ôîðìóëàì (2.6) äëÿ M− è M+ ïðèâîäèò ñëåäóþùèì âûðà-
æåíèÿì:

M−(H0, h,He) = −M0 ·


exp

(
−(H0 + h)3

γb

)
·
∫ [(H0+h)3+H3

e ]/6γb

0

e3zdz

z2/3
+

+exp

(
H3
e

γb

)
·
∫ H3

e/3γb

[(H0+h)3+H3
e ]/6γb

e−3zdz

z2/3

(2.7)
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M+(H0, h,He) = −M0 ·



exp

(
−(H0 + h)3

γb

)
·
∫ [(H0+h)3+(H0−h)3]/6γb

0

e3zdz

z2/3
+

+exp

(
(H0 − h)3

γb

)
·
∫ H3

e+(H0−h)3/6γb

[(H0+h)3+(H0−h)3]/6γb

e−3zdz

z2/3
+

+exp

(
−H

3
e

γb

)
·
∫ H3

e/3γb

[(H0−h)3+H3
e ]/6γb

e−3zdz

z2/3

(2.8)

Íà ïðàêòèêå âàæíû ãàðìîíèêè íàìàãíè÷åííîñòè, òàê êàê ýêñïåðèìåíòàëüíî èõ äîñòà-
òî÷íî ëåãêî èçìåðèòü. Â ðàáîòå [3] ïîêàçàíî, ÷òî âêëàä â äåéñòâèòåëüíûå ÷àñòè ãàðìîíèê
äàåò ñðåäíÿÿ êðèâàÿ íàìàãíè÷åííîñòè M(H0, h,He) , à â ìíèìûå ñîñòàâëÿþùèå âêëàä äà-
åò ðàçíîñòíàÿ êðèâàÿ íàìàãíè÷åííîñòè ∆M(H0, h,He) . Óêàçàííûå êðèâûå îïðåäåëÿþòñÿ
ñëåäóþùèì îáðàçîì [3]:

M(H0, h,He) =
M−(H0, h,He) +M+(H0, h,He)

2
, (2.9)

∆M(H0, h,He) =M−(H0, h,He)−M+(H0, h,He). (2.10)

Íà ðèñ. 2.2 ïîñòðîåíû ãðàôèêè çàâèñèìîñòåé Min , M+ , M− , M è ∆M îò âíåøíåãî
ìàãíèòíîãî ïîëÿ ñ èñïîëüçîâàíèåì ôîðìóë (2.5), (2.7) � (2.10). Âåëè÷èíó ìàãíèòíîãî ïîëÿ
óäîáíî âûðàæàòü â åäèíèöàõ Hp = (γb)1/3 . Â ïîëå He = Hp ðàäèóñ ρ ≈ 0.7165R .

Â ýêñïåðèìåíòå ÷àñòî èçìåðÿåòñÿ íàïðÿæåíèå ñèãíàëà îòêëèêà ñâåðõïðîâîäíèêà íà
ïåðåìåííîå ìàãíèòíîå ïîëå â ïðèñóòñòâèè ïîñòîÿííîãî ïîëÿ [3], [6], [7], [11]. Óêàçàííîå
íàïðÿæåíèå âîçíèêàåò íà êîíöàõ ïðèåìíîé êàòóøêè, âíóòðè êîòîðîé ïîìåùåí ñâåðõïðî-
âîäíèê. Â ñèëó íåëèíåéíîñòè îòêëèêà íàïðÿæåíèå áóäåò èìåòü â ñâîåì ñîñòàâå ñèíôàçíûå
(äåéñòâèòåëüíûå) U ′ è êâàäðàòóðíûå (ìíèìûå) U ′′ ñîñòàâëÿþùèå ãàðìîíèê.

Ð è ñ ó í î ê 2.2

Íà÷àëüíàÿ êðèâàÿ íàìàãíè÷åííîñòè Min , âåòâü ïåòëè ãèñòåðåçèñà â âîçðàñòàþùåì ïîëå M+ ,

âåòâü ïåòëè ãèñòåðåçèñà â óáûâàþùåì ïîëå M− , ñðåäíÿÿ M è ðàçíîñòíàÿ ∆M êðèâûå. Çäåñü

H òåêóùåå ìàãíèòíîå ïîëå. Êðèâûå ïîñòðîåíû ñ èñïîëüçîâàíèåì ôîðìóë (2.6), (2.8) - (2.10).

Ìàãíèòíîå ïîëå H âûðàæåíî â åäèíèöàõ Hp = (γb)1/3 , à íàìàãíè÷åííîñòü â åäèíèöàõ M0 .
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Ãàðìîíèêè íàïðÿæåíèÿ ïðîïîðöèîíàëüíû ñîîòâåòñòâóþùèì ãàðìîíèêàì íàìàãíè÷åí-
íîñòè èëè âîñïðèèì÷èâîñòè: U

′,′′
n ∝M

′,′′
n . Çäåñü n = 1, 2, 3, . . . � íîìåð ãàðìîíèêè.

Äåéñòâèòåëüíûå M
′
n è ìíèìûå M

′′
n ñîñòàâëÿþùèå ãàðìîíèê íàìàãíè÷åííîñòè âû÷èñ-

ëÿëèñü ñîãëàñíî ôîðìóëàì ðàáîòû [3]:

M
′

n(H0, h) =
1

π

∫ 2π

0

M(H0, h,He(t)) cos(nωt)d(ωt), (2.11)

M
′′

n (H0, h) =
1

π

∫ π

0

∆M(H0, h,He(t)) sin(nωt)d(ωt). (2.12)

Ìîäóëè ãàðìîíèê íàìàãíè÷åííîñòè îïðåäåëÿþòñÿ ôîðìóëîé:

Mn(H0, h) =
√

(M ′
n(H0, h))2 + (M ′′

n (H0, h))2. (2.13)

Çàìåòèì, ÷òî (ñì. íàïðèìåð, [3])

M
′′

1 =
1

πh

∮
HdM =

Q

πµ0V h
. (2.14)

Çäåñü Q � ýíåðãèÿ ïîòåðü íà ïåðåìàãíè÷èâàíèå çà öèêë, µ0 � ìàãíèòíàÿ ïîñòîÿííàÿ,
à V � îáúåì ñâåðõïðîâîäíèêà.

Àíàëèòè÷åñêèå âû÷èñëåíèÿ ãàðìîíèê íàìàãíè÷åííîñòè ïðèâîäÿò ê ÷ðåçâû÷àéíîé ãðî-
ìîçäêîñòè âûðàæåíèé íåóäîáíûõ äëÿ äàëüíåéøåãî àíàëèçà è ñðàâíåíèÿ ñ ýêñïåðèìåíòîì,
ïîýòîìó èõ âû÷èñëåíèÿ ïðîâîäèëèñü ÷èñëåííî â ñèñòåìå MathCad.

3. Ðåçóëüòàòû ðàñ÷åòà ìàãíèòîïîëåâûõ çàâèñèìîñòåé ãàðìîíèê
íàìàãíè÷åííîñòè

Íà ðèñóíêàõ 3.1 � 3.3 ïðèâåäåíû ðàñ÷åòû àìïëèòóä 1, 3 è 5 ãàðìîíèê íàìàãíè÷åííîñòè
â çàâèñèìîñòè îò âåëè÷èíû àìïëèòóäû h íàïðÿæåííîñòè âíåøíåãî ïåðåìåííîãî ìàãíèò-
íîãî ïîëÿ (H0 = 0 ). Èç ðèñóíêîâ âèäíî, ÷òî ãàðìîíèêè èìåþò ìàêñèìóìû, ïîëîæåíèÿ
êîòîðûõ çàâèñÿò îò íîìåðà n ãàðìîíèêè. Ñ ðîñòîì n ìàêñèìóì ñìåùàåòñÿ â ñòîðîíó
ðîñòà h . Ìàêñèìóìû îáóñëîâëåíû êîíêóðåíöèåé äâóõ ìåõàíèçìîâ � óâåëè÷åíèåì îáúåìà
ñâåðõïðîâîäíèêà çàíÿòîãî ñâåðõòîêîì, ÷òî ïðèâîäèò ê ðîñòó íàìàãíè÷åííîñòè äèñêà è
ïîäàâëåíèåì âåëè÷èíû Jc(H) ñ ðîñòîì ïîëÿ.

Ó÷èòûâàÿ ôîðìóëó (2.14) è ðèñ. 3.1 (êðèâàÿ 2) ïîëó÷èì, ÷òî ìàêñèìóì ïîòåðü ýíåðãèè
íà ïåðåìàãíè÷èâàíèå ñâåðõïðîâîäíèêà ïðèõîäèòñÿ íà âåëè÷èíó hm ≈ 1.7Hp . Ìíèìàÿ
÷àñòü ïÿòîé ãàðìîíèêè (ðèñ. 3.3) íàìàãíè÷åííîñòè M

′′
5 ìåíÿåò çíàê ïðè h ≈ hm , òî åñòü

ôàçó. Îòìåòèì, ÷òî ïðè h > 3Hp â ñâåðõïðîâîäíèêå ïðîèñõîäÿò â îñíîâíîì ïîòåðè íà
ïåðåìàãíè÷èâàíèå (ñì. ðèñ. 3.1).
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Ð è ñ ó í î ê 3.1

Àìïëèòóäû äåéñòâèòåëüíîé M
′
1 (êðèâàÿ 1), ìíèìîé M

′′
1 (êðèâàÿ 2) ÷àñòåé è ìîäóëÿ M1

(êðèâàÿ 3) ïåðâîé ãàðìîíèêè íàìàãíè÷åííîñòè â çàâèñèìîñòè îò àìïëèòóäû h ïåðåìåííîãî

ìàãíèòíîãî ïîëÿ H0 = 0 . Ìàãíèòíîå ïîëå âûðàæåíî â åäèíèöàõ Hp = (γb)1/3 , àìïëèòóäû

ãàðìîíèê íàìàãíè÷åííîñòè � â åäèíèöàõ M0 .

Ð è ñ ó í î ê 3.2

Àìïëèòóäû äåéñòâèòåëüíîé M
′
3 (êðèâàÿ 1), ìíèìîé M

′′
3 (êðèâàÿ 2) ÷àñòåé è ìîäóëÿ M3

(êðèâàÿ 3) òðåòüåé ãàðìîíèêè íàìàãíè÷åííîñòè â çàâèñèìîñòè îò àìïëèòóäû h ïåðåìåííîãî

ìàãíèòíîãî ïîëÿ H0 = 0 . Ìàãíèòíîå ïîëå âûðàæåíî â åäèíèöàõ Hp = (γb)1/3 , àìïëèòóäû

ãàðìîíèê íàìàãíè÷åííîñòè � â åäèíèöàõ M0 .
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Ð è ñ ó í î ê 3.3

Àìïëèòóäû äåéñòâèòåëüíîé M
′
5 (êðèâàÿ 1), ìíèìîé M

′′
5 (êðèâàÿ 2) ÷àñòåé è ìîäóëÿ M5

(êðèâàÿ 3) ïÿòîé ãàðìîíèêè íàìàãíè÷åííîñòè â çàâèñèìîñòè îò àìïëèòóäû h ïåðåìåííîãî

ìàãíèòíîãî ïîëÿ H0 = 0 . Ìàãíèòíîå ïîëå âûðàæåíî â åäèíèöàõ Hp = (γb)1/3 , àìïëèòóäû

ãàðìîíèê íàìàãíè÷åííîñòè � â åäèíèöàõ M0 .

Íà ðèñóíêàõ 3.4 � 3.6 ïðåäñòàâëåíû ðàñ÷åòû àìïëèòóä 1 è 3 ãàðìîíèê íàìàãíè÷åííî-
ñòè â çàâèñèìîñòè îò âåëè÷èíû íàïðÿæåííîñòè âíåøíåãî ïîñòîÿííîãî ìàãíèòíîãî ïîëÿ
H0 ïðè 2-õ çíà÷åíèÿ àìïëèòóäû ìîäóëÿöèè h = 0.25Hp è Hp . Äëÿ h = 0.25Hp èç ðèñ. 3.4
âèäíî, ÷òî ïîòåðè ñ ðîñòîì H0 âîçðàñòàþò è äîñòèãàþò ìàêñèìóìà ïðè H0 ≈ 2Hp . Ïðè
h = Hp è H0 = 0 ïîòåðè ìàêñèìàëüíû (ðèñ. 3.5). Òðåòüÿ ãàðìîíèêà íàìàãíè÷åííîñòè
èìååò ñëîæíóþ çàâèñèìîñòü ñ ïåðåìåíîé çíàêà, êàê â äåéñòâèòåëüíîé ÷àñòè, òàê è â ìíè-
ìîé ÷àñòè äëÿ h = Hp (ðèñ. 3.6). Ïÿòàÿ ãàðìîíèêà èìååò åù¼ áîëåå ñëîæíóþ çàâèñèìîñòü
ñ áîëüøèì ÷èñëîì ìàêñèìóìîâ è ìèíèìóìîâ.

Ð è ñ ó í î ê 3.4
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Çàâèñèìîñòè äåéñòâèòåëüíîé M
′
1 (êðèâàÿ 1), ìíèìîé M

′′
1 (êðèâàÿ 2) ÷àñòåé è ìîäóëÿ M1

(êðèâàÿ 3) ïåðâîé ãàðìîíèêè íàìàãíè÷åííîñòè îò ïîñòîÿííîãî ïîëÿ H0 äëÿ h = 0.25Hp .

Íàïðÿæåííîñòü ìàãíèòíîãî ïîëÿ âûðàæåíà â åäèíèöàõ Hp = (γb)1/3 , à àìïëèòóäû ãàðìîíèê

íàìàãíè÷åííîñòè â åäèíèöàõ M0 .

Ð è ñ ó í î ê 3.5

Çàâèñèìîñòè äåéñòâèòåëüíîé M
′
1 (êðèâàÿ 1), ìíèìîé M

′′
1 (êðèâàÿ 2) ÷àñòåé è ìîäóëÿ M1

(êðèâàÿ 3) ïåðâîé ãàðìîíèêè íàìàãíè÷åííîñòè îò ïîñòîÿííîãî ïîëÿ H0 äëÿ h = Hp .

Íàïðÿæåííîñòü ìàãíèòíîãî ïîëÿ âûðàæåíà â åäèíèöàõ Hp = (γb)1/3 , à àìïëèòóäû ãàðìîíèê

íàìàãíè÷åííîñòè â åäèíèöàõ M0 .

Ð è ñ ó í î ê 3.6

Çàâèñèìîñòè äåéñòâèòåëüíîé M
′
3 (êðèâàÿ 1), ìíèìîé M

′′
3 (êðèâàÿ 2) ÷àñòåé è ìîäóëÿ M3

(êðèâàÿ 3) òðåòüåé ãàðìîíèêè íàìàãíè÷åííîñòè îò ïîñòîÿííîãî ïîëÿ H0 äëÿ h = Hp .

Íàïðÿæåííîñòü ìàãíèòíîãî ïîëÿ âûðàæåíà â åäèíèöàõ Hp = (γb)1/3 , à àìïëèòóäû ãàðìîíèê

íàìàãíè÷åííîñòè â åäèíèöàõ M0 .
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4. Òåìïåðàòóðíûå çàâèñèìîñòè ãàðìîíèê íàìàãíè÷åííîñòè

Òåìïåðàòóðíûå çàâèñèìîñòè ãàðìîíèê íàìàãíè÷åííîñòè îïðåäåëÿþòñÿ òåìïåðàòóðíîé
çàâèñèìîñòüþ åäèíñòâåííîãî ïàðàìåòðà γ óðàâíåíèÿ (2.1) ò.å. γ(T ) . Äàííàÿ çàâèñèìîñòü
îïðåäåëÿåòñÿ òåìïåðàòóðíîé çàâèñèìîñòüþ êðèòè÷åñêîé ïëîòíîñòè òîêà Jc(T ) ∝ γ(T )
(ñì. ðàçäåë 2). Áûëà âûáðàíà ñëåäóþùàÿ õîðîøî èçâåñòíàÿ òåìïåðàòóðíàÿ çàâèñèìîñòü:

γ(T ) = γ0

[
1−

(
T

Tc

)2
]2
. (4.1)

Äëÿ óäîáñòâà ñðàâíåíèÿ ñ ýêñïåðèìåíòîì êðèòè÷åñêàÿ òåìïåðàòóðà Tc áûëà âûáðàíà
ðàâíîé 92 K , ò.ê. ýòà òåìïåðàòóðà ÿâëÿåòñÿ êðèòè÷åñêîé äëÿ øèðîêî ðàñïðîñòðàíåííîãî
ÂÒÑÏ Y Ba2Cu3O7−x . Ðåçóëüòàòû ðàñ÷åòà ïðèâåäåíû íà ðèñóíêàõ 4.1 � 4.3. Èç ðèñóíêîâ
âèäíî, ÷òî ìíèìàÿ ÷àñòü ïåðâîé ãàðìîíèêè è âûñøèå ãàðìîíèêè íàìàãíè÷åííîñòè èìåþò
ìàêñèìóì âáëèçè Tc . Äàííûé ìàêñèìóì, êàê ïîêàçûâàþò ðàñ÷åòû, ñ ðîñòîì àìïëèòóäû
ìîäóëÿöèè h óøèðÿåòñÿ è ñìåùàåòñÿ â îáëàñòü íèçêèõ òåìïåðàòóð. Ìàêñèìóì îáóñëîâëåí
êîíêóðåíöèåé ñëåäóþùèõ ïðîöåññîâ: óìåíüøåíèåì Jc c ðîñòîì òåìïåðàòóðû, ÷òî ïðèâî-
äèò ê áîëüøåìó îáúåìó ñâåðõïðîâîäíèêà çàíÿòîìó ñâåðõòîêîì, ðîñòó íàìàãíè÷åííîñòè è
ðîñòó ïîòåðü íà ïåðåìàãíè÷èâàíèå (2.14). Ïîêàçàòåëè ñòåïåíè â ôîðìóëå (4.1) êà÷åñòâåííî
íå âëèÿþò íà òåìïåðàòóðíûå çàâèñèìîñòè ãàðìîíèê.

Ð è ñ ó í î ê 4.1

Òåìïåðàòóðíûå çàâèñèìîñòè àìïëèòóä ïåðâîé ãàðìîíèêè íàìàãíè÷åííîñòè (M
′
1 - 1, M

′′
1 - 2 è

M1 - 3) äëÿ h = 0.25Hp (H0 = 0 )). Àìïëèòóäû ãàðìîíèê íàìàãíè÷åííîñòè âûðàæåíû â

åäèíèöàõ M0 .
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Ð è ñ ó í î ê 4.2

Òåìïåðàòóðíûå çàâèñèìîñòè àìïëèòóä òðåòüåé ãàðìîíèêè íàìàãíè÷åííîñòè (M
′
3 - 1, M

′′
3 - 2 è

M3 - 3) äëÿ h = 0.25Hp (H0 = 0 )). Àìïëèòóäû ãàðìîíèê íàìàãíè÷åííîñòè âûðàæåíû â

åäèíèöàõ M0 .

Ð è ñ ó í î ê 4.3

Òåìïåðàòóðíûå çàâèñèìîñòè àìïëèòóä ïÿòîé ãàðìîíèêè íàìàãíè÷åííîñòè (M
′
5 - 1, M

′′
5 - 2 è

M5 - 3) äëÿ h = 0.25Hp (H0 = 0 )). Àìïëèòóäû ãàðìîíèê íàìàãíè÷åííîñòè âûðàæåíû â

åäèíèöàõ M0 .

5. Îáñóæäåíèå

Ïîëó÷åííûå ðåçóëüòàòû êà÷åñòâåííî ñîâïàäàþò ñ ðåçóëüòàòàìè ýêñïåðèìåíòàëüíîé
ðàáîòû [11] â êîòîðîé èññëåäîâàëèñü ãàðìîíèêè íàìàãíè÷åííîñòè ïîëèêðèñòàëëè÷åñêèõ
äèñêîâ â ñëàáûõ ìàãíèòíûõ ïîëÿõ. Êîëè÷åñòâåííîå ñðàâíåíèå äàííûõ íàñòîÿùåé ðàáî-
òû è âûøåïðèâåäåííîé ðàáîòû ïðèâîäÿò ê ñëåäóþùåìó çíà÷åíèþ γ äëÿ ïîëèêðèñòàëëà
Y Ba2Cu3O7−x : γ ∼ 1.1 · 1015 A3/m4 .
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Mathematical modeling of the magnetic response of thin

superconducting disc according to critical state model with

a critical current density with inverse-square dependance

of �eld magnitude.

c⃝ N. D. Kuzmichev 4, M. V. Chugunov 5, A. A. Fedchenko 6

Abstract. In this work carry out mathematical modeling of magnetization harmonics of hard
superconductors two type for thin disk. According to critical state model with Jc ∼ γ/H2 in
approximation of magnetic �eld screening in the disk center has calculated hysteretic magnetization
curves and magnetic �eld and temperature dependencies magnetization harmonics. Quality
in�uence of magnitude of ac magnetic �eld amplitude was found on harmonic magnetization.
The results this work was compared with experimental results for polycrystals of high-temperature
superconductors. The parameter of model γ was estimated.

Key Words: high-temperature superconductor, II-type hard superconductor, critical state, thin
disk, critical current density, hysteretic loop of magnetization, harmonics magnetization.
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