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Ïðèìåð äèôôåîìîðôèçìà ¾èñòî÷íèê-ñòîê¿ íà

äâóìåðíîé ñôåðå, íå âêëþ÷àåìîãî â ãëàäêèé ïîòîê

c⃝ Î. Â. Ïî÷èíêà1, À. À. Ðîìàíîâ2

Àííîòàöèÿ. Îäíèì èç êëàññè÷åñêèõ ðåçóëüòàòîâ Äæ. Ïàëèñà [4] ÿâëÿåòñÿ âêëþ÷åíèå ëþáîãî
ãðàäèåíòíî-ïîäîáíîãî äâóìåðíîãî êàñêàäà â òîïîëîãè÷åñêèé ïîòîê ïðè óñëîâèè, ÷òî âñå åãî
íåáëóæäàþùèå òî÷êè íåïîäâèæíû. Íàïðîòèâ, â ãëàäêèé ïîòîê ñðåäè íèõ âêëþ÷àåòñÿ ëèøü
íèãäå íå ïëîòíîå ìíîæåñòâî, ÷òî ñëåäóåò èç ðàáîòû Ì. Áðèíà [1]. Öåëüþ äàííîé ðàáîòû
ÿâëÿåòñÿ àíàëèòè÷åñêîå ïîñòðîåíèå ïðèìåðà äèôôåîìîðôèçìà ¾èñòî÷íèê-ñòîê¿ íà S2 , íå
âêëþ÷àåìîãî â ãëàäêèé ïîòîê.
Êëþ÷åâûå ñëîâà: âêëþ÷åíèå â ãëàäêèé ïîòîê, äèôôåîìîðôèçì ¾èñòî÷íèê-ñòîê¿

1. Ââåäåíèå è ôîðìóëèðîâêà ðåçóëüòàòîâ

Ïðîáëåìà âêëþ÷åíèÿ äèôôåîìîðôèçìà â ïîòîê ÿâëÿåòñÿ êëàññè÷åñêîé. Äåòàëüíûé
îáçîð ðåçóëüòàòîâ, ïîëó÷åííûõ â ýòîé îáëàñòè, èçëîæåí â [6]. Â ðàáîòå [5] äîêàçàíî, ÷òî
ìíîæåñòâî Cr -äèôôåîìîðôèçìîâ ( r ≥ 1 ), âêëþ÷àþùèõñÿ â C1 -ïîòîê, ÿâëÿåòñÿ ïîäìíî-
æåñòâîì ïåðâîé êàòåãîðèè â Diff r(Mn) . Ñîãëàñíî [1] ìíîæåñòâî C2 -äèôôåîìîðôèçìîâ,
âêëþ÷àþùèõñÿ â C1 -ãëàäêèé ïîòîê, íèãäå íå ïëîòíî â ïðîñòðàíñòâå äèôôåîìîðôèçìîâ
Ìîðñà-Ñìåéëà. Îäíàêî äîêàçàòåëüñòâî ïîñëåäíåãî ðåçóëüòàòà íå íîñèò êîíñòðóêòèâíûé
õàðàêòåð. Â íàñòîÿùåé ðàáîòå àíàëèòè÷åñêè ñòðîèòñÿ ïðèìåð C2 -êàñêàäà, íå âêëþ÷àþ-
ùåãîñÿ íè â êàêîé ãëàäêèé ïîòîê. Äàäèì íåîáõîäèìûå îïðåäåëåíèÿ.

Cm -ïîòîêîì (m ≥ 0 ) íà ãëàäêîì ìíîãîîáðàçèè Mn íàçûâàåòñÿ íåïðåðûâíî çàâè-
ñÿùåå îò t ∈ R ñåìåéñòâî Cm -äèôôåîìîðôèçìîâ X t : Mn → Mn , óäîâëåòâîðÿþùåå
ñëåäóþùèì óñëîâèÿì:

1) X0(x) = x äëÿ ëþáîé òî÷êè x ∈Mn ;

2) X t(Xs(x)) = X t+s(x) äëÿ ëþáûõ s, t ∈ R , x ∈Mn .

C0 -ïîòîê åùå íàçûâàþò òîïîëîãè÷åñêèì ïîòîêîì. Çàìåíèâ R íà Z , ïîëó÷àåì îïðå-
äåëåíèå äèñêðåòíîé äèíàìè÷åñêîé ñèñòåìû èëè êàñêàäà. Áóäåì ãîâîðèòü, ÷òî äèôôåî-
ìîðôèçì f : Mn → Mn âêëþ÷àåòñÿ â Cm -ïîòîê, åñëè f ÿâëÿåòñÿ ñäâèãîì íà åäèíèöó
âðåìåíè âäîëü òðàåêòîðèé íåêîòîðîãî Cm -ïîòîêà X t ( f = X1 ).

Òðàåêòîðèåé èëè îðáèòîé òî÷êè x ∈ Mn íàçûâàåòñÿ ìíîæåñòâî Ox = {f t(x), t ∈
R (Z)} . Òî÷êà x ∈ Mn íàçûâàåòñÿ íåïîäâèæíîé òî÷êîé ïîòîêà f t (êàñêàäà f ), åñëè
Ox = {x} . Òî÷êà x ∈Mn íàçûâàåòñÿ ïåðèîäè÷åñêîé òî÷êîé ïîòîêà f t (êàñêàäà f ), åñëè
ñóùåñòâóåò ÷èñëî per(x) > 0 (per(x) ∈ N) òàêîå, ÷òî f per(x)(x) = x , íî f t(x) ̸= x äëÿ âñåõ
äåéñòâèòåëüíûõ (íàòóðàëüíûõ) ÷èñåë 0 < t < per(x) . ×èñëî per(x) íàçûâàåòñÿ ïåðèîäîì
ïåðèîäè÷åñêîé òî÷êè x .

Äëÿ êàñêàäà f òî÷êà x ∈ Mn íàçûâàåòñÿ áëóæäàþùåé, åñëè ñóùåñòâóåò îòêðûòàÿ
îêðåñòíîñòü Ux òî÷êè x òàêàÿ, ÷òî f t(Ux) ∩ Ux = ∅ äëÿ äëÿ âñåõ t ∈ N . Â ïðîòèâ-
íîì ñëó÷àå òî÷êà x íàçûâàåòñÿ íåáëóæäàþùåé. Ìíîæåñòâî âñåõ íåáëóæäàþùèõ òî÷åê
êàñêàäà f íàçûâàåòñÿ íåáëóæäàþùèì ìíîæåñòâîì è îáîçíà÷àåòñÿ Ωf .

1 Ïðîôåññîð êàôåäðû òåîðèè ôóíêöèé, ÍÍÃÓ èì. Í.È. Ëîáà÷åâñêîãî; olga-pochinka@yandex.ru
2 Ìàãèñòðàíò êàôåäðû òåîðèè ôóíêöèé, ÍÍÃÓ èì. Í.È. Ëîáà÷åâñêîãî; romanov18.04@mail.ru
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Ïóñòü f : Mn → Mn � äèôôåîìîðôèçì è f(p) = p . Òî÷êà p ÿâëÿåòñÿ ãèïåðáîëè÷å-
ñêîé òîãäà è òîëüêî òîãäà, êîãäà ñðåäè ñîáñòâåííûõ ÷èñåë ìàòðèöû ßêîáè

(
∂f
∂x

)
|p (ìàòðè-

öû, ñîñòîÿùåé èç ÷àñòíûõ ïðîèçâîäíûõ â òî÷êå p ôóíêöèé, çàäàþùèõ îòîáðàæåíèå) íåò
÷èñåë, ïo ìîäóëþ ðàâíûõ 1. Åñëè ïðè ýòîì âñå ñîáñòâåííûå ÷èñëà ïî ìîäóëþ ìåíüøå 1,
òî p íàçûâàåòñÿ ñòîêîâîé òî÷êîé; åñëè âñå ñîáñòâåííûå ÷èñëà ïî ìîäóëþ áîëüøå 1, òî p
íàçûâàåòñÿ èñòî÷íèêîâîé òî÷êîé. Ãèïåðáîëè÷åñêàÿ íåïîäâèæíàÿ òî÷êà, íå ÿâëÿþùàÿñÿ
ñòîêîâîé èëè èñòî÷íèêîâîé, íàçûâàåòñÿ ñåäëîâîé òî÷êîé èëè ñåäëîì.

Åñëè p � ïåðèîäè÷åñêàÿ òî÷êà f ñ ïåðèîäîì per(p) , òî, ïðèìåíÿÿ ïðåäûäóùóþ êîí-
ñòðóêöèþ ê äèôôåîìîðôèçìó f per(p) , ïîëó÷àåì êëàññèôèêàöèþ ãèïåðáîëè÷åñêèõ ïåðèî-
äè÷åñêèõ òî÷åê, àíàëîãè÷íóþ êëàññèôèêàöèè íåïîäâèæíûõ.

Êàðòèíà òðàåêòîðèé êàñêàäà â ôàçîâîì ïðîñòðàíñòâå îêîëî ãèïåðáîëè÷åñêèõ òî÷åê
ïðåäñòàâëåíà íà ðèñóíêå 1.

источник сток седло

(a) (b) (c)

Ðèñ. 1: Òðàåêòîðèè êàñêàäà â îêðåñòíîñòè ãèïåðáîëè÷åñêîé íåïîäâèæíîé òî÷êè: (a) èñ-
òî÷íèêà; (b) ñòîêà; (c) ñåäëà.

Ó êàæäîé ãèïåðáîëè÷åñêîé íåïîäâèæíîé òî÷êè p â ñèëó òåîðåìû Àäàìàðà-Ïåððîíà
(ñì., íàïðèìåð, êíèãó [3]) ñóùåñòâóþò óñòîé÷èâîå W s

p è íåóñòîé÷èâîå W u
p ìíîãîîáðàçèÿ,

êîòîðûå â ñëó÷àå êàñêàäà îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:
Ïóñòü p � íåïîäâèæíàÿ ãèïåðáîëè÷åñêàÿ òî÷êà äëÿ äèôôåîìîðôèçìà f , è d � ìåò-

ðèêà, èíäóöèðîâàííàÿ ðèìàíîâîé ìåòðèêîé íà TpMn . Òîãäà äëÿ p ñóùåñòâóåò óñòîé÷èâîå
ìíîãîîáðàçèå W s

p = {y ∈Mn : d(fk(p), fk(y)) → 0 ïðè k → +∞} . Íåóñòîé÷èâîå ìíîãîîá-
ðàçèå ñîîòâåòñòâåííî: W u

p = {y ∈Mn : d(fk(p), fk(y)) → 0 ïðè k → −∞} .
Äèôôåîìîðôèçì f : Mn → Mn , çàäàííûé íà ãëàäêîì çàìêíóòîì (êîìïàêòíîì áåç

êðàÿ) ñâÿçíîì îðèåíòèðóåìîì n -ìíîãîîáðàçèè (n ≥ 1 ) Mn íàçûâàåòñÿ äèôôåîìîðôèç-
ìîì Ìîðñà-Ñìåéëà, åñëè

1) íåáëóæäàþùåå ìíîæåñòâî Ωf êîíå÷íî è ãèïåðáîëè÷íî;
2) ìíîãîîáðàçèÿ W s

p , W
u
q ïåðåñåêàþòñÿ òðàíñâåðñàëüíî3 äëÿ ëþáûõ ïåðèîäè÷åñêèõ

òî÷åê p , q .
Îáîçíà÷èì ÷åðåç MS(Mn) ìíîæåñòâî äèôôåîìîðôèçìîâ Ìîðñà-Ñìåéëà íà ìíîãîîá-

ðàçèè Mn .
Äèôôåîìîðôèçì f ∈ MS(Mn) íàçûâàåòñÿ äèôôåîìîðôèçìîì �èñòî÷íèê-ñòîê�, åñëè

åãî íåáëóæäàþùåå ìíîæåñòâî ñîñòîèò èç îäíîãî ãèïåðáîëè÷åñêîãî ñòîêà è îäíîãî ãèïåð-
áîëè÷åñêîãî èñòî÷íèêà.

Ò å î ð å ì à 1.1. Ñóùåñòâóåò àíàëèòè÷åñêè çàäàííûé ïðèìåð äèôôåîìîðôèçìà
òèïà �èñòî÷íèê-ñòîê� íà S2 , íå âêëþ÷àåìîãî â ãëàäêèé ïîòîê.

3 Ïîíÿòèå òðàíñâåðñàëüíîñòè çàêëþ÷àåòñÿ â ñëåäóþùåì: ãîâîðÿò, ÷òî äâà ãëàäêèõ ïîäìíîãîîáðàçèÿ
X1 , X2 , ïðèíàäëåæàùèõ n -ìíîãîîáðàçèþ Mn , ïåðåñåêàþòñÿ òðàíñâåðñàëüíî (íàõîäÿòñÿ â îáùåì ïîëî-
æåíèè), åñëè ëèáî X1 ∩X2 = ∅ , ëèáî TxX1 + TxX2 = TxM

n äëÿ ëþáîé òî÷êè x ∈ (X1 ∩X2) .
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Áëàãîäàðíîñòè. Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ãðàíòîâ 12-01-00672,
13-01-12452-îôè-ì ÐÔÔÈ è ãðàíòà Ìèíîáðíàóêè ÐÔ â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ
íà îêàçàíèå óñëóã â 2012-2014 ãã. ïîäâåäîìñòâåííûìè âûñøèìè ó÷åáíûìè çàâåäåíèÿìè
(øèôð çàÿâêè 1.1907.2011).

2. Ïðèìåð äèôôåîìîðôèçìà �èñòî÷íèê-ñòîê� íà S2 , âêëþ÷àåìîãî
â ãëàäêèé ïîòîê

Çàäàäèì íà ïëîñêîñòè ëèíåéíîå ñæàòèå ñ íåðàâíûìè êîýôôèöèåíòàìè ḡ : R2 → R2 ,
ḡ(x1, x2) =

(
x1

2
, x2

3

)
. Ïîñòðîèì íà åãî îñíîâå äèôôåîìîðôèçì íà S2 â âèäå êîìïîçèöèè

g(x1, x2, x3) = ϑ−1
+ ḡϑ+ , ãäå ϑ+ : S2 \ {N} → R2 , ϑ−1

+ : R2 → S2 \ {N} � ïðÿìàÿ è îáðàòíàÿ
ñòåðåîãðàôè÷åñêèå ïðîåêöèè äâóìåðíîé ñôåðû áåç ñåâåðíîãî ïîëþñà íà ïëîñêîñòü [2], çà-

äàííûå ôîðìóëàìè ϑ+(x1, x2, x3) =
(

x1

1−x3
, x2

1−x3

)
, ϑ−1

+ (x1, x2) =
(

2x1

x2
1+x2

2+1
, 2x2

x2
1+x2

2+1
,
x2
1+x2

2−1

x2
1+x2

2+1

)
.

N

x

J+(x)

Ðèñ. 2: Ñòåðåîãðàôè÷åñêàÿ ïðîåêöèÿ

Ïîëó÷èì g(x1, x2, x3) =
(

x1(1−x3)

x2
1/4+x2

2/9+(1−x3)2
, (2/3)x2(1−x3)

x2
1/4+x2

2/9+(1−x3)2
,
x2
1/4+x2

2/9−(1−x3)2

x2
1/4+x2

2/9+(1−x3)2

)
, äîïîëíèâ

äî íåïðåðûâíîñòè íåïîäâèæíîé òî÷êîé â ñåâåðíîì ïîëþñå g(0, 0, 1) = (0, 0, 1) .

Ýòîò äèôôåîìîðôèçì ÿâëÿåòñÿ ñäâèãîì íà åäèíèöó âðåìåíè äëÿ ãëàäêîãî ïîòîêà íà
S2 , çàäàííîãî ôîðìóëîé

gt(x1, x2, x3) =
(

2−t+1x1(1−x3)

2−2tx2
1+3−2tx2

2+(1−x3)2
, 2·3−tx2(1−x3)

2−2tx2
1+3−2tx2

2+(1−x3)2
,
2−2tx2

1+3−2tx2
2−(1−x3)2

2−2tx2
1+3−2tx2

2+(1−x3)2

)
, ïîñòîðåí-

íîãî àíàëîãè÷íûì îáðàçîì èç ïîòîêà íà ïëîñêîñòè
ḡt(x1, x2) = (2−tx1, 3

−tx2) è äîïîëíåííîãî äî íåïðåðûâíîñòè â òî÷êå (0,0,1) êàê
gt(0, 0, 1) = (0, 0, 1) .

3. Ïîñòðîåíèå äèôôåîìîðôèçìà �èñòî÷íèê-ñòîê� íà S2 , íå âêëþ-
÷àåìîãî â ãëàäêèé ïîòîê

Íà ïëîñêîñòè çàäàäèì äèôôåîìîðôèçì f̄(x1, x2) ñëåäóþùèì îáðàçîì: ñîñòàâèì åãî èç
äâóõ äèôôåîìîðôèçìîâ ñ ðàçëè÷íûìè êîýôôèöèåíòàìè ëèíåéíîãî ñæàòèÿ h1(x1, x2) =(
x1

4
, x2

6

)
, h2(x1, x2) =

(
x1

2
, x2

3

)
, òàê, ÷òî çîíà äåéñòâèÿ ïåðâîãî âêëþ÷àåò îêðåñòíîñòü òî÷-

êè (0,0) (íà ñôåðå áóäåò âêëþ÷àòü îêðåñòíîñòü þæíîãî ïîëþñà), à âòîðîãî � óõîäèò â
áåñêîíå÷íîñòü (íà ñôåðå ñîîòâåòñòâåííî áóäåò âêëþ÷àòü îêðåñòíîñòü ñåâåðíîãî ïîëþñà).
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Çàäàâ â íåêîòîðîé îáëàñòè, îêðóæàþùåé îáëàñòü äåéñòâèÿ h1 , ãëàäêèé ïåðåõîä îò
ñæàòèÿ h2 ê ñæàòèþ h1 , ìû ïîñòðîèì èñêîìûé äèôôåîìîðôèçì. Ýòó îáëàñòü îãðàíè÷èì
åäèíè÷íîé îêðóæíîñòüþ x21 + x22 = 1 è ýëëèïñîì x2

1

4
+

x2
2

9
= 1 .

Ïåðåéä¼ì ê ïîëÿðíîé ñèñòåìå êîîðäèíàò, â êîòîðîé ïðÿìîóãîëüíûå êîîðäèíàòû íà
ïëîñêîñòè âûðàæàþòñÿ êàê x1 = ρ ∗ cosφ , x2 = ρ ∗ sinφ .

Ïðåäñòàâèì f̄(ρ, φ) = (f̄1(ρ, φ) = ρ̄, f̄2(φ) = φ̄) .

Äëÿ h2 : ρ̄ = q2(ρ, φ) =
√

(1
2
ρ · cosφ)2 + (1

3
ρ · sinφ)2 = ρ

√
1
9
+ 5

36
cos2 φ = αρ ,

äëÿ h1 : ρ̄ = q1(ρ, φ) =
√

(1
4
ρ · cosφ)2 + (1

6
ρ · sinφ)2 = α

2
ρ ,

f̄2(φ) = φ̄ =


arctg(2

3
tgφ), φ ∈ (−π

2
, π
2
);

arctg(2
3
tgφ) + φ, φ ∈ (π

2
, 3π

2
);

φ, φ = ±π
2

Òàê êàê çàêîí φ̄ îäèíàêîâ äëÿ ýòèõ äâóõ ñæàòèé (ââèäó ïðîïîðöèîíàëüíîñòè èõ ëè-
íåéíûõ êîýôôèöèåíòîâ ïî ïðÿìîóãîëüíûì êîîðäèíàòàì), òî îí ñîõðàíèòñÿ áåç èçìåíåíèÿ
è â ïåðåõîäíîé çîíå. Èçìåíåíèå êîîðäèíàòû ρ ëèíåéíî, íî êîýôôèöèåíò ñæàòèÿ çàâèñèò
îò óãëîâîé êîîðäèíàòû φ , è ðàçëè÷àåòñÿ ó äèôôåîìîðôèçìîâ â äâà ðàçà

Äëÿ ãëàäêîãî ñîåäèíåíèÿ çàêîíîâ èçìåíåíèÿ ðàäèàëüíîé êîîðäèíàòû q1(ρ, φ) è q2(ρ, φ)
ñ ó÷¼òîì ãëàäêîñòè è íåïðåðûâíîñòè ïåðâîé ïðîèçâîäíîé ñòðîèì ñïëàéí ïÿòîé ñòåïåíè ïî
ñëåäóþùèì äàííûì:

q3(ρ1, φ) = 1 , q′3(ρ1, φ) = α , q′′3(ρ1, φ) = 0 ,
q3(1, φ) = ρ2 , q′3(1, φ) =

α
2
, q′′3(1, φ) = 0 ,

ãäå ρ1 � ðàäèàëüíàÿ êîîðäèíàòà äëÿ êîíêðåòíîãî φ íà ýëëèïñå x2
1

4
+

x2
2

9
= 1 , ρ1 = 1/α ;

ρ2 � ðàäèàëüíàÿ êîîðäèíàòà äëÿ êîíêðåòíîãî φ íà ýëëèïñå 16x21 + 36x22 = 1 , ρ2 = α/2 .
Ïîëó÷àåì
q3 =

αρ
2
+ 2α+3

(1/α−1)3
(ρ− 1)3 − 3,5α+4

(1/α−1)4
(ρ− 1)4 + 1,5(α+1)

(1/α−1)5
(ρ− 1)5 ,

q′3 =
α
2
+ 6α+9

(1/α−1)3
(ρ− 1)2 − 14α+16

(1/α−1)4
(ρ− 1)3 + 7,5(α+1)

(1/α−1)5
(ρ− 1)4 .

Ïðîèçâîäíàÿ q′3 äëÿ âñåõ çíà÷åíèé (ρ, φ) èç ïåðåõîäíîé çîíû íå ðàâíà íóëþ, òî åñòü
q3 ÿâëÿåòñÿ äèôôåîìîðôèçìîì.

Òàêèì îáðàçîì, èñêîìûé äèôôåîìîðôèçì íà ïëîñêîñòè çàïèøåòñÿ â âèäå:

ρ̄ =


αρ, ρ ≥ 1/α;
αρ
2
, ρ ≤ 1;

αρ
2
+ 2α+3

(1/α−1)3
(ρ− 1)3 − 3,5α+4

(1/α−1)4
(ρ− 1)4 + 1,5(α+1)

(1/α−1)5
(ρ− 1)5, 1 < ρ < 1/α

φ̄ =


arctg(2

3
tgφ), φ ∈ (−π

2
, π
2
);

arctg(2
3
tgφ) + φ, φ ∈ (π

2
, 3π

2
);

φ, φ = ±π
2

ãäå α =
√

1
9
+ 5

36
cos2 φ .

Îïðåäåëèì C2 -äèôôåîìîðôèçì f : S2 → S2 ôîðìóëîé

f(x1, x2, x3) =

{
ϑ−1
+ (f̄(ϑ+(x1, x2, x3))), x ̸= (0, 0,±1);

(0, 0,±1), x = (0, 0,±1).

4. Äîêàçàòåëüñòâî òåîðåìû 1.1.

Ïîêàæåì, ÷òî äèôôåîìîðôèçì f : S2 → S2 , ïîñòðîåííûé â ðàçäåëå 3., íå âêëþ÷àåòñÿ
â ãëàäêèé ïîòîê. Ïðåäïîëîæèì ïðîòèâíîå: ñóùåñòâóåò C1 âåêòîðíîå ïîëå, ïîðîæäàþ-
ùåå ïîòîê, ñäâèãîì íà åäèíèöó âðåìåíè êîòîðîãî ÿâëÿåòñÿ äèôôåîìîðôèçì f . Òîãäà ýòî
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âåêòîðíîå ïîëå èíäóöèðóåò C1 âåêòîðíîå ïîëå v íà îñè Ox2 , ïîðîæäàþùåå ïîòîê, ñäâè-
ãîì íà åäèíèöó âðåìåíè êîòîðîãî ÿâëÿåòñÿ äèôôåîìîðôèçì h = f̄ |Ox2 . Ïî ïîñòðîåíèþ
h(x) = h1(x) =

x
6
äëÿ x ∈ (0, 1] è h(x) = h2(x) =

x
3
äëÿ x ∈ [3,+∞) . Â ñèëó [7], ñóùåñòâó-

åò åäèíñòâåííîå C1 âåêòîðíîå ïîëå v1(x) = −ln6·x (v2(x) = −ln3·x) , ïîðîæäàþùåå ïîòîê
ñî ñäâèãîì íà åäèíèöó âðåìåíè h1 (h2) . Îòêóäà ñëåäóåò, ÷òî v(x) = v1(x) äëÿ x ∈ (0, 1]
è v(x) = v2(x) äëÿ x ∈ [3,+∞) .

Ïîëîæèì ψ(x) = h−1(x
6
) äëÿ x ∈ (0, 9] . Íåïîñðåäñòâåííî ïðîâåðÿåòñÿ, ÷òî ψ : (0, 9] →

(0, 9
2
] � C2 -äèôôåîìîðôèçì òàêîé, ÷òî hψ = ψh1 äëÿ x ∈ (0, 9] . Òîãäà äèôôåîìîðôèçì

ψ èíäóöèðóåò âåêòîðíîå ïîëå v∗ íà ïðîìåæóòêå (0, 9
2
] ôîðìóëîé

v∗(ψ(x)) = ψ′(x) · v1(x), x ∈ (0, 9] (∗)

Ïðè ýòîì äèôôåîìîðôèçì h íà èíòåðâàëå (0, 9
2
] ÿâëÿåòñÿ ñäâèãîì íà åäèíèöó âðåìåíè

âåêòîðíîãî ïîëÿ, ïîðîæäåííîãî v∗ . Ïîñêîëüêó òàêîå âåêòîðíîå ïîëå åäèíñòâåííî íà îò-
ðåçêå [3, 9

2
] , òî v∗(x) = v2(x) äëÿ x ∈ [3, 9

2
] . Ïîäñòàâèâ ïîñëåäíåå ðàâåíñòâî â ôîðìóëó

(*), ïîëó÷àåì
ψ(x) = 2ψ′(x), x ∈ (0, 9] (∗∗)

Ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ (∗∗) ÿâëÿåòñÿ ôóíêöèÿ ψ(x) = c·e2x, x ∈ (0, 9] ,
ãäå ñ � íåêîòîðàÿ êîíñòàíòà. Ïîëó÷èëè ïðîòèâîðå÷èå ñ òåì, ÷òî ψ(x) = x äëÿ x ∈ (0, 1] .
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The example of a di�eomor�sm ¾source-sink¿ which does

not include to a smooth �ow

c⃝ O. V. Pochinka4, A. A. Romanov5

Abstract. The inclusion to a topological �ow of any two-dimensional gradient-like cascade with
condition that all its non-wandering points are �xed is one of the classical results of J.Palis [4].
In contrast, a nowhere dense set of them are included in a smooth �ow, it follows from the [1].
The analytic construction of an example of the di�eomor�sm ¾source-sink¿ on S2 which does not
include to a smooth �ow is the purpose of this paper.
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