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ÓÄÊ 517.95

Ñìåøàííàÿ çàäà÷à äëÿ íåëèíåéíîãî óðàâíåíèÿ â

÷àñòíûõ ïðîèçâîäíûõ âûñîêîãî ïîðÿäêà ñ ìàêñèìóìàìè

ïî âðåìåíè

c⃝ Ò. Ê. Þëäàøåâ1, Ê. Õ. Øàáàäèêîâ2

Àííîòàöèÿ. Â äàííîé ðàáîòå èçó÷àþòñÿ âîïðîñû îäíîçíà÷íîé ðàçðåøèìîñòè äëÿ íåëèíåé-
íîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ, ñîäåðæàùåãî ïàðàáî-
ëè÷åñêèé îïåðàòîð ïðîèçâîëüíîé íàòóðàëüíîé ñòåïåíè â ëèíåéíîé ëåâîé ÷àñòè è ìàêñèìóìû
ïî âðåìåíè â íåëèíåéíîé ïðàâîé ÷àñòè óðàâíåíèÿ.

Êëþ÷åâûå ñëîâà: ñìåøàííàÿ çàäà÷à, óðàâíåíèå âûñîêîãî ïîðÿäêà, ìåòîä ðàçäåëåíèÿ ïå-
ðåìåííûõ, îáîáùåííûå ðåøåíèÿ, îäíîçíà÷íàÿ ðàçðåøèìîñòü, ìàêñèìóìû ïî âðåìåíè.

Â îáëàñòè D ðàññìàòðèâàåòñÿ íåëèíåéíîå ïñåâäîãèïåðáîëè÷åñêîå óðàâíåíèå

(
∂ 2

∂ t2
− ∂ 2

∂ x2

)
u(t, x) = f

t, x, u(t, x), t∫
0

K(t, s)max
{
u(τ, x)|τ ∈

[
δ1; δ2

]}
ds

 (1.1)

ñ íà÷àëüíûìè

u(t, x)|t/∈DT
= φ0(t, x), u(t, x)|t=0 = φ1(x),

∂k−1

∂ tk−1
u(t, x)|t=0 = φk(x), k = 2,m (1.2)

è ãðàíè÷íûìè óñëîâèÿìè

u(t, x)|x=0 = uxx(t, x)|x=0 = · · · = ∂2(m−1)

∂ x2(m−1)
u(t, x)|x=0 =

= u(t, x)|x=l = uxx(t, x)|x=l = · · · = ∂2(m−1)

∂ x2(m−1)
u(t, x)|x=l = 0, (1.3)

ãäå f (t, x, u, ϑ) ∈ C (D × R2) , φi(x) ∈ C2m(Dl) , φi(x)|x=0 = φ′′
i (x)|x=0 = · · · =

φ2m−2
i (x)|x=0 = φi(x)|x=l = φ′′

i (x)|x=l = · · · = φ2m−2
i (x)|x=l = 0 , i = 1,m , δk = δk(t, u(t, x)) ∈

C(DT × R), k = 1, 2, 0 < K(t, s) ∈ C(D2
T ) , φ0(0, x) = φ1(x) , D ≡ DT × Dl , DT ≡ [0, T ] ,

Dl ≡ [0, l] , 0 < T <∞ , 0 < l <∞ , 0 < m � íàòóðàëüíîå ÷èñëî.
Îòìåòèì, ÷òî äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ îòêëîíÿþùèìñÿ àðãóìåíòîì íàõîäÿò

ìíîãî ïðèëîæåíèé: â òåîðèè àâòîìàòè÷åñêîãî óïðàâëåíèÿ, â òåîðèè àâòîêîëåáàòåëüíûõ
ñèñòåì, ïðè èçó÷åíèè òåõíè÷åñêèõ, ýêîíîìè÷åñêèõ, ýêîëîãè÷åñêèõ è äðóãèõ ïðîáëåì [1],
[2]. Â ÷àñòíîñòè, óðàâíåíèÿ ñ çàïàçäûâàþùèì àðãóìåíòîì ïîÿâëÿþòñÿ âñÿêèé ðàç, êîãäà
â ðàññìàòðèâàåìîé ôèçè÷åñêîé èëè òåõíè÷åñêîé çàäà÷å ñèëà, äåéñòâóþùàÿ íà ìàòåðèàëü-
íóþ òî÷êó, çàâèñèò îò ñêîðîñòè è ïîëîæåíèÿ ýòîé òî÷êè íå òîëüêî â äàííûé ìîìåíò, íî è
â íåêîòîðûé ìîìåíò, ïðåäøåñòâóþùèé äàííûé [3], [4].

1 Äîöåíò êàôåäðû âûñøåé ìàòåìàòèêè, Ñèáèðñêèé ãîñóäàðñòâåííûé àýðîêîñìè÷åñêèé óíèâåðñèòåò
èìåíè àêàäåìèêà Ì. Ô. Ðåøåòíåâà, ã. Êðàñíîÿðñê; tursunbay@rambler.ru

2 Äîöåíò êàôåäðû äèôôåðåíöèàëüíûõ óðàâíåíèé, Ôåðãàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Ôåð-
ãàíà, Óçáåêèñòàí; tursunbay@rambler.ru
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Â 70-å ãîäû ïðîøëîãî ñòîëåòèÿ ïîÿâèëñÿ íîâûé îñîáûé êëàññ îáûêíîâåííûõ
ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ óðàâíåíèé, ïðàâàÿ ÷àñòü êîòîðûõ íàðÿäó ñ ¾îáû÷-

íûì¿ àðãóìåíòîì t çàâèñèò îò êîíñòðóêöèè max
{
x(τ)|τ ∈

[
δ1(t); δ2(t)

]}
, ãäå δi(t) �

îòêëîíåíèÿ àðãóìåíòà, i = 1, 2 , 0 < δ1(t) < δ2(t) < ∞ . Èõ ïðèíÿòî íàçûâàòü äèôôåðåí-
öèàëüíûìè óðàâíåíèÿìè ñ ìàêñèìóìàìè. Îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ
ñ ìàêñèìóìàìè âïåðâûå ñèñòåìàòè÷åñêè èçó÷àëèñü À. Ð. Ìàãîìåäîâûì [5]. Â ðàáîòå [6]
ïîêàçàíû îñîáåííîñòè òåîðåòè÷åñêîãî èññëåäîâàíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ìàê-
ñèìóìàìè.

Ñëåäóåò îòìåòèòü, ÷òî èçó÷åíèþ ðàçíîãî òèïà ëèíåéíûõ è íåëèíåéíûõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ è èõ ñèñòåì ïîñâÿùåíû ìíîãî ðàáîò è ïðè ýòîì
ïðèìåíåíû ðàçíûå ìåòîäû (ñì., íàïð. [7] - [11]).

Â äàííîé ðàáîòå, êàê è â [12], èñïîëüçóåòñÿ ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ, îñíîâàííûé
íà ïîèñêå ðåøåíèÿ ñìåøàííîé çàäà÷è (1.1)-(1.3) â âèäå ðÿäà Ôóðüå

u(t, x) =
∞∑
n=1

an(t) bn(x), (1.4)

ãäå bn(x) =

√
2

l
sinλnx, λn =

nπ

l
.

Ìíîæåñòâî
{
a(t) = (an(t)) |an(t) ∈ C [0, T ] , n = 1, 2, 3, . . .

}
ââåäåíèåì íîðìû

∥a(t)∥B2(T )
=

[
∞∑
n=1

max
t∈DT

|an(t)|2
]1
2

ñòàíîâèòñÿ áàíàõîâûì ïðîñòðàíñòâîì è åãî îáîçíà÷àþò òàê B2(T ) .
Äëÿ êàæäîãî a(t) ∈ B2(T ) îïðåäåëÿåòñÿ îïåðàòîð

Qa(t) = u(t, x) =
∞∑
n=1

an(t)bn(x).

×åðåç E2(D) îáîçíà÷àåòñÿ ìíîæåñòâî çíà÷åíèé ýòîãî îïåðàòîðà. Î÷åâèäíî, ÷òî
Q : B2(T ) → E2(D) è E2(D) ⊂ L2(D) .

Îáîçíà÷àåòñÿ ÷åðåç W
(k)
2 (D) ìíîæåñòâî ôóíêöèé Φ(t, x) òàêèõ, ÷òî

Φ(t, x),
∂2

∂ x2
Φ(t, x), . . . ,

∂2(m−1)

∂ x2(m−1)
Φ(t, x) ïðè ôèêñèðîâàííîì t ∈ DT ïðèíàäëåæàò îáëàñòè

îïðåäåëåíèÿ îïåðàòîðà − ∂2m

∂ x2m
, èìåþò ïðîèçâîäíûå ïîðÿäêà k ïî t , ïðèíàäëåæàùèå

L2(Dl) è îáðàùàþòñÿ â íóëü ïðè t ≥ T − δ ( 0 < δ � çàâèñèò îò Φ(t, x) ), ãäå

L2,2(D) =

u(t, x) :
 T∫

0

 l∫
0

|u(t, x)|2dx

 dt


1

2
<∞

 .

ßñíî, ÷òî ïðîñòðàíñòâî W
(k)
2 (D) âñþäó ïëîòíî â ïðîñòðàíñòâå L2(D) .
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Î ï ð å ä å ë å í è å 1.1. Åñëè ôóíêöèÿ u(t, x) ∈ E2(D) äëÿ ëþáîãî Φ(t, x) ∈
W

(2)
2 (D) óäîâëåòâîðÿåò ñëåäóþùåìó èíòåãðàëüíîìó òîæäåñòâó

T∫
0

l∫
0

{
u(t, y)

[ ∂m
∂ tm

Φ(t, y) +m
∂m+1

∂ tm−1∂ y2
Φ(t, y) +

m(m− 1)

2!

∂m+2

∂ tm−2∂ y4
Φ(t, y)+

+
m(m− 1)(m− 2)

3!

∂m+3

∂ tm−3∂ y6
Φ(t, y) + · · ·+ m(m− 1)(m− 2)

3!

∂ 2m−3

∂ t3∂ y2m−6
Φ(t, y)+

+
m(m− 1)

2!

∂ 2m−2

∂ t2∂ y2m−4
Φ(t, y) +m

∂ 2m−1

∂ t ∂ y2m−2
Φ(t, y) +

∂ 2m

∂ y2m
Φ(t, y)

]
−

−f
(
t, y, u(t, y),

t∫
0

K(t, s)max
{
u(τ, y)|τ ∈

[
δ1; δ2

]}
ds
)
Φ(t, y)

}
dydt =

=

l∫
0

φ1(y)
[ ∂m−1

∂ tm−1
Φ(t, y) +m

∂m

∂ tm−2∂ y2
Φ(t, y) +

m(m− 1)

2!

∂m+1

∂ tm−3∂ y4
Φ(t, y)+

+
m(m− 1)(m− 2)

3!

∂m+2

∂ tm−4∂ y6
Φ(t, y) + · · ·+ m(m− 1)(m− 2)

3!

∂ 2m−4

∂ t2∂ y2m−6
Φ(t, y)+

+
m(m− 1)

2!

∂ 2m−3

∂ t ∂ y2m−4
Φ(t, y) +m

∂ 2m−2

∂ y2m−2
Φ(t, y)

]
t=0
dy−

−
l∫

0

φ2(y)
[ ∂m−2

∂ tm−2
Φ(t, y) +m

∂m−1

∂ tm−3∂ y2
Φ(t, y) +

m(m− 1)

2!

∂m

∂ tm−4∂ y4
Φ(t, y)+

+
m(m− 1)(m− 2)

3!

∂m+1

∂ tm−5∂ y6
Φ(t, y) + · · ·+ m(m− 1)(m− 2)

3!

∂ 2m−5

∂ t ∂ y2m−6
Φ(t, y)+

+
m(m− 1)

2!

∂ 2m−4

∂ y2m−4
Φ(t, y)

]
t=0
dy+

+

l∫
0

φ3(y)
[ ∂m−3

∂ tm−3
Φ(t, y) +m

∂m−2

∂ tm−4∂ y2
Φ(t, y) +

m(m− 1)

2!

∂m−1

∂ tm−5∂ y4
Φ(t, y)+

+
m(m− 1)(m− 2)

3!

∂m

∂ tm−6∂ y6
Φ(t, y) + · · ·+ m(m− 1)(m− 2)

3!

∂ 2m−6

∂ y2m−6
Φ(t, y)

]
t=0
dy − · · ·−

−
l∫

0

φm−2(y)
[ ∂ 2

∂ t2
Φ(t, y) +m

∂ 3

∂ t ∂ y2
Φ(t, y) +

m(m− 1)

2!

∂ 4

∂ y4
Φ(t, y)

]
t=0
dy+

+

l∫
0

φm−1(y)
[ ∂
∂ t

Φ(t, y) +m
∂ 2

∂ y2
Φ(t, y)

]
t=0
dy −

l∫
0

φm(y)
[
Φ(t, y)

]
t=0
dy,

òî îíà íàçûâàåòñÿ îáîáùåííûì ðåøåíèåì ñìåøàííîé çàäà÷è (1.1)-(1.3).
Ïîêàæåì, ÷òî êîýôôèöèåíòû ðàçëîæåíèÿ an(t) óäîâëåòâîðÿþò ñëåäóþùåé ñ÷åòíîé

ñèñòåìå íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé (ÑÑÍÈÓ):

an(t) = wn(t)+
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+

t∫
0

l∫
0

f
(
s, y,Qa(s),

s∫
0

K(s, θ)max
{
Qa(τ)|τ ∈

[
δ1(θ,Qa(θ)); δ2(θ,Qa(θ))

]}
dθ
)
×

×Pn(t, s)bn(y)dyds, t ∈ DT , (1.5)

ãäå

wn(t) =
[(

1 + λ2nt+
λ4n
2!
t2 +

λ6n
3!
t3 + · · ·+ λ2m−2

n

(m− 1)!
tm−1

)
φ1n+

+t
(
1 + λ2nt+

λ4n
2!
t2 +

λ6n
3!
t3 + · · ·+ λ2m−4

n

(m− 2)!
tm−2

)
φ2n+

+
t2

2!

(
1 + λ2nt+

λ4n
2!
t2 +

λ6n
3!
t3 + · · ·+ λ2m−6

n

(m− 3)!
tm−3

)
φ3n+

+ · · ·+ tm−3

(m− 3)!

(
1 + λ2nt+

λ4n
2!
t2
)
φ(m−2)n+

+
tm−2

(m− 2)!

(
1 + λ2nt

)
φ(m−1)n +

tm−1

(m− 1)!
φmn

]
· exp

{
−λ2nt

}
,

Pn(t, s) = (m− 1)! · (t− s)m−1 · exp
{
−λ2n(t− s)

}
, φjn =

l∫
0

φj(y)bn(y)dy, j = 1,m.

Äåéñòâèòåëüíî, ñîãëàñíî îïðåäåëåíèþ îáîáùåííîãî ðåøåíèÿ äëÿ ïðèáëèæåííîãî ðå-
øåíèÿ ñìåøàííîé çàäà÷è (1.1)-(1.3) èìååì

t∫
0

l∫
0

{ ∞∑
n=1

an(s)bn(y)
[ ∂m
∂ sm

Φ(s, y) +m
∂m+1

∂ sm−1∂ y2
Φ(s, y) +

m(m− 1)

2!

∂m+2

∂ sm−2∂ y4
Φ(s, y)+

+
m(m− 1)(m− 2)

3!

∂m+3

∂ sm−3∂ y6
Φ(s, y) + · · ·+ m(m− 1)(m− 2)

3!

∂ 2m−3

∂ s3∂ y2m−6
Φ(s, y)+

+
m(m− 1)

2!

∂ 2m−2

∂ s2∂ y2m−4
Φ(s, y) +m

∂ 2m−1

∂ s ∂ y2m−2
Φ(s, y) +

∂ 2m

∂ y2m
Φ(s, y)

]
−

−f
(
s, y,

∞∑
i=1

ai(s)bi(y),

s∫
0

K(s, θ)max
{ ∞∑

i=1

ai(τ)bi(y)|τ ∈
[
δ1; δ2

]}
dθ
)
Φ(s, y)

}
dyds =

=

l∫
0

φ1(y)
[ ∂m−1

∂ tm−1
Φ(t, y) +m

∂m

∂ tm−2∂ y2
Φ(t, y) +

m(m− 1)

2!

∂m+1

∂ tm−3∂ y4
Φ(t, y)+

+
m(m− 1)(m− 2)

3!

∂m+2

∂ tm−4∂ y6
Φ(t, y) + · · ·+ m(m− 1)(m− 2)

3!

∂ 2m−4

∂ t2∂ y2m−6
Φ(t, y)+

+
m(m− 1)

2!

∂ 2m−3

∂ t ∂ y2m−4
Φ(t, y) +m

∂ 2m−2

∂ y2m−2
Φ(t, y)

]
t=0
dy−

−
l∫

0

φ2(y)
[ ∂m−2

∂ tm−2
Φ(t, y) +m

∂m−1

∂ tm−3∂ y2
Φ(t, y) +

m(m− 1)

2!

∂m

∂ tm−4∂ y4
Φ(t, y)+
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+
m(m− 1)(m− 2)

3!

∂m+1

∂ tm−5∂ y6
Φ(t, y) + · · ·+ m(m− 1)(m− 2)

3!

∂ 2m−5

∂ t ∂ y2m−6
Φ(t, y)+

+
m(m− 1)

2!

∂ 2m−4

∂ y2m−4
Φ(t, y)

]
t=0
dy+

+

l∫
0

φ3(y)
[ ∂m−3

∂ tm−3
Φ(t, y) +m

∂m−2

∂ tm−4∂ y2
Φ(t, y) +

m(m− 1)

2!

∂m−1

∂ tm−5∂ y4
Φ(t, y)+

+
m(m− 1)(m− 2)

3!

∂m

∂ tm−6∂ y6
Φ(t, y) + · · ·+ m(m− 1)(m− 2)

3!

∂ 2m−6

∂ y2m−6
Φ(t, y)

]
t=0
dy−

− · · · −
l∫

0

φm−2(y)
[ ∂ 2

∂ t2
Φ(t, y) +m

∂ 3

∂ t ∂ y2
Φ(t, y) +

m(m− 1)

2!

∂ 4

∂ y4
Φ(t, y)

]
t=0
dy+

+

l∫
0

φm−1(y)
[ ∂
∂ t

Φ(t, y) +m
∂ 2

∂ y2
Φ(t, y)

]
t=0
dy −

l∫
0

φm(y)
[
Φ(t, y)

]
t=0
dy, (1.6)

ãäå δj = δj

(
θ,

∞∑
i=1

ai(θ)bi(y)
)
, j = 1, 2 .

Ïóñòü áóäåò Φ(t, x) = Φi(t, x) = h(t)·bi(x) ∈ W
(m)
2 (D), i = 1, 2, 3, . . . , ãäå h(t) ∈ Cm(DT ) .

Òîãäà èç (1.6) ñëåäóåò

t∫
0

l∫
0

{ ∞∑
n=1

an(s)bn(y)
[
(−1)mh(m)(s)bi(y) + (−1)m−1mλ2ih

(m−1)(s)bi(y)+

+(−1)m−2m(m− 1)

2
λ4ih

(m−2)(s)bi(y) + · · ·+

+
m(m− 1)

2
λ2m−4
i h′′(s)bi(y)−mλ2m−2

i h′(s)bi(y) + λ2mi h(s)bi(y)
]
−

−f
(
s, y,Qa(s),

s∫
0

K(s, θ)max
{
Qa(τ)|τ ∈

[
δ1(θ,Qa(θ)); δ2(θ,Qa(θ))

]}
dθ
)
×

×h(s)
}
dyds = 0, t ∈ DT .

Ó÷èòûâàåì, ÷òî ôóíêöèè bn(x) ïîëíû è îðòîíîðìèðîâàííû â L2(Dl) . Òîãäà èç ïî-
ñëåäíåãî ðàâåíñòâà ïîëó÷àåì

t∫
0

[
an(s)

(
(−1)mh(m)(s) + (−1)m−1mλ2ih

(m−1)(s) + (−1)m−2m(m− 1)

2
λ4ih

(m−2)(s)+

+ · · ·+ m(m− 1)

2
λ2m−4
i h′′(s)−mλ2m−2

i h′(s) + λ2mi h(s)
)
−

−
l∫

0

f
(
s, y,Qa(s),

s∫
0

K(s, θ)max
{
Qa(τ)|τ ∈

[
δ1(θ,Qa(θ)); δ2(θ,Qa(θ))

]}
dθ
)
×
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×h(s)bn(y)dy
]
ds = 0, t ∈ DT .

Äàëåå, ïóòåì èíòåãðèðîâàíèÿ ïî ÷àñòÿì èìååì

T∫
0

h(t)
[
a(m)
n (t) +mλ2na

(m−1)
n (t) +

m(m− 1)

2
λ4na

(m−2)
n (t) + · · ·+

+
m(m− 1)

2
λ2m−4
n a′′n(t) +mλ2m−2

n a′n(t) + λ2mn an(t)−

−
l∫

0

f
(
t, y, Qa(t),

t∫
0

K(t, s)max
{
Qa(τ)|τ ∈

[
δ1(s,Qa(s)); δ2(s,Qa(s))

]}
ds
)
×

×bn(y)dy
]
dt = 0, t ∈ DT . (1.7)

Òàê êàê h(t) � ëþáàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óêàçàííûì âûøå óñëîâèÿì, òî an(t)
èìååò îáîáùåííûå ïðîèçâîäíûå ïîðÿäêà m ïî t â ñìûñëå Ñîáîëåâà íà îòðåçêå DT . Ïî-
ýòîìó èç (1.7) ñëåäóåò

a(m)
n (t) +mλ2na

(m−1)
n (t) +

m(m− 1)

2
λ4na

(m−2)
n (t) + · · ·+

+
m(m− 1)

2
λ2m−4
n a′′n(t) +mλ2m−2

n a′n(t) + λ2mn an(t) =

=

l∫
0

f
(
t, y, Qa(t),

t∫
0

K(t, s)max
{
Qa(τ)|τ ∈

[
δ1(s,Qa(s)); δ2(s,Qa(s))

]}
ds
)
×

×bn(y)dy, t ∈ DT . (1.8)

Ñèñòåìà (1.8) ðåøàåòñÿ ìåòîäîì âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ

an(t) =
(
C1n + C2nt+ C3nt

2 + C4nt
3 + · · ·+ Cmnt

m−1
)
· exp

{
−λ2nt

}
+

+

t∫
0

l∫
0

f
(
s, y,Qa(s),

s∫
0

K(s, θ)max
{
Qa(τ)|τ ∈

[
δ1(θ,Qa(θ)); δ2(θ,Qa(θ))

]}
dθ
)
×

×bn(y)Pn(t, s)dyds, t ∈ DT , (1.9)

ãäå

Pn(t, s) = (m− 1)! · (t− s)m−1 · exp
{
−λ2n(t− s)

}
.

Äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ Cin(i = 1,m) èñïîëüçóþòñÿ óñëîâèÿ

an(0) = φ1n, a
′
n(0) = φ2n, a

′′
n(0) = φ3n, . . . , a

m−1
n (0) = φmn.

Ïðè ýòîì íà÷àëüíûå äàííûå φin ïîäáèðàþòñÿ èç óñëîâèÿ (1.2) òàêèì îáðàçîì

φi(x) =
∞∑
n=1

φinbn(x), φi(x) ∈ L2(Dl), i = 1,m.
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Òîãäà èìååì
C1n = φ1n,

C2n = λ2nφ1n + φ2n,

C3n =
1

2!

[
λ4nφ1n + 2λ2nφ2n + φ3n

]
,

C4n =
1

3!

[
λ6nφ1n + 3λ4nφ2n + 3λ2nφ3n + φ4n

]
,

....................................................................................

Cmn =
1

(m− 1)!

[
λ2m−2
n φ1n + (m− 1)λ2m−4

n φ2n +
(m− 1)(m− 2)

2
λ2m−6
n φ3n+

+ · · ·+ (m− 1)(m− 2)

2
λ4nφ(m−2)n + (m− 1)λ2nφ(m−1)n + φmn

]
.

Ïîäñòàíîâêà íàéäåííûõ çíà÷åíèé Cin(i = 1,m) â (1.9) äàåò ÑÑÍÈÓ (1.5).
Ðàññìîòðèì óêîðî÷åííóþ ñèñòåìó íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé (ÓÑÍÈÓ):

aNn (t) = wn(t)+

+

t∫
0

l∫
0

f
(
s, y,QNa(s),

s∫
0

K(s, θ)max
{
QNa(τ)|τ ∈

[
δ1(θ,Q

Na(θ)); δ2(θ,Q
Na(θ))

]}
dθ
)
×

×Pn(t, s)bn(y)dyds, t ∈ DT , (1.10)

ãäå wn(t) è Pn(t, s) îïðåäåëÿþòñÿ êàê â ÑÑÍÈÓ (1.5), QNa(t) =
N∑
n=1

aNn (t) · bn(x) .

Ò å î ð å ì à 1.1. Ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

1.
t∫
0

∥∥∥∥f (s, x,Qw(s), s∫
0

K(s, θ)Qw(θ)dθ

)∥∥∥∥
L2(Dl)

ds ≤ ∆ <∞ ;

2. f (t, x, u, ϑ) ∈ Lip
{
L0|u, L1(t)|ϑ

}
, 0 < L0 = const, 0 < L1(t) ∈ C(DT ) ;

3. δi
(
t, u
)
∈ Lip

{
L1+i(t)|u

}
, 0 < L1+i(t) ∈ C(DT ), i = 1, 2 ;

4. ∥w(t) ∥BN
2 (T ) <∞ , ãäå ∥w(t) ∥BN

2 (T ) =

[
N∑
n=1

maxt∈DT
|wn(t)|2

]1
2
.

Òîãäà ÓÑÍÈÓ (1.10) èìååò åäèíñòâåííîå ðåøåíèå â ïðîñòðàíñòâå BN
2 (T ) .

Ä î ê à ç à ò å ë ü ñ ò â î. Èñïîëüçóåì ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé:
aN0
n (t) = wn(t), a

Nk+1
n (t) = wn(t)+

+
t∫
0

l∫
0

f
(
s, y,QNak(s),

s∫
0

K(s, θ)max
{
QNak(τ)|τ ∈

[
δk1 ; δ

k
2

]}
dθ
)
×

×Pn(t, s)bn(y)dyds, k = 0, 1, 2, 3, . . . , t ∈ DT ,

(1.11)

ãäå δki = δi(θ,Q
Nak(θ)), i = 1, 2 .

Â ñèëó óñëîâèé òåîðåìû äëÿ ïåðâîé ðàçíîñòè aN1
n (t)− aN0

n (t) èç (1.11) ïîëó÷èì∥∥aN1(t)− aN0(t)
∥∥
BN

2 (T )
≤
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≤
N∑
n=1

t∫
0

l∫
0

∣∣∣f(s, y,QNa0(s),

s∫
0

K(s, θ)max
{
QNa0(τ)|τ ∈

[
δ01; δ

0
2

]}
dθ
)∣∣∣×

×|Pn(t, s)| · |bn(y)|dyds ≤

≤M1M2

t∫
0

l∫
0

∣∣∣f(s, y,QNa0(s),

s∫
0

K(s, θ)max
{
QNa0(τ)|τ ∈

[
δ01; δ

0
2

]}
dθ
)∣∣∣dyds ≤

≤M1M2

√
l∆, (1.12)

ãäå M1 = ∥P (t, s)∥BN
2 (T ) , M2 = ∥b(x)∥BN

2 (l) .
Ñ ó÷åòîì (1.12) â ñèëó âòîðîãî è òðåòüåãî óñëîâèé òåîðåìû äëÿ âòîðîé ðàçíîñòè

aN2
n (t)− aN1

n (t) ïîëó÷èì ñëåäóþùóþ îöåíêó∥∥aN2(t)− aN1(t)
∥∥
BN

2 (T )
≤

≤M1M2

t∫
0

l∫
0

∣∣∣f(s, y,QNa1(s),

s∫
1

K(s, θ)max
{
QNa1(τ)|τ ∈

[
δ11; δ

1
2

]}
dθ
)
−

−f
(
s, y,QNa0(s),

s∫
1

K(s, θ)max
{
QNa0(τ)|τ ∈

[
δ01; δ

0
2

]}
dθ
)∣∣∣dyds ≤

≤M1M
2
2

t∫
0

l∫
0

[
L0

∥∥aN1
n (s)− aN0

n (s)
∥∥
BN

2 (T )
+

+L1(s)

s∫
0

K(s, θ) ·
∥∥∥max

{
aN1(τ)|τ ∈

[
δ1(θ,Q

Na1(θ)); δ2(θ,Q
Na1(θ))

]}
−

−max
{
aN0(τ)|τ ∈

[
δ1(θ,Q

Na0(θ)); δ2(θ,Q
Na0(θ))

]}∥∥∥
BN

2 (T )
dθ
]
dyds ≤

≤M1M
2
2

t∫
0

l∫
0

[
L0

∥∥aN1
n (s)− aN0

n (s)
∥∥
BN

2 (T )
+

+L1(s)

s∫
0

K(s, θ) ·
∥∥∥max

{
aN1(τ)|τ ∈

[
δ1(θ,Q

Na1(θ)); δ2(θ,Q
Na1(θ))

]}
−

−max
{
aN1(τ)|τ ∈

[
δ1(θ,Q

Na0(θ)); δ2(θ,Q
Na0(θ))

]}
+

+max
{
aN1(τ)|τ ∈

[
δ1(θ,Q

Na0(θ)); δ2(θ,Q
Na0(θ))

]}
−

−max
{
aN0(τ)|τ ∈

[
δ1(θ,Q

Na0(θ)); δ2(θ,Q
Na0(θ))

]}∥∥∥
BN

2 (T )
dθ
]
dyds ≤

≤M1M
2
2

t∫
0

l∫
0

[
L0

∥∥aN1
n (s)− aN0

n (s)
∥∥
BN

2 (T )
+
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+L1(s)

s∫
0

K(s, θ) ·
∥∥∥max
0≤θ≤s

∣∣∣aN1(θ)− aN0(θ)
∣∣∣+

+∆
2∑
i=1

∣∣∣δi(θ,QNa1(θ))− δi(θ,Q
Na0(θ))

∣∣∣∥∥∥
BN

2 (T )
dθdyds ≤

≤ ∆M2
1M

3
2 l

3

2
(
L0 +max

t∈DT

η(t)
)
t, (1.13)

ãäå η(t) = L1(t) ·
t∫
0

|K(t, s)| ·
[
1 + ∆ ·

(
L2(s) + L3(s)

)]
ds .

Äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî ÷èñëà k ïîäîáíî (1.13) ïîëó÷èì

∥∥aNk+1(t)− aNk(t)
∥∥
BN

2 (T )
≤ ∆

(
L0 +max

t∈DT

η(t)
)k+1

l

1

2
+k
Mk+1

1 M2k+1
2

tk

k!
. (1.14)

Ñóùåñòâîâàíèå ðåøåíèÿ ÓÑÍÈÓ (1.10) ñëåäóåò èç îöåíêè (1.14), òàê êàê ïðè k → ∞
ïîñëåäîâàòåëüíîñòü ôóíêöèé {aNk(t)} ñõîäèòñÿ ðàâíîìåðíî ïî t ê ôóíêöèè aN(t) ∈
BN

2 (T ) . Ïîêàæåì åäèíñòâåííîñòü ýòîãî ðåøåíèÿ â ïðîñòðàíñòâå BN
2 (T ) . Ïóñòü ÓÑÍÈÓ

(1.10) èìååò äâà ðåøåíèÿ: aN(t) ∈ BN
2 (T ) è ϑN(t) ∈ BN

2 (T ) . Òîãäà äëÿ èõ ðàçíîñòè
ïîëó÷èì îöåíêó

∥∥aN(t)− ϑN(t)
∥∥
BN

2 (T )
≤ ∆

(
L0 +max

t∈DT

η(t)
)
lM1M

2
2

t∫
0

∥∥aN(s)− ϑN(s)
∥∥
BN

2 (T )
ds. (1.15)

Ïðèìåíÿÿ ê (1.15) íåðàâåíñòâà Ãðîíóîëëà, ïîëó÷èì, ÷òî
∥∥aN(t)− ϑN(t)

∥∥
BN

2 (T )
≡ 0 äëÿ

âñåõ t ∈ DT . Îòñþäà ñëåäóåò åäèíñòâåííîñòü ðåøåíèÿ ÓÑÍÈÓ (1.10) â ïðîñòðàíñòâå
BN

2 (T ) .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ïîäñòàâëÿÿ ÑCÍÈÓ (1.5) â ðÿä (1.4), ïîëó÷èì ôîðìàëüíîå ðåøåíèå ñìåøàííîé çàäà÷è
(1.1)-(1.3):

u(t, x) =
∞∑
n=1

[
wn(t)+

+

t∫
0

l∫
0

f
(
s, y,Qa(s),

s∫
0

K(s, θ)max
{
Qa(τ)|τ ∈

[
δ1(θ,Qa(θ)); δ2(θ,Qa(θ))

]}
dθ
)
×

×Pn(t, s)bn(y)dyds
]
· bn(x). (1.16)

Ò å î ð å ì à 1.2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 1.1. è ∥w(t) ∥B2(T )
< ∞ .

Åñëè a(t) ∈ B2(T ) ÿâëÿåòñÿ ðåøåíèåì ÑÑÍÈÓ (1.5), òî ðÿä (1.16) ñõîäèòñÿ ê îáîáùåí-
íîìó ðåøåíèþ ñìåøàííîé çàäà÷è (1.1)-(1.3).

Ä î ê à ç à ò å ë ü ñ ò â î. Òàê êàê a(t) ∈ B2(T ) , òî â ñèëó óñëîâèé òåîðåìû ñëåäóåò,
÷òî

lim
N→∞

f

t, x, uN(t, x), t∫
0

K(t, s)max
{
uN(τ, x)|τ ∈

[
δ1
(
s, uN

)
; δ2
(
s, uN

)]}
ds

 =
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= f

t, x, u(t, x), t∫
0

K(t, s)max
{
u(τ, x)|τ ∈

[
δ1
(
s, u
)
; δ2
(
s, u
)]}

ds

 (1.17)

â ñìûñëå ìåòðèêè L2(D) .
Ñòðîèì ïîñëåäîâàòåëüíîñòü ôóíêöèîíàëîâ:

VN =

T∫
0

l∫
0

{
uN(t, y)

[ ∂m
∂ tm

Φ(t, y) +m
∂m+1

∂ tm−1∂ y2
Φ(t, y) +

m(m− 1)

2!

∂m+2

∂ tm−2∂ y4
Φ(t, y)+

+
m(m− 1)(m− 2)

3!

∂m+3

∂ tm−3∂ y6
Φ(t, y) + · · ·+ m(m− 1)(m− 2)

3!

∂ 2m−3

∂ t3∂ y2m−6
Φ(t, y)+

+
m(m− 1)

2!

∂ 2m−2

∂ t2∂ y2m−4
Φ(t, y) +m

∂ 2m−1

∂ t ∂ y2m−2
Φ(t, y) +

∂ 2m

∂ y2m
Φ(t, y)

]
−

−f
(
t, y, uN(t, y),

t∫
0

K(t, s)max
{
uN(τ, y)|τ ∈

[
δN1 ; δN2

]}
ds
)
Φ(t, y)

}
dydt =

=

l∫
0

φN1 (y)
[ ∂m−1

∂ tm−1
Φ(t, y) +m

∂m

∂ tm−2∂ y2
Φ(t, y) +

m(m− 1)

2!

∂m+1

∂ tm−3∂ y4
Φ(t, y)+

+
m(m− 1)(m− 2)

3!

∂m+2

∂ tm−4∂ y6
Φ(t, y) + · · ·+ m(m− 1)(m− 2)

3!

∂ 2m−4

∂ t2∂ y2m−6
Φ(t, y)+

+
m(m− 1)

2!

∂ 2m−3

∂ t ∂ y2m−4
Φ(t, y) +m

∂ 2m−2

∂ y2m−2
Φ(t, y)

]
t=0
dy−

−
l∫

0

φN2 (y)
[ ∂m−2

∂ tm−2
Φ(t, y) +m

∂m−1

∂ tm−3∂ y2
Φ(t, y) +

m(m− 1)

2!

∂m

∂ tm−4∂ y4
Φ(t, y)+

+
m(m− 1)(m− 2)

3!

∂m+1

∂ tm−5∂ y6
Φ(t, y) + · · ·+ m(m− 1)(m− 2)

3!

∂ 2m−5

∂ t ∂ y2m−6
Φ(t, y)+

+
m(m− 1)

2!

∂ 2m−4

∂ y2m−4
Φ(t, y)

]
t=0
dy+

+

l∫
0

φN3 (y)
[ ∂m−3

∂ tm−3
Φ(t, y) +m

∂m−2

∂ tm−4∂ y2
Φ(t, y) +

m(m− 1)

2!

∂m−1

∂ tm−5∂ y4
Φ(t, y)+

+
m(m− 1)(m− 2)

3!

∂m

∂ tm−6∂ y6
Φ(t, y) + · · ·+ m(m− 1)(m− 2)

3!

∂ 2m−6

∂ y2m−6
Φ(t, y)

]
t=0
dy − · · ·−

−
l∫

0

φNm−2(y)
[ ∂ 2

∂ t2
Φ(t, y) +m

∂ 3

∂ t ∂ y2
Φ(t, y) +

m(m− 1)

2!

∂ 4

∂ y4
Φ(t, y)

]
t=0
dy+

+

l∫
0

φNm−1(y)
[ ∂
∂ t

Φ(t, y) +m
∂ 2

∂ y2
Φ(t, y)

]
t=0
dy −

l∫
0

φNm(y)
[
Φ(t, y)

]
t=0
dy, (1.18)

ãäå δNj = δj(t, u
N(t, x)), j = 1, 2 .
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Èíòåãðèðóÿ ïî ÷àñòÿì îòäåëüíûå ñëàãàåìûå â (1.18) è ó÷èòûâàÿ óñëîâèÿ òåîðåìû è
íà÷àëüíûå óñëîâèÿ

an(0) = φ1n, a
′
n(0) = φ2n, a

′′
n(0) = φ3n, . . . , a

m−1
n (0) = φmn,

ïîëó÷àåì:

VN =

l∫
0

(
φ1(y)−

N∑
n=1

φ1nbn(y)
)
×

×
[ ∂m−1

∂ tm−1
Φ(t, y) +m

∂m

∂ tm−2∂ y2
Φ(t, y) +

m(m− 1)

2!

∂m+1

∂ tm−3∂ y4
Φ(t, y)+

+
m(m− 1)(m− 2)

3!

∂m+2

∂ tm−4∂ y6
Φ(t, y) + · · ·+ m(m− 1)(m− 2)

3!

∂ 2m−4

∂ t2∂ y2m−6
Φ(t, y)+

+
m(m− 1)

2!

∂ 2m−3

∂ t ∂ y2m−4
Φ(t, y) +m

∂ 2m−2

∂ y2m−2
Φ(t, y)

]
t=0
dy−

−
l∫

0

(
φ2(y)−

N∑
n=1

φ2nbn(y)
)
×

×
[ ∂m−2

∂ tm−2
Φ(t, y) +m

∂m−1

∂ tm−3∂ y2
Φ(t, y) +

m(m− 1)

2!

∂m

∂ tm−4∂ y4
Φ(t, y)+

+
m(m− 1)(m− 2)

3!

∂m+1

∂ tm−5∂ y6
Φ(t, y) + · · ·+ m(m− 1)(m− 2)

3!

∂ 2m−5

∂ t ∂ y2m−6
Φ(t, y)+

+
m(m− 1)

2!

∂ 2m−4

∂ y2m−4
Φ(t, y)

]
t=0
dy+

+

l∫
0

(
φ3(y)−

N∑
n=1

φ3nbn(y)
)
×

×
[ ∂m−3

∂ tm−3
Φ(t, y) +m

∂m−2

∂ tm−4∂ y2
Φ(t, y) +

m(m− 1)

2!

∂m−1

∂ tm−5∂ y4
Φ(t, y)+

+
m(m− 1)(m− 2)

3!

∂m

∂ tm−6∂ y6
Φ(t, y) + · · ·+ m(m− 1)(m− 2)

3!

∂ 2m−6

∂ y2m−6
Φ(t, y)

]
t=0
dy − · · ·−

−
l∫

0

(
φm−2(y)−

N∑
n=1

φm−2nbn(y)
)
×

×
[ ∂ 2

∂ t2
Φ(t, y) +m

∂ 3

∂ t ∂ y2
Φ(t, y) +

m(m− 1)

2!

∂ 4

∂ y4
Φ(t, y)

]
t=0
dy+

+

l∫
0

(
φm−1(y)−

N∑
n=1

φm−1nbn(y)
)[ ∂
∂ t

Φ(t, y) +m
∂ 2

∂ y2
Φ(t, y)

]
t=0
dy

−
l∫

0

(
φm(y)−

N∑
n=1

φmnbn(y)
)[

Φ(t, y)
]
t=0
dy+
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+

T∫
0

l∫
0

Φ(t, y)
[
f
(
t, y, u(t, y),

t∫
0

K(t, s)max
{
u(τ, y)|τ ∈

[
δ1; δ2

]}
ds
)
−

−
N∑
n=1

l∫
0

f
(
t, z, uN(t, z),

t∫
0

K(t, s)max
{
uN(τ, z)|τ ∈

[
δN1 ; δN2

]}
ds
)
×

×bn(z)dz
]
· bn(y)dydt. (1.19)

Î÷åâèäíî, ÷òî ïåðâûå m èíòåãðàëîâ â (??) ñòðåìÿòñÿ ê íóëþ ïðè N → ∞ , òàê êàê
φi(x) ∈ L2(Dl) . Ñõîäèìîñòü ïîñëåäíåé ðàçíîñòè â (1.19) ïðè N → ∞ ñëåäóåò èç (1.17).
Îòñþäà çàêëþ÷àåì, ÷òî limN→∞ VN = 0 .
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
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Mixed value problem for nonlinear partial equation of

higher order with time maxima

c⃝ T. K. Yuldashev, K. H. Shabadikov3

Abstract. It is studied the questions of one valued solvability of mixed value problem for nonlinear
partial integro-di�erential equation, consisting the parabolic operator of arbitrary natural power
on the linear left-hand side and time maxima on the nonlinear right-hand side of this equation.

Key Words: mixed value problem, equation of the higher order, method of separation variables,
generalized solution, one valued solvability, time maxima.
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