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Ïðèáëèæåííîå ðåøåíèå èíòåãðàëüíûõ óðàâíåíèé íà

íåéðîííûõ ñåòÿõ Õîïôèëäà

c⃝ È. Â. Áîéêîâ1, Î. À. Áàóëèíà2

Àííîòàöèÿ. Èññëåäîâàíû íåïðåðûâíûå ìåòîäû ðåøåíèÿ îïåðàòîðíûõ óðàâíåíèé â áàíà-
õîâûõ ïðîñòðàíñòâàõ. Äàíû ïðèëîæåíèÿ ýòèõ ìåòîäîâ ê ðåøåíèþ ëèíåéíûõ è íåëèíåéíûõ
èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà, ñèíãóëÿðíûõ è ãèïåðñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâ-
íåíèé íà íåéðîííûõ ñåòÿõ Õîïôèëäà.

Êëþ÷åâûå ñëîâà: íåéðîííàÿ ñåòü Õîïôèëäà, èíòåãðàëüíûå óðàâíåíèÿ Ôðåäãîëüìà, ãèïåð-
ñèíãóëÿðíûå èíòåãðàëüíûå óðàâíåíèÿ.

1. Ââåäåíèå

Ïðèìåíåíèå íåéðîííûõ ñåòåé Õîïôèëäà äëÿ ðåøåíèÿ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè
îñíîâàíî íà âîçìîæíîñòè ïðåäñòàâëåíèÿ íåéðîíà â âèäå ýëåêòðîííîé ñõåìû, îïèñûâàåìîé
íåëèíåéíûì îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèåì. Ñîãëàñíî ýòîìó ïðåäñòàâëå-
íèþ i -ûé íåéðîí, ñîåäèíåííûé ñ N íåéðîíàìè ñåòè (âêëþ÷àÿ ñàìîãî ñåáÿ), îïèñûâàåòñÿ
óðàâíåíèåì

Ci
ui
dt

= − ui
Ri

+
N∑
j=1

wijf(uj) + Ii, i = 1, 2, . . . , N, (1.1)

ãäå wij − ñèíàïòè÷åñêèå âåñà íåéðîíîâ ñåòè; Ii − òîê, ïðåäñòàâëÿþùèé âíåøíåå ñìåùå-
íèå; ui − èíäóöèðîâàííîå ëîêàëüíîå ïîëå íà âõîäå ôóíêöèè àêòèâàöèè f(ui) ; f(ui) −
íåëèíåéíûå ôóíêöèè àêòèâàöèè; Ri è Ci − ñîïðîòèâëåíèå óòå÷êè è åìêîñòü óòå÷êè,
ñîîòâåòñòâåííî.

Â ðàáîòå [1] J.J. Hop�ed èññëåäîâàë âîçìîæíîñòü ïðèìåíåíèÿ âû÷èñëèòåëüíûõ ñâîéñòâ
áèîëîãè÷åñêèõ îðãàíèçìîâ ê êîíñòðóèðîâàíèþ âû÷èñëèòåëüíûõ ìàøèí. Â îñíîâó àðõè-
òåêòóðû ýòèõ ìàøèí ïîëîæåíî î÷åíü áîëüøîå ÷èñëî âçàèìîñâÿçàííûõ è î÷åíü ïðîñòûõ
îäíîòèïíûõ âû÷èñëèòåëüíûõ óçëîâ (íàçâàííûõ íåéðîíàìè).

Â ðàáîòå [2] J.J. Hop�ed ïîêàçàë âîçìîæíîñòü ðåàëèçàöèè ïîäîáíûõ êîìïüþòåðîâ, ïî-
ëó÷èâøèõ íàçâàíèå íåéðîííûõ ñåòåé Õîïôèëäà, èñïîëüçóÿ ïðîñòûå öåïè ñîñòàâëåííûå èç
ñîïðîòèâëåíèé, åìêîñòåé è èíäóêòèâíîñòåé.

Îïèøåì àðõèòåêòóðó íåéðîííîé ñåòè Õîïôèëäà, èñïîëüçóåìîé â äàííîé ðàáîòå. Ïðåä-
ëàãàåìàÿ ñåòü, ñîñòîÿùàÿ èç n íåéðîíîâ, ïîêàçàíà íà ðèñ. 1.1.

Â íåéðîííóþ ñåòü âõîäÿò íåëèíåéíûå óñòðîéñòâà, ðåàëèçóþùèå íåëèíåéíûå ôóíêöèè
fi(x1, x2, . . . , xn), i = 1, 2, . . . ,m. Ýòè óñòðîéñòâà îáîçíà÷åíû íà ðèñ. 1 áóêâîé Π . Â îñíî-
âó ïîñòðîåíèÿ áëîêà Π ìîæåò áûòü ïîëîæåíà òåîðåìà î ïðèáëèæåííîé àïïðîêñèìàöèè
ôóíêöèé ìíîãèõ ïåðåìåííûõ ñóïåðïîçèöèÿìè ôóíêöèé îäíîé ïåðåìåííîé è îïåðàöèåé
ñëîæåíèÿ [3].

1 Çàâåäóþùèé êàôåäðîé âûñøåé è ïðèêëàäíîé ìàòåìàòèêè, Ïåíçåíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò,
ã. Ïåíçà; boikov@pnzgu.ru.

2 Àñïèðàíò êàôåäðû âûñøåé è ïðèêëàäíîé ìàòåìàòèêè, Ïåíçåíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã.
Ïåíçà; golovolomka@list.ru.

Æóðíàë ÑÂÌÎ. 2013. Ò. 15, � 1



42 È. Â. Áîéêîâ, Î. À. Áàóëèíà

Ð è ñ ó í î ê 1.1
Àðõèòåêòóðà íåéðîííîé ñåòè

Âûõîäíûå ñèãíàëû fi(x1, x2, . . . , xn), i = 1, 2, . . . , n, ñóììèðóþòñÿ â ñóììàòîðå ñ êî-
ýôôèöèåíòàìè wij, i = 1, 2, . . . , n, j = 1, 2, . . . ,m, è ïîñëå ïðîõîæäåíèÿ RC öåïî÷êè
ïîäàþòñÿ íà âõîä óñòðîéñòâà àêòèâàöèè, ðåàëèçóþùåãî ôóíêöèþ x = φ(u).

Â äàííîé àðõèòåêòóðå èñïîëüçóåòñÿ ôóíêöèÿ φ(u) = au. Òàêèì îáðàçîì, ïðåäñòàâëåí-
íàÿ íà ðèñ. 1.1 íåéðîííàÿ ñåòü Õîïôèëäà ðåàëèçóåò ñèñòåìó íåëèíåéíûõ îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé

Ci

a

dxi(t)

dt
+
xi(t)

aRi

=
m∑
j=1

wijfij(x1, . . . , xn) + Ii, i = 1, 2, . . . , n. (1.2)

Îòìåòèì, ÷òî â êà÷åñòâå ñîïðîòèâëåíèé Ri ìîãóò áðàòüñÿ äîñòàòî÷íî áîëüøèå çíà÷å-
íèÿ, à òàêæå Ii ìîãóò ïîëàãàòüñÿ ðàâíûìè íóëþ. Â ðåçóëüòàòå íåéðîííûå ñåòè Õîïôèëäà
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ìîãóò ìîäåëèðîâàòü ñèñòåìû óðàâíåíèé âèäà

Ci

a

dxi(t)

dt
=

m∑
j=1

wijfij(x1, . . . , xn), i = 1, 2, . . . , n. (1.3)

Â èçâåñòíûõ àâòîðàì ðàáîòàõ ÷èñëåííûå ìåòîäû ðåøåíèÿ çàäà÷ ìàòåìàòè÷åñêîé ôè-
çèêè íà ÈÍÑ (èñêóññòâåííûõ íåéðîííûõ ñåòÿõ) îñíîâàíû íà ìåòîäàõ ìèíèìèçàöèè ôóíê-
öèîíàëîâ. Â äàííîé ðàáîòå â îñíîâó ïîñòðîåíèÿ àëãîðèòìîâ ïîëîæåíû ìåòîäû òåîðèè
óñòîé÷èâîñòè ðåøåíèé îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Íèæå èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ R(a, r) = {z ∈ B : ∥z− a∥ ≤ r}, S(a, r) =
{z ∈ B : ∥z − a∥ = r}, Λ(K) = lim

h↓0
(∥I + hK∥ − 1)h−1. Çäåñü B− áàíàõîâî ïðîñòðàíñòâî,

a ∈ B,K− ëèíåéíûé îïåðàòîð, äåéñòâóþùèé èç B â B, Λ(K)− ëîãàðèôìè÷åñêàÿ íîðìà
[4] îïåðàòîðà K; I− òîæäåñòâåííûé îïåðàòîð.

Äëÿ íàèáîëåå óïîòðåáèòåëüíûõ íîðì ëîãàðèôìè÷åñêàÿ íîðìà èçâåñòíà.
Ïóñòü äàíà âåùåñòâåííàÿ ìàòðèöà A = {aij}, i, j = 1, 2, . . . , n. Â n -ìåðíîì ïðîñòðàí-

ñòâå Rn âåêòîðîâ x = (x1, . . . , xn) ñ íîðìîé

∥x∥1 =
n∑

k=1

|xk|, ∥x∥2 = [
n∑

k=1

|xk|2]1/2, ∥x∥3 = max
1≤k≤n

|xk|,

ëîãàðèôìè÷åñêàÿ íîðìà ìàòðèöû A ðàâíà [5]:

Λ1(A) = max
j

(ajj +
∑
i̸=j

|aij|), Λ2(A) = λmax

(
A+ AT

2

)
, Λ3(A) = max

i
(aii +

∑
j ̸=i

|aij|).

2. Íåïðåðûâíûå ìåòîäû ðåøåíèÿ îïåðàòîðíûõ óðàâíåíèé

Ïðèáëèæåííûì ìåòîäàì ðåøåíèÿ íåëèíåéíûõ îïåðàòîðíûõ óðàâíåíèé ïîñâÿùåíà îá-
øèðíàÿ ëèòåðàòóðà, ïîäðîáíàÿ áèáëèîãðàôèÿ êîòîðîé ñîäåðæèòñÿ â êíèãàõ [6], [7]. Ïðè
ýòîì, â îñíîâíîì, ðàññìàòðèâàëèñü äèñêðåòíûå ìåòîäû, ñðåäè êîòîðûõ â ïåðâóþ î÷å-
ðåäü ñëåäóåò îòìåòèòü ìåòîäû ïðîñòîé èòåðàöèè è Íüþòîíà�Êàíòîðîâè÷à. Èññëåäîâàíèå
íåïðåðûâíûõ àíàëîãîâ ìåòîäà Íüþòîíà�Êàíòîðîâè÷ íà÷àëîñü, ïî�âèäèìîìó, ñî ñòàòüè
[8]. Ïîçäíåå íåïðåðûâíûå àíàëîãè ìåòîäà Íüþòîíà�Êàíòîðîâè÷à øèðîêî ïðèìåíÿëèñü
ïðè ðåøåíèè ìíîãî÷èñëåííûõ çàäà÷ ôèçèêè [9], [10]. Â ðàáîòàõ [9], [10] ïðèâåäåíà îáøèð-
íàÿ áèáëèîãðàôèÿ ïîñâÿùåííàÿ íåïðåðûâíûì àíàëîãàì ìåòîäà Íüþòîíà�Êàíòîðîâè÷à.

Â ýòîì ðàçäåëå ïðèâåäåì íåñêîëüêî óòâåðæäåíèé î íåïðåðûâíûõ ìåòîäàõ ðåøåíèÿ
îïåðàòîðíûõ óðàâíåíèé, êîòîðûå íèæå áóäóò èñïîëüçîâàíû ïðè îáîñíîâàíèè âû÷èñëè-
òåëüíûõ ìåòîäîâ.

Ðàññìîòðèì íåëèíåéíîå îïåðàòîðíîå óðàâíåíèå

A(x) = 0, (2.1)

äåéñòâóþùåå èç áàíàõîâà ïðîñòðàíñòâà B â B. Çäåñü A(x)− íåëèíåéíûé îïåðàòîð.
Ðàññìîòðèì â áàíàõîâîì ïðîñòðàíñòâå B çàäà÷ó Êîøè

dx(t)

dt
= A(x(t)), (2.2)

x(0) = x0. (2.3)

Áóäåì ñ÷èòàòü, ÷òî îïåðàòîð A èìååò íåïðåðûâíóþ ïðîèçâîäíóþ Ãàòî; A(0) = 0.
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Ò å î ð å ì à 2.1. [11], [12]. Ïóñòü íà ëþáîé äèôôåðåíöèðóåìîé êðèâîé φ(t), ðàñ-

ïîëîæåííîé â øàðå B(0, r) äîñòàòî÷íî ìàëîãî ðàäèóñà r, èíòåãðàë
t∫
0

Λ(A′(φ(τ))dτ íå

ïîëîæèòåëåí (îòðèöàòåëåí è lim
t→∞

1
t

t∫
0

Λ(A′(φ(τ))dτ = −α, α > 0.) Òîãäà òðèâèàëüíîå

ðåøåíèå óðàâíåíèÿ (2.2) óñòîé÷èâî (àñèìïòîòè÷åñêè óñòîé÷èâî).

Ç à ì å ÷ à í è å 2.1. Òåîðåìà ñïðàâåäëèâà è ïðè r = ∞.

Èç òåîðåìû 2.1. ñëåäóåò, ÷òî åñëè äëÿ ëþáîé äèôôåðåíöèðóåìîé ôóíêöèè g(t), îïðå-
äåëåííîé â áàíàõîâîì ïðîñòðàíñòâå B âûïîëíÿåòñÿ íåðàâåíñòâî

lim
t→∞

1

t

t∫
0

Λ(A′(g(τ)))dτ ≤ −α, α > 0, (2.4)

òî çàäà÷à Êîøè (2.2)�(2.3) ñõîäèòñÿ ê ðåøåíèþ x∗ óðàâíåíèÿ (2.1).
Òàêèì îáðàçîì, ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Ò å î ð å ì à 2.2. [13]. Ïóñòü óðàâíåíèå (2.1) èìååò ðåøåíèå x∗. Ïóñòü íà ëþáîé
äèôôåðåíöèðóåìîé êðèâîé g(t), ðàñïîëîæåííîé â áàíàõîâîì ïðîñòðàíñòâå B, ñïðàâåä-
ëèâî íåðàâåíñòâî (2.4). Òîãäà ðåøåíèå çàäà÷è Êîøè (2.2)�(2.3) ñõîäèòñÿ ê ðåøåíèþ x∗

óðàâíåíèÿ (2.1) ïðè ëþáîì íà÷àëüíîì ïðèáëèæåíèè.

Ç à ì å ÷ à í è å 2.2. Èç íåðàâåíñòâà (2.4) ñëåäóåò, ÷òî ëîãàðèôìè÷åñêàÿ íîðìà
Λ(A′(x)) ìîæåò îáðàùàòüñÿ â íóëü èëè ïðèíèìàòü ïîëîæèòåëüíûå çíà÷åíèÿ â êîíå÷-
íîì èëè ñ÷åòíîì ÷èñëå òî÷åê ïðîñòðàíñòâà B.

Ò å î ð å ì à 2.3. [13]. Ïóñòü óðàâíåíèå (2.1) èìååò ðåøåíèå x∗. Ïóñòü íà ëþáîé
äèôôåðåíöèðóåìîé êðèâîé g(t), ðàñïîëîæåííîé â øàðå B(x∗, r) âûïîëíÿþòñÿ ñëåäóþùèå
óñëîâèÿ:

1) ïðè ëþáîì t(t > 0) âûïîëíÿåòñÿ íåðàâåíñòâî
t∫
0

Λ(A′(g(τ)))dτ ≤ 0;

2) ñïðàâåäëèâî ðàâåíñòâî lim
t→∞

1
t

t∫
0

Λ(A′(g(τ)))dτ = −α, α > 0.

Òîãäà ðåøåíèå çàäà÷è Êîøè (2.2)�(2.3) ñõîäèòñÿ ê ðåøåíèþ x∗ óðàâíåíèÿ (2.1).

3. Ïðèáëèæåííîå ðåøåíèå èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà

íà íåéðîííûõ ñåòÿõ Õîïôèëäà

Ðåøåíèå èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà íà íåéðîííûõ ñåòÿõ Õîïôèëäà èçëî-
æèì íà ïðèìåðå îäíîìåðíîãî èíòåãðàëüíîãî óðàâíåíèÿ

x(t) =

1∫
0

h(t, τ, x(τ))dτ + f(t) (3.1)

ñ íåïðåðûâíûì ÿäðîì è íåïðåðûâíîé ïðàâîé ÷àñòüþ.
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Ïðåäïîëîæèì, ÷òî óðàâíåíèå (3.1) èìååò ðåøåíèå x∗(t) â øàðå B(x∗, r) ïðîñòðàíñòâà
C[0, 1].

Ïðèáëèæåííîå ðåøåíèå xN(t) óðàâíåíèÿ (3.1) îïðåäåëÿåòñÿ èç ñèñòåìû óðàâíåíèé

xN(tkN) =
N∑
l=1

αlNh(tkN , tlN , xN(tlN)) + f(tkN), k = 1, 2, . . . , N, (3.2)

ãäå αlN è tlN , l = 1, 2, . . . , N, êîýôôèöèåíòû è óçëû êâàäðàòóðíîé ôîðìóëû

1∫
0

g(t)dt =
N∑
l=1

αlNg(tlN) +RN(g),

â êîòîðîé êîýôôèöèåíòû αlN > 0 (l = 1, 2, . . . , N), óçëû tlN (l = 1, 2, . . . , N) ëåæàò â
ñåãìåíòå [0,1].

Óñëîâèÿ ðàçðåøèìîñòè ñèñòåìû (3.2) è ñõîäèìîñòè ïðèáëèæåííûõ ðåøåíèé x∗N(t)
ñèñòåìû óðàâíåíèé (3.2) ê òî÷íîìó ðåøåíèþ x∗(t) óðàâíåíèÿ (3.1) â óçëàõ tlN , l =
1, 2, . . . , N, ïðèâåäåíû â [7] (òåîðåìà 19.5 èç ãëàâû 4).

Íàëîæèì íà ôóíêöèþ h(t, τ, u) ñëåäóþùåå óñëîâèå: âî âñÿêîé âíóòðåííåé òî÷êå îáëà-
ñòè B(x∗, r) ïðîñòðàíñòâà C[0, 1] ñóùåñòâóåò ïðîèçâîäíàÿ h′3(tkN , tlN , u), k.l = 1, 2, . . . , N.
Çäåñü h′3(t, τ, u) îçíà÷àåò ïðîèçâîäíóþ ïî òðåòüåé ïåðåìåííîé.

Ââåäåì ìàòðèöó C(u) = {cij(u)}, i, j = 1, 2, . . . , N, ãäå cii(u) = 1 − αiNh
′
3(tiN , tiN , u),

i = 1, 2, . . . , N ; cij(u) = −αiNh
′
3(tiN , tjN , u), i, j = 1, 2, . . . , N, i ̸= j.

Èç òåîðåìû 2.3. ñëåäóåò, ÷òî åñëè Λ(C(u)) < 0 ïðè u ∈ B(x∗, r), òî ðåøåíèå ñèñòåìû
äèôôåðåíöèàëüíûõ óðàâíåíèé

dzkN(t)

dt
= zkN(t) −

N∑
l=1

αlNh(tkN , tlN , zlN(t)) − f(tkN), k = 1, 2, . . . , N, (3.3)

ñõîäèòñÿ ê ðåøåíèþ x∗(t) ñèñòåìû óðàâíåíèé (3.2) â óçëàõ tkN , k = 1, 2, . . . , N.

Ç à ì å ÷ à í è å 3.1. Óñëîâèå Λ(C(u)) < 0 íîñèò äîñòàòî÷íûé õàðàêòåð è, êàê
ïîêàçûâàþò ìîäåëüíûå ïðèìåðû, ðåøåíèå ñèñòåìû (3.3) ïðè t → ∞ ñõîäèòñÿ ê x∗(t)
ïðè áîëåå øèðîêèõ óñëîâèÿõ.

Íåïðåðûâíûé ìåòîä ðåøåíèÿ íåëèíåéíûõ óðàâíåíèé èìååò ñëåäóþùèå ïðåèìóùåñòâà
îòíîñèòåëüíî ñòàíäàðòíîãî ìåòîäà Íüþòîíà-Êàíòîðîâè÷à:
1) íå òðåáóåòñÿ ñóùåñòâîâàíèÿ îáðàòíîãî îïåðàòîðà äëÿ ïðîèçâîäíîé Ôðåøå íåëèíåéíîãî
îïåðàòîðà KNxN , ãäå KNxN− îïåðàòîðíàÿ ôîðìà çàïèñè ëåâîé ÷àñòè ñèñòåìû óðàâíåíèé

xN(tkN) −
N∑
l=1

αlNh(tkN , tlN , xN(tlN)) = fN(tkN), k = 1, 2, . . . , N,

2) â ñëó÷àå âûïîëíåíèÿ íåðàâåíñòâà
t∫
0

Λ(C(g(τ))dτ < 0 íà ëþáîé äèôôåðåíöèðóåìîé

ôóíêöèè g(t), ñõîäèìîñòü ìåòîäà íå çàâèñèò îò íà÷àëüíûõ óñëîâèé.
Íåïðåðûâíûé ìåòîä îñîáåííî ýôôåêòèâåí â ñëó÷àå óðàâíåíèé ïåðâîãî ðîäà, êîòîðûå,

êàê èçâåñòíî, ÿâëÿþòñÿ íåêîððåêòíûìè çàäà÷àìè, è èõ ðåøåíèå òðåáóåò ïðèìåíåíèå ìå-
òîäîâ ðåãóëÿðèçàöèè.
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4. Ïðèáëèæåííîå ðåøåíèå ëèíåéíûõ ãèïåðñèíãóëÿðíûõ èíòå-

ãðàëüíûõ óðàâíåíèé íà íåéðîííûõ ñåòÿõ Õîïôèëäà

Ðàññìîòðèì îäíîìåðíîå ëèíåéíîå ãèïåðñèíãóëÿðíîå èíòåãðàëüíîå óðàâíåíèå

Kx ≡ a(t)x(t) + b(t)

1∫
−1

x(τ)dτ

(τ − t)p
+

1∫
−1

h(t, τ)x(τ)dτ = f(t), p = 2, 4, . . . . (4.1)

Íà êîýôôèöèåíòû è ïðàâóþ ÷àñòü óðàâíåíèÿ (4.1) íàëîæèì ñëåäóþùèå óñëîâèÿ:
1) ôóíêöèÿ b(t) ̸= 0 íà ñåãìåíòå [−1, 1];
2) ôóíêöèè a(t), b(t), f(t) ∈ W r(1), h(t, τ) ∈ W r,r(1), r ≥ p.
3) óðàâíåíèå (4.1) îäíîçíà÷íî ðàçðåøèìî è åãî ðåøåíèå x∗(t) ∈ W r(M), M = const.

Ââåäåì óçëû tk = −1 + 2k/N, k = 0, 1, . . . , N, è t̄k = tk + k/N, k = 0, 1, . . . , N − 1.
Îáîçíà÷èì ÷åðåç ∆k ñåãìåíòû ∆k = [tk, tk+1], k = 0, 1, . . . , N − 1.

Ïðèáëèæåííîå ðåøåíèå óðàâíåíèÿ (4.1) áóäåì èñêàòü â âèäå êóñî÷íî-ïîñòîÿííîé ôóíê-
öèè

xN(t) =
N−1∑
k=0

αkψk(t), (4.2)

ãäå

ψk(t) =

{
1, t ∈ ∆k

0, t /∈ ∆k.
(4.3)

Çíà÷åíèÿ {αk}, k = 0, 1, . . . , N − 1, îïðåäåëÿþòñÿ èç ñèñòåìû óðàâíåíèé

a(t̄k)αk + b(t̄k)
N−1∑
l=0

′αl

∫
∆l

dτ

(τ − t̄k)p
+

N−1∑
l=0

αl

∫
∆l

h(t̄k, τ)dτ = f(t̄k), (4.4)

k = 0, 1, . . . , N − 1. Çäåñü
∑ ′ îçíà÷àåò ñóììèðîâàíèå ïî l ̸= k − v, k − v + 1, . . . , k − 1,

k+1, . . . , k+v−1, ãäå âåëè÷èíà v(v ≥ 1) çàâèñèò îò àáñîëþòíîé âåëè÷èíû êîýôôèöèåíòîâ
a(t), b(t) è îò çíà÷åíèé N. Ñïîñîá âûáîðà v îïèñàí â ðàáîòå [14] è ñëåäóåò èç íåðàâåíñòâ
(4.5), (4.6).

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Ò å î ð å ì à 4.1. [14]. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ: 1) óðàâíåíèå (4.1)
èìååò åäèíñòâåííîå íåïðåðûâíî-äèôôåðåíöèðóåìîå äî p − 1 ïîðÿäêà ðåøåíèå x∗(t); 2)
ñïðàâåäëèâî íåðàâåíñòâî |b(t)| ≥ b > 0 ïðè t ∈ (−1, 1). 3) ôóíêöèÿ h(t, τ) óäîâëåòâîðÿ-
åò óñëîâèþ Ëèïøèöà ïî âòîðîé ïåðåìåííîé. Òîãäà ïðè äîñòàòî÷íî áîëüøèõ N ñèñòå-
ìà óðàâíåíèé (4.4) èìååò åäèíñòâåííîå ðåøåíèå x∗N(t) è â ìåòðèêå ïðîñòðàíñòâà RN

ñïðàâåäëèâà îöåíêà ∥x∗ − x∗N∥ ≍ N−1.

Ç à ì å ÷ à í è å 4.1. Ïðè äîñòàòî÷íî ìàëûõ çíà÷åíèÿõ N äëÿ îäíîçíà÷íîé ðàç-
ðåøèìîñòè ñèñòåìû óðàâíåíèé (4.4) äîñòàòî÷íî âûïîëíåíèå ñëåäóþùèõ óñëîâèé:
ïðè k ̸= 0 è k ̸= N − 1

|b(t̄k)| 2

p− 1
Np−1 − |a(t̄k)| 2

N
H∗ > |b(t̄k)|N

p−1

p− 1

{∣∣∣∣ 1

(2v + 1)p−1
− 1

(2N − 2k − 1)p−1

∣∣∣∣+
+

∣∣∣∣ 1

(2v + 1)p−1
− 1

(2k + 1)p−1

∣∣∣∣}+ 2H∗; (4.5)
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ïðè k = 0 èëè k = N − 1

|b(t̄k)| 2

p− 1
Np−1 − |a(t̄k)| 2

N
H∗ > |b(t̄k)|2N

p−1

p− 1

∣∣∣∣ 1

(2v + 1)p−1
− 1

(2N + 1)p−1

∣∣∣∣+ 2H∗. (4.6)

Ýòîò ðåçóëüòàò ïåðåíîñèòñÿ íà ãèïåðñèíãóëÿðíûå èíòåãðàëüíûå óðàâíåíèÿ ñëåäóþùå-
ãî âèäà

a(t)x(t) + b(t)

1∫
−1

x(τ)dτ

|τ − t|p+λ
+

1∫
−1

h(t, τ)x(τ)dτ = f(t), p = 1, 2, . . . (4.7)

Ïðèáëèæåííîå ðåøåíèå óðàâíåíèÿ (4.7) áóäåì èñêàòü â âèäå êóñî÷íî-ïîñòîÿííîé ôóíê-
öèè (4.2), çíà÷åíèÿ {αk} êîòîðîé îïðåäåëÿþòñÿ èç ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé

a(t̄k)αk +
N−1∑
l=0

αl

∫
∆l

dτ

|τ − t̄k|p+λ
+

N−1∑
l=0

αl

∫
∆l

h(t̄k, τ)dτ = f(t̄k), k = 0, 1, . . . , N − 1. (4.8)

Â ðàáîòå [14] ïîêàçàíî, ÷òî ïðè äîñòàòî÷íî áîëüøèõ N è ïðè âûïîëíåíèè óñëîâèÿ

2

p+ λ− 1
> max

t
|a(t)| +

2

N
H∗ (4.9)

ñèñòåìà óðàâíåíèé (4.5) îäíîçíà÷íî ðàçðåøèìà. Çäåñü H∗ = max
−1≤t,τ≤1

|h(t, τ)|.
Ïðè âûïîëíåíèè óñëîâèé òåîðåìû 4.1. ñèñòåìà óðàâíåíèé (4.4) ìîæåò áûòü ðåøåíà íà

íåéðîííûõ ñåòÿõ Õîïôèëäà.
Äëÿ ýòîãî ñèñòåìó (4.4) ñëåäóåò ïðåäñòàâèòü â ýêâèâàëåíòíîì âèäå

(sgnb(t̄k))

a(t̄k)αk + b(t̄k)
N−1∑
l=0

′αl

∫
∆l

dτ

(τ − t̄k)p
+

N−1∑
l=0

αk

∫
∆l

h(t̄k, τ)dτ − f(t̄k)

 = 0, (4.10)

k = 0, 1, . . . , N − 1.
Èç óòâåðæäåíèé, ïðèâåäåííûõ â ðàçäåëå 2 è èç çàìå÷àíèÿ ê òåîðåìå 4.1. ñëåäóåò, ÷òî

ðåøåíèå ñèñòåìû óðàâíåíèé

dαk(t)

dt
= (sgnb(t̄k))

a(t̄k)αk(t) + b(t̄k)
N−1∑
l=0

′αl

∫
∆l

dτ

(τ − t̄k)p
+

+
N−1∑
l=0

αk(t)

∫
∆l

h(t̄k, τ)dτ − f(t̄k)

 , (4.11)

k = 0, 1, . . . , N − 1, ïðè t→ ∞ ñõîäèòñÿ ê ðåøåíèþ ñèñòåìû óðàâíåíèé (4.10) ïðè ëþáîì
íà÷àëüíîì ïðèáëèæåíèè.

Â ñàìîì äåëå, çàïèøåì ñèñòåìó óðàâíåíèé (4.11) â âèäå ìàòðè÷íîãî óðàâíåíèÿ

dα(t)

dt
= Aα(t) + F

ñ î÷åâèäíûìè îáîçíà÷åíèÿìè A è F.
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Íåòðóäíî âèäåòü, ÷òî ïðè âûïîëíåíèè íåðàâåíñòâ (4.5) è (4.6) ëîãàðèôìè÷åñêàÿ íîð-
ìà ìàòðèöû A îòðèöàòåëüíà è, ñëåäîâàòåëüíî, â ñèëó óòâåðæäåíèé ðàçäåëà 2, ðåøåíèå
ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (4.11) ñõîäèòñÿ ê ðåøåíèþ ñèñòåìû óðàâíåíèé
(4.4).

5. Ïðèáëèæåííîå ðåøåíèå íåëèíåéíûõ ãèïåðñèíãóëÿðíûõ èíòå-

ãðàëüíûõ óðàâíåíèé íà íåéðîííûõ ñåòÿõ Õîïôèëäà

Â ýòîì ðàçäåëå èññëåäóþòñÿ ïðèáëèæåííûå ìåòîäû ðåøåíèÿ íåëèíåéíûõ ãèïåðñèíãó-
ëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé

a(t, x(t)) +

1∫
−1

h(t, τ, x(τ))dτ

(τ − t)p
= f(t), (5.1)

ãäå p− öåëîå ÷åòíîå ÷èñëî.
Ðàññìîòðèì óðàâíåíèå (5.1) ïðè p = 2. Ïðèáëèæåííîå ðåøåíèå óðàâíåíèÿ (5.1) áóäåì

èñêàòü â âèäå êóñî÷íî-ïîñòîÿííîé ôóíêöèè (4.2), êîýôôèöèåíòû êîòîðîé îïðåäåëÿþòñÿ
èç ñèñòåìû íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

a(t̄k, αk) +
N−1∑
l=0

∫
∆l

h(t̄k, t̄l, αl)

(τ − t̄k)2
dτ = f(t̄k), k = 0, 1, . . . , N − 1, (5.2)

ãäå t̄k = −1 + (2k + 1)/N, k = 0, 1, . . . , N − 1.
Çàïèøåì óðàâíåíèå (5.2) â îïåðàòîðíîé ôîðìå

KNxN = FN ,

ãäå xN = (α0, . . . , αN−1)
T , FN = (f(t̄0), . . . , f(t̄N−1))

T , KN −N ×N ìàòðèöà.
Ïðîèçâîäíàÿ Ôðåøå ìàòðèöû KN íà ýëåìåíòå x0N = (α0, . . . , αN−1)

T èìååò âèä
K ′

N(x0N) = {kij(x0N)}, i, j = 0, 1, . . . , N − 1, ãäå

kii(x
0
N) = a′2(t̄i, α

0
i ) + h′3(t̄i, t̄i, α

0
i )

∫
∆i

dτ

(τ − t̄i)2
, i = 0, 1, . . . , N − 1;

kij(x
0
N) = h′3(t̄i, t̄j, α

0
i )

∫
∆j

dτ

(τ − t̄i)2
, i, j = 0, 1, . . . , N − 1, i ̸= j.

Çäåñü a′2(t, u) îçíà÷àåò ïðîèçâîäíóþ ôóíêöèè a(t, u) ïî âòîðîé ïåðåìåííîé; h′3(t, τ, u)
îçíà÷àåò ïðîèçâîäíóþ ôóíêöèè h(t, τ, u) ïî òðåòüåé ïåðåìåííîé.

Áóäåì ñ÷èòàòü, ÷òî óðàâíåíèå (5.1) èìååò ðåøåíèå x∗ â øàðå B(x∗, R) ïðîñòðàíñòâà
RN è ÷òî äëÿ ëþáîé äèôôåðåíöèðóåìîé êðèâîé g(t) ∈ B(x∗, R) âûïîëíÿåòñÿ íåðàâåíñòâî

t∫
0

Λ(K ′
N(g(τ)))dτ < 0.
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Òîãäà ðåøåíèå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

dαk(t)

dt
= a(t̄k, αk(t)) +

N−1∑
l=0

∫
∆l

h(t̄k, t̄l, αl(τ))

(τ − t̄k)2
dτ − f(t̄k), (5.3)

k = 0, 1, . . . , N − 1, ñõîäèòñÿ ê ðåøåíèþ x∗N = (α∗
0, . . . , α

∗
N−1) ñèñòåìû óðàâíåíèé (5.2).

Ç à ì å ÷ à í è å 5.1. Àíàëîãè÷íûì îáðàçîì ñòðîÿòñÿ âû÷èñëèòåëüíûå ñõåìû ðå-
øåíèÿ íåëèíåéíûõ ãèïåðñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé íà íåéðîííûõ ñåòÿõ
Õîïôèëäà ïðè p = 4, 6, . . . .

Ç à ì å ÷ à í è å 5.2. Â ñëó÷àå íå÷åòíûõ p â îñíîâó ïîñòðîåíèÿ âû÷èñëèòåëüíûõ
ñõåì ñëåäóåò ïîëîæèòü àëãîðèòìû, ïðåäëîæåííûå è îáîñíîâàííûå â ðàáîòå [15].

Ç à ì å ÷ à í è å 5.3. Ýôôåêòèâíîñòü ïðåäëîæåííîãî ìåòîäà ðåøåíèÿ ëèíåéíûõ
è íåëèíåéíûõ ãèïåðñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé èëëþñòðèðóåòñÿ íà ïðèìåðå
óðàâíåíèé

a(t)x(t) + b(t)

1∫
−1

x(τ)dτ

(τ − t)2
= f(t), (5.4)

a(t)x(t) + b(t)

1∫
−1

x2(τ)dτ

(τ − t)2
= f(t), (5.5)

Ðåøåíèÿìè óðàâíåíèé (5.4) è (5.5) ÿâëÿþòñÿ ñîîòâåòñòâåííî ïðåäåëüíûå òî÷êè ðåøå-
íèé ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé (4.11) è (5.3) ïðè t→ ∞. Ñèñòåìû (4.11) è (5.3)
ðåøàëèñü ìåòîäîì Ýéëåðà ñ øàãîì h. Ðåçóëüòàòû ÷èñëåííîãî ýêñïåðåìåíòà ïðåäñòàâëåíû
íà ðèñ. 5.1. Çäåñü ÷åðåç N îáîçíà÷åí ïîðÿäîê ñèñòåì (4.11) è (5.3).

Ð è ñ ó í î ê 5.1
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Approximate solution of integral equations on the Hop�eld

neural networks

c⃝ I. V. Boykov3, O. A. Baulina4

Abstract. Continuous methods for solving operator equations in Banach spaces are envestigated.
Applications of these methods to the solution of linear and non-linear Fredholm integral equations,
singular and hypersingular integral equations on Hop�eld neural networks are given.
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