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Ðåøåíèå çàäà÷è Êîøè äëÿ äèôôåðåíöèàëüíûõ

óðàâíåíèé ýëåêòðè÷åñêèõ öåïåé ÷èñëåííûì ìåòîîì

c⃝ Å. À. ×åðíîèâàíîâà1

Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ ÷èñëåííûé ìåòîä ðåøåíèÿ çàäà÷è Êîøè, ïðåäëîæåí-
íûé Å.Â.Âîñêðåñåíñêèì, äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïðàâîé ÷àñòüþ òèïà Êàðàòåîäî-
ðè. Ýòîò ìåòîä ïðèìåíÿåòñÿ äëÿ óðàâíåíèé, îïèñûâàþùèõ çàâèñèìîñòü ïàäåíèé íàïðÿæåíèé
íà êîíäåíñàòîðàõ îò äðóãèõ ýëåìåíòîâ öåïè.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíîå óðàâíåíèå, çàäà÷à Êîøè, àñèìïòîòè÷åñêàÿ ýêâèâà-
ëåíòíîñòü ïî Ëåâèíñîíó, ÷èñëåííîå ðåøåíèå çàäà÷è Êîøè ñ íàïåðåä çàäàííîé òî÷íîñòüþ

Ðàññìîòðèì ÷èñëåííûé ìåòîä ðåøåíèÿ çàäà÷è Êîøè, ïðè ïîìîùè êîòîðîãî ñ ëþáîé
íàïåðåä çàäàííîé òî÷íîñòüþ ìîæíî âû÷èñëèòü ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé
íà ëþáîì êîìïàêòå èç [0,+∞) . Ïóñòü äèôôåðåíöèàëüíûå óðàâíåíèÿ îïèñûâàþò ýëåêòðè-
÷åñêóþ öåïü, èçîáðàæåííóþ íà ðèñóíêå:

Çäåñü Cj - åìêîñòü j -ãî êîíäåíñàòîðà â öåïè, Rj - ñîïðîòèâëåíèÿ äèîäîâ (j = 1, k) ,
ip - âåëè÷èíà òîêà p = 0, 2k , Rk+1 - àêòèâíîå ñîïðîòèâëåíèå.

Â îáùåì ñëó÷àå ñèñòåìà óðàâíåíèé èìååò âèä

dx

dt
= f(t, x), (1.1)

f ∈ C([T,+∞)×Rn, Rn) . Âîïðîñó ðåøåíèÿ çàäà÷è Êîøè x(t0) = x0, T ≤ t0 ≤ +∞, x0 ∈ Rn

ïîñâÿùåíî ìíîãî ðàáîò. Ìîæíî ïðèìåíèòü ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé, êîòî-
ðûé çäåñü âñåãäà ÿâëÿåòñÿ ñõîäÿùèìñÿ. Îäíàêî ñêîðîñòü è îáëàñòü ñõîäèìîñòè çàâèñÿò êàê
îò f , òàê è îò íà÷àëüíîãî óñëîâèÿ - òî÷êè (x0, t0) . Ïðèìåíèì ÷èñëåííûé ìåòîä [1] ðåøå-
íèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ (1.1), êîãäà ôóíêöèÿ f òèïà Êàðàòåîäîðè. Ðàññìîòðèì
óðàâíåíèÿ

dx

dt
= A(x) + f(t, x), (1.2)

dx

dt
= Ay, (1.3)

1 Äîöåíò êàôåäðû îáùåîáðàçîâàòåëüíûõ äèñöèïëèí, Ñàðàíñêèé êîîïåðàòèâíûé èíñòèòóò;
elen.chernoivanova@yandex.ru
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A - ìàòðèöà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè.
Ïóñòü âñå ðåøåíèÿ óðàâíåíèÿ (1.3) ÿâëÿþòñÿ îãðàíè÷åííûìè è

∥ f(t, x)| ≤ ψ(t)∥x∥,
∫ +∞

T

ψ(t)dt < +∞

òàêæå
∥f(t, x1)− f(t, x2)∥ ≤ φ(t)∥x1 − x2∥, ïðè ëþáûõ x1, x2 ∈ Rn

∫ +∞

T

ψ(t)dt < +∞

Òðåáóåòñÿ íàéòè ðåøåíèå çàäà÷è Êîøè x(t0) = x0, T ≤ t0 ≤ +∞, x0 ∈ Rn äëÿ óðàâíå-
íèÿ (2). Â ýòîì ñëó÷àå óðàâíåíèÿ (2) è (3) ÿâëÿþòñÿ àñèìïòîòè÷åñêè ýêâèâàëåíòíûìè ïî
Ëåâèíñîíó íà âñåì ïðîñòðàíñòâå Rn . Çäåñü â êà÷åñòâå ôóíêöèé ñðàâíåíèÿ ìîæíî âçÿòü
µi = 1, i = 1, n . Ñëåäîâàòåëüíî, ñóùåñòâóåò áèåêöèÿ P : Rn → Rn òàêàÿ, ÷òî

x(t : t0, x0) = y(t : t0, Px0) +O(1), t→ +∞.

y0 = Px0 = x0 +

+∞∫
t0

Y −1(s)f(s, x(s))ds

Òîãäà ðåøåíèå x(t : t0, x0) ìîæíî ïðåäñòàâèòü êàê

x(t : t0, x0) = Y (t)Px0 − Y (t)

+∞∫
t0

Y −1(s)f(s, x(s : t0, x0))ds

Ïóñòü X - áàíàõîâî ïðîñòðàíñòâî âñåõ îãðàíè÷åííûõ íåïðåðûâíûõ âåêòîð-ôóíêöèé íà
ìíîæåñòâå [T,+∞) ñ íîðìîé ∥x∥ = sup

t∈[T,+∞)

∥x(t)∥, x ∈ X .

Â ïðîñòðàíñòâå X ðàññìîòðèì îïåðàòîð

Lx = Y (t)Px0 − Y (t)

+∞∫
t

Y −1(s)f(s, x(s))ds

Ýòîò îïåðàòîð äåéñòâóåò èç X â X . Òîãäà

∥Lx1 − Lx2∥ ≤
+∞∫
t

∥Y (t)Y −1(s)∥φ(s)∥x1 − x2∥ds.

Îòñþäà

ρ(Lx1, Lx2) ≤
+∞∫
t

∥Y (t)Y −1(s)∥φ(s)ρ(x1, x2)ds

∥Y (t)∥ ≤ C, ∥Y (t)Y −1(s) ≤ C1∥, t ≥ T, ñëåäîâàòåëüíî, ρ(Lx1, Lx2) ≤ C1

+∞∫
t

φ(s)ρ(x1, x2)ds
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Ïðè äîñòàòî÷íî áîëüøîì T, t0 ≥ T , ìîæíî ñ÷èòàòü, ÷òî C1

+∞∫
t

φ(s)ds ìåíüøå åäèíèöû.

Ïîýòîìó ρ(Lx1, Lx2) ≤ qρ(x1, x2), 0 < q < 1 , îïåðàòîð L ÿâëÿåòñÿ îïåðàòîðîì ñæàòèÿ â
ïðîñòðàíñòâå X . Ñëåäîâàòåëüíî, åñëè ðàññìàòðèâàòü èòåðàöèîííûé ïðîöåññ

xn+1 = Lxn, xn ∈ X,

òî îí ÿâëÿåòñÿ ñõîäÿùèìñÿ ïðè ëþáîì âûáîðå ïåðâîíà÷àëüíîé òî÷êè èòåðàöèè x0 è äî-
ñòàòî÷íî áîëüøîì t0 . Êðîìå òîãî,

∥xn − xn−1∥ ≤ qn

1− q
∥x1 − x0∥.

Â ÷èñëåííûõ ìåòîäàõ ïðèõîäèòñÿ âû÷èñëÿòü ðåøåíèÿ íà êîíêðåòíîì êîìïàêòå τ1, τ2 .
Òîãäà

∥xn(t : t0, x0)− xn−1(t : t0, x0)∥ ≤ (q(t))n

1− q(t)
∥x1(t : t0, x0)− x0(t : t0, x0)∥, t ∈ (τ1, τ2).

Çäåñü q(t) = C1

+∞∫
t

φ(s)ds . Òàê êàê lim
t→+∞

= 0 , òî ñ óâåëè÷åíèåì τ1 ñêîðîñòü ñõîäèìîñòè

óâåëè÷èâàåòñÿ, q(t) íå çàâèñèò îò âûáîðà òî÷êè x0 .
Ïðèìåíèì ðàññìîòðåííûé ÷èñëåííûé ìåòîä ê ðåøåíèþ çàäà÷è Êîøè äëÿ óðàâíåíèé,

îïèñûâàþùèõ çàâèñèìîñòü ïàäåíèé íàïðÿæåíèé íà êîíäåíñàòîðàõ îò äðóãèõ ýëåìåíòîâ
öåïè. Ïóñòü ñèñòåìà ïðèíèìàåò âèä

dx1
dt

= −(R−1
1 +R−1

2 )x1 +R−1
2 x2 +R−1

1 u

dx2
dt

= R−1
2 x1 − (R−1

2 +R−1
3 )x2

Ïóñòü u(t, x1, x2) =
cos(x1)

t2
x2 - âåëè÷èíà èñòî÷íèêà íàïðÿæåíèÿ â öåïè.

Äëÿ óðàâíåíèé (6) âûïîëíÿþòñÿ óñëîâèÿ (4), (5):

∥f(t, x, u)∥ ≤ α1

t2
∥x∥, ∥f(t, x1)− f(t, x2)∥ ≤ 1

t2
∥x1 − x2∥,∀x1, x2 ∈ R2

Êîìïîíåíòû îïåðàòîðà L ïðèìóò âèä

Lx
(n)
1 = er1ty01 + er2ty02 +

+∞∫
t

(
r2 + α1 + α2

r2 − r1
er1(t−s) − r1 + α1 + α2

r2 − r1
er2(t−s))α1

cosx1
n−1

s2
xn−1
2 ds,

Lx
(n)
2 =

1

α2

(r1 + α1 + α2)e
r1ty01 +

1

α2

(r2 + α1 + α2)e
r2ty02+

+

+∞∫
t

(r1 + α1 + α2)

(r1 − r2)α2

(er1(t−s) − er2(t−s))α1
cosxn−1

1

s2
x
(n−1)
2 ds

ãäå

y01 = x01 +

+∞∫
t0

Y −1(s)f(s, x(s))ds = 1 +

+∞∫
1

r2 + α1 + α2

r2 − r1
e−r1s

cos x01
s2

s02ds

y02 = x2 +

+∞∫
t0

Y −1(s)f(s, x(s))ds = 1−
+∞∫
1

r1 + α1 + α2

r2 − r1
e−r1s

cosx01
s2

x02ds

Æóðíàë ÑÂÌÎ. 2012. Ò. 14, � 3



89

Ñïèñîê ëèòåðàòóðû

1. Âîñêðåñåíñêèé Å.Â., Àñèìïòîòè÷åñêèå ìåòîäû: òåîðèÿ è ïðèëîæåíèÿ, ÑÂÌÎ, Ñà-
ðàíñê, 2000, 300 ñ.

Numerical method for the Cauchy problem for di�erential

equations describing the dependence of the voltage drop

c⃝ E. A. Chernoivanova2

Abstract. This paper deals with numerical method for the Cauchy problem for di�erential
equations with right part of Karateodory type. That was proposed by E.V. Voskrecensky. This
method is applied to the equations describing the dependence of the voltage drop across the
condensers on the other elements of the electrical circuit.
Key Words: di�erential equation, Cauchy problem, asymptotic equivalence on Levinson,
numerical method of solution of Cauchy problem with preassigned accuracy..
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