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Àííîòàöèÿ. Ñ öåëüþ ïðèëîæåíèé â òåîðèè ýëåêòðîìàãíèòíûõ êîëåáàíèé äîêàçàíû G -
èíâàðèàíòíàÿ òåîðåìà î íåÿâíûõ îïåðàòîðàõ è òåîðåìà î ðåäóêöèè ïî ÷èñëó óðàâíåíèé âàðè-
àöèîííûõ óðàâíåíèé ðàçâåòâëåíèÿ è óðàâíåíèé ðàçâåòâëåíèÿ â êîðíåâûõ ïîäïðîñòðàíñòâàõ
äëÿ áèôóðêàöèîííûõ çàäà÷ ñî ñïåêòðîì Øìèäòà â ëèíåàðèçàöèè. Âñþäó íèæå èñïîëüçîâàíà
òåðìèíîëîãèÿ è îáîçíà÷åíèÿ ðàáîò [1]-[4].

Êëþ÷åâûå ñëîâà: ñòàöèîíàðíûå áèôóðêàöèîííûå çàäà÷è, ñïåêòð Ý. Øìèäòà, ãðóïïîâàÿ
ñèììåòðèÿ, G -èíâàðèàíòíàÿ òåîðåìà î íåÿâíûõ îïåðàòîðàõ, óðàâíåíèå ðàçâåòâëåíèÿ â êîð-
íåâûõ ïîäïðîñòðàíñòâàõ âàðèàöèîííîãî òèïà.

1. Ââåäåíèå

Â öèêëå ðàáîò íà÷àëà XX âåêà ïî ëèíåéíûì è íåëèíåéíûì èíòåãðàëüíûì óðàâíå-
íèÿì [5] Ý. Øìèäò ââåë ñîáñòâåííûå ÷èñëà λk îïåðàòîðà B : H → H , ó÷èòûâàÿ
èõ êðàòíîñòè, è ñîáñòâåííûå ýëåìåíòû {uk}∞1 , {vk}∞1 , óäîâëåòâîðÿþùèå ñîîòíîøåíèÿì
Buk = λkvk, B

∗vk = λkuk . Ýòî ïîçâîëèëî îáîáùèòü òåîðèþ Ãèëüáåðòà�Øìèäòà íà íåñèì-
ìåòðè÷íûå âïîëíå íåïðåðûâíûå îïåðàòîðû â àáñòðàêòíîì ñåïàðàáåëüíîì ãèëüáåðòîâîì
ïðîñòðàíñòâå H [6]�[8]. Íåêîòîðûå ôèçè÷åñêèå ïðèëîæåíèÿ ñïåêòðàëüíûõ çàäà÷ Øìèä-
òà îòìå÷åíû â [9]�[10], â [11] äàíî ðàçâèòèå ìåòîäà ëîæíûõ âîçìóùåíèé ê ñïåêòðàëüíûì
çàäà÷àì Ý.Øìèäòà, à â [12] äîêàçàíà ôðåäãîëüìîâîñòü çàäà÷è î ñîáñòâåííûõ ýëåêòðî-
ìàãíèòíûõ êîëåáàíèÿõ ðåçîíàòîðîâ áåç ïîòåðü [13], ÿâëÿþùåéñÿ ñïåêòðàëüíîé çàäà÷åé
Ý.Øìèäòà.

Îòìå÷åííûå âîçìîæíûå ïðèëîæåíèÿ ñòàâÿò çàäà÷ó î âåòâëåíèè è óñòîé÷èâîñòè ðàç-
âåòâëÿþùèõñÿ ðåøåíèé áèôóðêàöèîííûõ çàäà÷, â ëèíåàðèçàöèè êîòîðûõ ñîäåðæàòñÿ
îáîáùåííûå ñïåêòðàëüíûå çàäà÷è ïî Ý.Øìèäòó. Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ðàñ-
ïðîñòðàíåíèå íàøèõ ðåçóëüòàòîâ [14]�[16] íà ñòàöèîíàðíûå áèôóðêàöèîííûå çàäà÷è ñî
ñïåêòðîì Øìèäòà â ëèíåàðèçàöèè â óñëîâèÿõ ãðóïïîâîé ñèììåòðèè. Ýòî òåîðåìû î íà-
ñëåäîâàíèè ãðóïïîâîé ñèììåòðèè ñîîòâåòñòâóþùèìè óðàâíåíèÿìè ðàçâåòâëåíèÿ (ÓÐ) è
óðàâíåíèÿìè ðàçâåòâëåíèÿ â êîðíåâûõ ïîäïðîñòðàíñòâàõ (ÓÐÊ) ñî ñëåäñòâèÿìè : 1. G -
èíâàðèàíòíîé òåîðåìîé î íåÿâíûõ îïåðàòîðàõ; 2. òåîðåìîé î ðåäóêöèè âàðèàöèîííûõ ÓÐ
è ÓÐÊ äëÿ íåèíâàðèàíòíûõ ÿäåð (ïîäïðîñòðàíñòâ íóëåé) îïåðàòîðîâ. Àâòîðû ïðåäïîëà-
ãàþò ïðèìåíèòü ïîëó÷åííûå ðåçóëüòàòû ê óêàçàííûì âûøå çàäà÷àì òåîðèè ýëåêòðîìàã-
íèòíûõ êîëåáàíèé ïðè íàëè÷èè ãðóïïîâîé ñèììåòðèè.

Ðàáîòà ïîääåðæàíà ïðîåêòîì ÔÖÏ "Íàó÷íûå è íàó÷íî-ïåäàãîãè÷åñêèå êàäðû èí-
íîâàöèîííîé Ðîññèè"ÃÊ Ï1122 è ÀÂÖÏ "Ðàçâèòèå íàó÷íîãî ïîòåíöèàëà âûñøåé øêî-
ëû"2.1.1/11180 Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÔ.
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2. Ñòàöèîíàðíûå çàäà÷è òåîðèè âåòâëåíèÿ

Ñëó÷àé íåèíâàðèàíòíîãî ÿäðà ëèíåàðèçîâàííîãî îïåðàòîðà âîçíèêàåò â çàäà÷àõ î
íåñèììåòðè÷íûõ ëîêàëèçîâàííûõ âîëíîâûõ ñòðóêòóðàõ â ñòðàòèôèöèðîâàííîé æèäêî-
ñòè [17]�[18], ãäå äîêàçàíî, ÷òî â âàðèàöèîííîì ñëó÷àå ñ èíâàðèàíòíûì îòíîñèòåëü-
íî íåêîìïàêòíûõ ãðóïï ñèììåòðèé ôóíêöèîíàëîì óðàâíåíèå ðàçâåòâëåíèÿ Ëÿïóíîâà-
Øìèäòà äåéñòâèåì ãðóïïû ìîæåò áûòü ðåäóöèðîâàíî ê ñèñòåìå ìåíüøåé ðàçìåðíîñòè.
Òåîðåìû î íàñëåäîâàíèè ÓÐ è ÓÐÊ ãðóïïîâîé ñèììåòðèè îáùåé çàäà÷è ñòàöèîíàðíîãî
âåòâëåíèÿ â óñëîâèÿõ åå ãðóïïîâîé ñèììåòðèè

F (x, ε) = 0, F (x0, 0) = 0, KgF (x, ε) = F (Lgx, ε) (2.1)

(E1 è E2 -áàíàõîâû ïðîñòðàíñòâà, Lg(Kg) � ïðåäñòàâëåíèÿ ãðóïïû G â E1(E2) ) äîêàçàíû
â [14]�[15] äëÿ íåâàðèàöèîííûõ íåëèíåéíûõ óðàâíåíèé. Îíè ïîçâîëèëè äîêàçàòü òåîðåìû
î ðåäóêöèè âàðèàöèîííûõ ÓÐ è ÓÐÊ, äâèæóùèõñÿ ïî îðáèòå òî÷êè âåòâëåíèÿ x0 ïîä
äåéñòâèåì íàñëåäóåìîé ãðóïïû ñèììåòðèè, à òàêæå G -èíâàðèàíòíóþ òåîðåìó î íåÿâíûõ
îïåðàòîðàõ [16].

Äàëåå ïðåäïîëàãàåòñÿ, ÷òî íåëèíåéíîå óðàâíåíèå (2.1) â îêðåñòíîñòè òî÷êè âåòâëåíèÿ
(x0, 0) äîïóñêàåò ëèíåàðèçàöèþ

Bx0(x− x0) = Bx0(ε)(x− x0) + Cx0(ε) + ρ(x0, x− x0, ε) ≡
≡ Bx0(ε)(x− x0) +R(x0, x− x0, ε), ρ(x0, 0, ε) ≡ 0,

(2.2)

ãäå Bx0 - ôðåäãîëüìîâ îïåðàòîð ñ ïëîòíîé â E1 îáëàñòüþ îïðåäåëåíèÿ DBx0
⊂

DBx0 (ε)
, N(Bx0) = span{φi}n1 , φi = φi(x0) - ïîäïðîñòðàíñòâî íóëåé îïåðàòîðà Bx0 ,

N∗(Bx0) = span{ψi}n1 , ψi = ψi(x0) - ïîäïðîñòðàíñòâî äåôåêòíûõ ôóíêöèîíàëîâ, {γi}n1 , γi =
γi(x0) ∈ E∗1 , {zi}n1 , zi = zi(x0) - ñîîòâåòñòâóþùèå áèîðòîãîíàëüíûå ñèñòåìû ⟨φi, γj⟩ =
δij, ⟨zi, ψj⟩ = δij;Bx0(ε) äîñòàòî÷íî ãëàäêèé ïî ε ëèíåéíûé îïåðàòîð; íåëèíåéíûé îïå-
ðàòîð ρ íåïðåðûâíî äèôôåðåíöèðóåì ïî ïåðåìåííûì x0, x− x0 è íåïðåðûâåí ïî ε .

Î ï ð å ä å ë å í è å 2.1. [19]�[21]. Ýëåìåíòû φ
(s)
k , s = 1, pk, k = 1, n îáðàçó-

þò ïîëíûé êàíîíè÷åñêèé îáîáùåííûé æîðäàíîâ íàáîð (ÎÆÍ ≡ B(ε)−ÆÍ) îïåðàòîð-
ôóíêöèè B −B(ε) : E1 → E2 , åñëè

Bφ
(s)
k =

s−1∑
j=1

Bjφ
(s−j)
k , B(ε) = B1ε+B2ε

2 + . . . , ⟨φ(s)
k , γl⟩ = 0, s = 2, pk,

Dp = det
pk∑
j=1

⟨Bjφ
(pk+1−j)
k , ψ

(1)
l ⟩ ̸= 0, φk = φ

(1)
k , ψl = ψ

(1)
l , k, l = 1, n.

(2.3)

Ýòîò íàáîð áèêàíîíè÷åñêèé, åñëè ÎÆÍ ñîïðÿæåííîé îïåðàòîð-ôóíêöèè B∗ − B∗(ε) è
ýëåìåíòîâ {ψl}n1 òàêæå êàíîíè÷åñêèé, è òðè-êàíîíè÷åñêèé, åñëè êðîìå òîãî

⟨φ(j)
i , γ

(l)
k ⟩ = δikδjl, γ

(l)
k =

pk+1−l∑
s=1

B∗sψ
(pk+2−l−s)
k , ⟨z(j)i , ψ

(l)
k ⟩ = δikδjl,

z
(j)
i =

pk+1−j∑
s=1

Bsφ
(pi+2−j−s)
i , φ

(s)
i = φ

(s)
i (x0),

Φ = Φ(x0) = (φ
(1)
1 , . . . , φ

(p1)
1 , . . . , φ

(1)
n , . . . , φ

(pn)
n ),

(2.4)

âåêòîðû γ = γ(x0),Ψ = Ψ(x0) è Z = Z(x0) îïðåäåëÿþòñÿ àíàëîãè÷íî. Äëÿ ëèíåéíîé
îïåðàòîð-ôóíêöèè B − εB1 ÎÆÍ âñåãäà ìîæåò áûòü âûáðàí òðè-êàíîíè÷åñêèì. K =
p1 + ...+ pk - êîðíåâîå ÷èñëî.
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Ë å ì ì à 2.1. Åñëè äëÿ ôðåäãîëüìîâîé îïåðàòîð-ôóíêöèè Bx0−Bx0(ε) ñóùåñòâó-
åò ïîëíûé òðè-êàíîíè÷åñêèé ÎÆÍ, òî îïðåäåëåíû ïðîåêòîðû

Px0 =
n∑
i=1

pi∑
j=1

⟨·, γ(j)i (x0)⟩φ(j)
i (x0) = ⟨·, γ⟩Φ : E1 → EK

1 = K(Bx0 , Bx0(ε)) = span{φ(j)
i (x0)},

Qx0 =
n∑
i=1

pi∑
j=1

⟨·, ψ(j)
i (x0)⟩z(j)i (x0) = ⟨·,Ψ⟩Z : E2 → E2,K = span{z(j)i (x0)},

(2.5)
ïîðîæäàþùèå ðàçëîæåíèÿ E1 è E2 â ïðÿìûå ñóììû, îòâå÷àþùèå òî÷êå x0

E1 = EK
1 (x0)

·
+ E∞−K1 (x0), E2 = E2,K(x0)

·
+ E2,∞−K(x0). (2.6)

Îïåðàòîð B0 = Bx0 ñïëåòàåòñÿ ïðîåêòîðàìè Px0 è Qx0 :

Bx0Pu = QBx0u íà DBx0
, Bx0Φ = A0Z, B∗x0Ψ = A0γ, A0 = diag(A1, . . . , An), (2.7)

ãäå Ai − (pi × pi) - ìàòðèöû ñ åäèíèöàìè âäîëü ïîáî÷íîé ïîääèàãîíàëè è íóëÿìè âíå åå
è B0 : DB0

∩
E∞−K1 (x0)→ E2,∞−K(x0) ÿâëÿåòñÿ èçîìîðôèçìîì.

Ñ ë å ä ñ ò â è å 2.1. Äëÿ ëèíåéíîé ïî ε îïåðàòîð-ôóíêöèè B0 − εB1 òðè-
êàíîíè÷åñêèé ÎÆÍ ñóùåñòâóåò è ñâîéñòâà (2.7) äîïîëíåíû ñëåäóþùèìè

B1P = QB1 íà DB1 , B1Φ = A1Z, B∗1Ψ = A1γ (2.8)

ãäå A1 = diag(A1, . . . , An) � êëåòî÷íî-äèàãîíàëüíàÿ ìàòðèöà, Ai − (pi × pi) - ìàòðè-
öû c åäèíèöàìè âäîëü ïîáî÷íîé äèàãîíàëè è íóëÿìè âíå åå. Òàêèì îáðàçîì, îïåðàòîðû
B0 è B1 äåéñòâóþò â èíâàðèàíòíûõ ïàðàõ ïîäïðîñòðàíñòâ EK

1 , E2,K è E∞−K1 , E2,∞−K ,
îòâå÷àþùèõ òî÷êå x0, è B0 : DB0

∩
E∞−K1 → E2,∞−K , B1 : EK

1 → E2,K ÿâëÿþòñÿ èçî-
ìîðôèçìàìè.

Ò å î ð å ì à 2.1. [15]. Ïðè ñóùåñòâîâàíèè ïîëíîãî òðè-êàíîíè÷åñêîãî ÎÆÍ çà-
äà÷à îïðåäåëåíèÿ ìàëûõ ðåøåíèé óðàâíåíèÿ (2.2) â îêðåñòíîñòè òî÷êè x0 ýêâèâàëåíòíà
ðàçûñêàíèþ ìàëûõ ðåøåíèé ÓÐÊ À. Ëÿïóíîâà (2.9) è Ý. Øìèäòà (2.10).

Ä î ê à ç à ò å ë ü ñ ò â î. Ñîãëàñíî (2.6) ïîëàãàÿ x = u+v, v = v(x0, ξ) =
∑
ξikφ

(k)
i (x0) =

ξ · Φ ∈ EK
1 (x0), u = u(x0) ∈ E∞−K1 (x0) , çàïèøåì óðàâíåíèå (2.2) â ïðîåêöèÿõ

(I −Qx0)Bx0u = (I −Qx0)Bx0(ε)(u+ v) + (I −Qx0)R(x0, v(x0, ξ) + u(x0), ε),
Qx0Bx0v = Qx0Bx0(ε)(u+ v) +Qx0R(x0, v(x0, ξ) + u(x0), ε).

Ïî òåîðåìå î íåÿâíûõ îïåðàòîðàõ è ëåììå 2.1 èç ïåðâîãî óðàâíåíèÿ îäíîçíà÷íî îïðå-
äåëÿåòñÿ u = u(x0) = u(x0, v(x0, ξ), ε). Åãî ïîäñòàíîâêà âî âòîðîå óðàâíåíèå äàåò ÓÐÊ
À. Ëÿïóíîâà

f(x0, v(x0, ξ), ε) = f(x0, v(x0, ξ) + u(x0, v(x0, ξ), ε)) ≡
≡ A0ξ − ⟨Bx0(ε)(v(x0, ξ) + u(x0, v(x0, ξ), ε))+
+R(x0, v(x0, ξ) + u(x0, v(x0, ξ), ε), ε),Ψ(x0)⟩ = 0

(2.9)

Ââåäåíèå ðåãóëÿðèçàòîðà Ý. Øìèäòà [1] Γx0 = Γ0 =
⌢

B
−1
x0
,
⌢

Bx0 = Bx0+
n∑
i=1

⟨·, γ(1)j (x0)⟩z(1)j (x0)

è ôîðìóëû ïðåîáðàçîâàíèÿ ýëåìåíòîâ ÎÆÖ îïåðàòîðîì Γ0 äàþò ÓÐÊ Ý.Øìèäòà

ts1(x0, v(x0, ξ), ε) ≡ −
n∑
j=1

ξj1⟨(I −Bx0(ε)Γ0)
−1Bx0(ε)φ

(1)
j (x0), ψ

(1)
s (x0)⟩−

−⟨(I −Bx0(ε)Γ0)
−1R(x0, w(x0, v(x0, ξ), ε) + u(x0, v(x0, ξ), ε), ε), ψ

(1)
s (x0)⟩ = 0,

tsσ(x0, v(x0, ξ), ε) ≡ ξsσ −
n∑
j=1

ξj1⟨(I −Bx0(ε)Γ0)
−1Bx0(ε)φ

(1)
j (x0), ψ

(ps+2−σ)
s (x0)⟩−

−⟨(I −Bx0(ε)Γ0)
−1R(x0, w(x0, v(x0, ξ) + u(x0, v(x0, ξ), ε), ε), ε), ψ

(ps+2−σ)
s (x0)⟩ = 0,

σ = 2, . . . , ps.

(2.10)
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Ñ ë å ä ñ ò â è å 2.1. Ïóñòü Bx0(ε) = εB1. Òîãäà ÓÐÊ Ý. Øìèäòà ïðèíèìàåò
âèä

ts1(x0, v(x0, ξ), ε) ≡

− εps

1− εps
ξs1 − ⟨(I − εB1Γ0)

−1R(x0, w(x0, v(x0, ξ), ε) + v(x0, ξ), ε), ψ
(1)
s (x0)⟩ = 0,

tsσ(x0, v(x0, ξ), ε) ≡

ξsσ −
εσ−1

1− εps
ξs1 − ⟨(I − εB1Γ0)

−1R(x0, w(x0, v(x0, ξ), ε) + v(x0, ξ), ε), ψ
(ps+2−σ)
s (x0)⟩ = 0,

σ = 2, ps.

Äàëåå ïðåäïîëàãàåòñÿ, ÷òî îïåðàòîð F äîïóñêàåò ãðóïïó G , ò.å. ñóùåñòâóþò åå ïðåä-
ñòàâëåíèÿ Lg â E1 è Kg â E2 , ñïëåòàþùèå îïåðàòîð F

KgF (x, ε) = F (Lgx, ε) (2.11)

Ïðè ýòîì òî÷êà âåòâëåíèÿ (x0, 0) äâèæåòñÿ ïî òðàåêòîðèè Lgx0 ýëåìåíòà x0 è äëÿ ëè-
íåàðèçàöèè (2.2) óðàâíåíèÿ (2.1) ñïðàâåäëèâû ñîîòíîøåíèÿ [14]

KgBx0 = BLgx0Lg è KgBx0(ε) = BLgx0(ε)Lg,
KgR(x0, x− x0, ε) = F (Lgx, ε)− F (Lgx0, ε)−

−(BLgx0 −BLgx0(ε))Lg(x− x0) = R(Lgx0, Lg(x− x0), ε),
φi(Lgx0) = Lgφi(x0), γj(Lg) = L∗g

−1γi(x0), i, j = 1, n,

(2.12)

ïîêàçûâàþùèå, ÷òî ôðåäãîëüìîâ îïåðàòîð Bx0 îáëàäàåò ñèììåòðèåé òîëüêî îòíîñèòåëüíî
ñòàöèîíàðíîé ïîäãðóïïû òî÷êè x0 . Äëÿ îáëàñòåé çíà÷åíèé îïåðàòîðîâ Bx0 è Bx0(ε) âû-
ïîëíåíû ñîîòíîøåíèÿ R(Bx0) = R(KgBx0L

−1
g ) = KgR(Bx0). Òîãäà äëÿ ÿäðà ñîïðÿæåííîãî

îïåðàòîðà B∗x0 èìååì

N∗(Bx0) = span{ψ1(x0), . . . , ψn(x0)} =⇒
N∗(BLgx0) = span{K∗g−1ψ1(x0), . . . , K

∗
g
−1ψn(x0)}, zj(Lgx0) = Kgzj(x0), j = 1, n

(2.13)

è ìîæíî äîêàçàòü, ÷òî ýëåìåíòû óïîðÿäî÷åíûõ ïî âîçðàñòàíèþ äëèí öåïî÷åê ÎÆÍ ïðå-
îáðàçóþòñÿ ïî ôîðìóëàì

φ
(s)
k (Lgx0) = Lgφ

(s)
k (x0);ψ

(s)
k (Lgx0) = K∗g

−1ψ
(s)
k (x0); z

(s)
k (Lgx0) = Kgz

(s)
k (x0). (2.14)

Â òî æå âðåìÿ îáîáùåííûå æîðäàíîâû íàáîðû â òî÷êàõ îðáèòû óäîâëåòâîðÿþò óñëîâèÿì
áèîðòîãîíàëüíîñòè (2.4). Èç (2.12)�(2.14) ñëåäóåò óòâåðæäåíèå

Ë å ì ì à 2.2. Ïðè ñóùåñòâîâàíèè òðè-êàíîíè÷åñêîãî ÎÆÍ ïðîåêòîðû (2.5) óäî-
âëåòâîðÿþò ñâîéñòâàì ñïëåòåíèÿ

PLgx0 = LgPx0L
−1
g èëè LgPx0 = PLgx0Lg,

QLgx0 = KgQx0K
−1
g èëè KgQx0 = QKgx0Kg

(2.15)

è ïîðîæäàþò ðàçëîæåíèÿ (2.6) ïðîñòðàíñòâ E1 è E2 â ïðÿìûå ñóììû. Áàçèñû â ïîä-
ïðîñòðàíñòâàõ íóëåé N(Bx0) è äåôåêòíûõ ôóíêöèîíàëîâ N∗(Bx0) è ñîîòâåòñòâóþùèõ
êîðíåâûõ ïîäïðîñòðàíñòâ EK

1 (x0) è E2,K(x0) ìîãóò áûòü âûáðàíû òàê, ÷òîáû âûïîë-
íÿëèñü ñîîòíîøåíèÿ

E1 = EK
1 (Lgx0)

·
+ E∞−K1 (Lgx0), E

K
1 (Lgx0) = LgE

K
1 (x0),

E∞−K1 (Lgx0) = LgE
∞−K
1 (x0), E2 = E2,K(Lgx0)

·
+ E2,∞−K(Lgx0),

E2,K(Lgx0) = KgE2,K(x0), E2,∞−K(Lgx0) = KgE2,∞−K(x0).

(2.16)
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Ò å î ð å ì à 2.2. [15]. Ïðè ñóùåñòâîâàíèè òðè-êàíîíè÷åñêîãî ÎÆÍ ÓÐÊ À. Ëÿ-
ïóíîâà (2.9) è Ý. Øìèäòà (2.10) íàñëåäóþò ãðóïïîâóþ ñèììåòðèþ óðàâíåíèÿ (2.2)

f(Lgx0, Lgv(x0, ξ), ε) = f(Lgx0, v(Lgx0, ξ), ε) = Kgf(x0, v(x0, ξ), ε) (2.17)

t(Lgx0, Lgv(x0, ξ), ε) = t(Lgx0, v(Lgx0, ξ), ε) = Lgt(x0, v(x0, ξ), ε) (2.18)

Ç à ì å ÷ à í è å 2.1. Ïðè äîêàçàòåëüñòâå òåîðåìû î íàñëåäîâàíèè ñèììåòðèè
ÓÐÊ Ý. Øìèäòà ïðåäïîëàãàåì [2] âûïîëíåííûì óñëîâèå I: ïîäïðîñòðàíñòâî E∞−n1 (x0)
èíâàðèàíòíî îòíîñèòåëüíî ïðåäñòàâëåíèÿ Lg , à ïîäïðîñòðàíñòâî E2,n(x0) èíâàðè-

àíòíî îòíîñèòåëüíî îïåðàòîðîâ Kg â ïðÿìûõ ñóììàõ E1 = En
1 (x0)

·
+ E∞−n1 (x0), E2 =

E2,n(x0)
·
+E2,∞−n(x0) . Òîãäà Γ(x0)Kg = LgΓ(x0) è ïðåäñòàâëåíèÿ Kg è Lg ýêâèâàëåíòíû.

Ïðè íàëè÷èè íåïðåðûâíîé ãðóïïîâîé ñèììåòðèè íåëèíåéíûõ óðàâíåíèé â áàíàõî-
âûõ ïðîñòðàíñòâàõ ãðóïïà Ëè Gl = Gl(a), a = (a1, . . . , al) � åå ñóùåñòâåííûå ïàðà-
ìåòðû, ïðåäïîëàãàåòñÿ l -ìåðíûì äèôôåðåíöèðóåìûì ìíîãîîáðàçèåì, óäîâëåòâîðÿþùèì
óñëîâèÿì [17]�[18]: Ïóñòü c1) ïðåäñòàâëåíèå a 7→ Lg(a)x0 , äåéñòâóþùåå èç îêðåñòíî-
ñòè åäèíè÷íîãî ýëåìåíòà Gl(a) â ïðîñòðàíñòâî E1 ïðèíàäëåæèò êëàññó C1 , òàê ÷òî
Xx0 ∈ E1 äëÿ âñåõ ïðîèçâîäÿùèõ îïåðàòîðîâ Xx = lim

t→0
t−1
[
Lg(a(t))x− x

]
â êàñàòåëüíîì

ê Lg(a) ìíîãîîáðàçèè T lg(a) ; c2) ñòàöèîíàðíàÿ ïîäãðóïïà ýëåìåíòà x0 ∈ E1 îïðåäåëÿåò

ïðåäñòàâëåíèå L(Gs) ëîêàëüíîé ãðóïïû Ëè Gs ⊂ Gl, s < l, ñ s -ìåðíîé ïîäàëãåáðîé
T sg(a) ïðîèçâîäÿùèõ îïåðàòîðîâ. Ýòî îçíà÷àåò, ÷òî äëÿ ñòàöèîíàðíîé áèôóðêàöèè ýëå-

ìåíòû Xkx0, Xk ∈ T lg(a) îáðàçóþò â ïîäïðîñòðàíñòâå íóëåé ëèíåàðèçîâàííîãî îïåðàòîðà

κ = (l− s) -ìåðíîå ïîäïðîñòðàíñòâî è áàçèñû â íåì è â àëãåáðå T lg(a) ìîæíî óïîðÿäî÷èòü
òàê, ÷òî Xkx0 = φk, 1 ≤ k ≤ κ,Xjx0 = 0 äëÿ j ≥ κ+ 1 .

Ò å î ð å ì à 2.3. [16]. Ïóñòü çàäà÷å ñòàöèîíàðíîãî âåòâëåíèÿ (2.1) ñ ñèììåò-
ðèåé íåïðåðûâíîé ãðóïïû îòâå÷àåò ïîëíûé òðè-êàíîíè÷åñêèé ÎÆÍ îïåðàòîð-ôóíêöèè
Bx0 −Bx0(ε) , ïðè÷åì â óñëîâèè c2) κ = n è Gs, s < l , ÿâëÿåòñÿ íîðìàëüíûì äåëèòåëåì
Gl ñ ñîîòâåòñòâóþùèì èäåàëîì T sg(a) ïðîèçâîäÿùèõ îïåðàòîðîâ. Òîãäà ïðè ñäåëàííûõ
ïðåäïîëîæåíèÿõ î ãëàäêîñòè äåéñòâèÿ íåïðåðûâíîé ãðóïïû Gl ñóùåñòâóåò íåïðåðûâ-
íàÿ ôóíêöèÿ v(x0, ξ, ε) = v(x0, ξ) + u(x0, v(x0, ξ), ε) : T

n
g(a)x0× (−δ, δ)→ E1 , èíâàðèàíòíàÿ

îòíîñèòåëüíî ôàêòîð-ãðóïïû Gκ = Gn = Gl/Gs íà T ng(a)x0 , òàêàÿ, ÷òî

F (x0 + v(x0, ξ, ε)) = 0 ïðè v(x0, ξ) ∈ T ng(a)x0, |ε| < δ (2.19)

Ä î ê à ç à ò å ë ü ñ ò â î. Íà îñíîâàíèè ñâîéñòâ ñïëåòåíèÿ (2.15), (2.16) ïðîåêòîðîâ
Px0 è Qx0 ñóùåñòâóåò ëèíåéíûé èçîìîðôèçì B0 = Bx0 : DB0 ∩ E∞−K1 (x0) → E2,∞−K ,
ñïëåòàåìûé ïðîåêòîðàìè Px0 è Qx0 , ò. å. B0Px0x = Qx0B0x, x ∈ DB0 è BLgx0PLgx0x =
QLgx0BLgx0x, x ∈ LgDBx0

. ßêîáèàí ÓÐÊ (2.9) è (2.10) ïî ξjs, s = 1, pj, j = 1, n îòëè÷åí
îò íóëÿ ïðè ε ̸= 0 è òåîðåìà î íàñëåäîâàíèè ÓÐÊ ãðóïïîâîé ñèììåòðèè äàåò íàì G -
èíâàðèàíòíîñòü óðàâíåíèÿ (2.19).
Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ñ ë å ä ñ ò â è å 2.1. Òåîðåìà 2.3 ñïðàâåäëèâà äëÿ ïîëóïðîñòûõ òî÷åê âåòâëåíèÿ,
ò.å. ïðè îòñóòñòâèè îáîáùåííûõ æîðäàíîâûõ öåïî÷åê. Ïðè ýòîì â òåîðåìå è åå äîêà-
çàòåëüñòâå ðå÷ü èäåò îá ÓÐ.
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Î ï ð å ä å ë å í è å 2.2. ÓÐÊ (2.9) (ñîîòâ. (2.10)) ÿâëÿåòñÿ óðàâíåíèåì ïî-
òåíöèàëüíîãî òèïà, åñëè â îêðåñòíîñòè òî÷êè (x0; 0) äëÿ âåêòîðà f(y, v(y, ξ), ε) =
(f11, . . . , f1p1 , . . . , fn1, . . . , fnpn) âûïîëíÿåòñÿ ðàâåíñòâî

f(y, v(y, ξ), ε) = d · gradyU(y, ξ, ε), (2.20)

ãäå d îáðàòèìûé îïåðàòîð. Òîãäà ôóíêöèîíàë U(y, ξ, ε) � ïîòåíöèàë ÓÐÊ (2.9) (ñî-
îòâ. (2.10)), à îïåðàòîð f (ñîîòâ. t ) � ïñåâäîãðàäèåíò ôóíêöèîíàëà U .

Äàëåå â ï. 2 ïðåäïîëàãàeòñÿ óñëîâèå
c3) ïëîòíûå âëîæåíèÿ E1 ⊂ E2 ⊂ H â ãèëüáåðòîâî ïðîñòðàíñòâî H ñ îöåíêàìè

∥u∥H ≤ α2∥u∥E2 ≤ α1∥u∥E1 , ïðè÷åì îòîáðàæåíèå X : E1 → H îãðàíè÷åíî â L(E1, H)
òîïîëîãèè.

Ò å î ð å ì à 2.4. Ïóñòü â ïðåäïîëîæåíèÿõ c1) � c3) ÓÐÊ (2.9) (ñîîòâ. (2.10)) �
ïîòåíöèàëüíîãî òèïà. Ïîòåíöèàë èíâàðèàíòåí îòíîñèòåëüíî ïðåäñòàâëåíèÿ Lg(a) òî-
ãäà è òîëüêî òîãäà, êîãäà

L∗gd
−1Kg = d−1 (L∗gd

−1 = d−1Lg) (2.21)

Ñ ë å ä ñ ò â è å 2.1. [22], [4]. Ïóñòü òî÷êå âåòâëåíèÿ (x0; 0) îòâå÷àåò èíâà-
ðèàíòíîå ÿäðî G -èíâàðèàíòíîãî óðàâíåíèÿ (2.1) è ñîîòâåòñòâóþùåå ÓÐÊ À. Ëÿïó-
íîâà(2.9) (Ý. Øìèäòà (2.10)) ÿâëÿåòñÿ óðàâíåíèåì ïîòåíöèàëüíîãî òèïà ñ íåêîòî-
ðîé îáðàòèìîé ìàòðèöåé d . Ïîòåíöèàë U(ξ, ε) ÿâëÿåòñÿ èíâàðèàíòîì ïðåäñòàâëå-
íèÿ Ag(a) òîãäà è òîëüêî òîãäà, êîãäà A′g(a)d−1Bg(a) = d−1 äëÿ ÓÐÊ À.Ì. Ëÿïóíîâà

è A′g(a)d−1Ag(a) = d−1 äëÿ Ý. Øìèäòà. Çäåñü Ag(a) è Bg(a) ñîîòâåòñòâåííî áëî÷íî-
äèàãîíàëüíûå ìàòðèöû äåéñòâèÿ ïðåäñòàâëåíèé Lg(a) è Kg(a) â èíâàðèàíòíûõ ïîäïðî-
ñòðàíñòâàõ EK

1 E2,K è, òåì ñàìûì, â K -ìåðíûõ ïðîñòðàíñòâàõ êîýôôèöèåíòîâ ðàç-
ëîæåíèÿ ïðîèçâîëüíûõ ýëåìåíòîâ EK

1 E2,K ïî ñîîòâåòñòâóþùèì áàçèñàì.

Ë å ì ì à 2.3. Ïcåâäîãðàäèåíò f (ñîîòâ. t ) èíâàðèàíòíîãî ôóíêöèîíàëà ÿâëÿåò-
ñÿ (Lg, Kg) � (ñîîòâ. (Lg, Lg) -) ýêâèâàðèàíòîì â ñìûñëå (2.11). Äëÿ âñåõ X ∈ T lg(a) â

íåêîòîðîé îêðåñòíîñòè òî÷êè áèôóðêàöèè (x0; 0) ñïðàâåäëèâî êîñèììåòðè÷åñêîå òîæ-
äåñòâî

⟨d−1f(y, v(y, ξ), ε), X(y + v(y, ξ) + u(y, v(y, ξ), ε)⟩H = 0,
(⟨d−1t(y, v(y, ξ), ε), X(y + v(y, ξ) + u(y, v(y, ξ), ε)⟩H = 0)

(2.22)

Ñ ë å ä ñ ò â è å 2.2. Äëÿ ñëó÷àÿ èíâàðèàíòíîãî ÿäðà ÓÐÊ ïîòåíöèàëüíîãî òè-
ïà (2.9) è (2.10) óäîâëåòâîðÿþò ñîîòâåòñòâåííî êîñèììåòðè÷åñêîìó òîæäåñòâó,

⟨d−1f(ξ, ε), Xjξ⟩ΞK = 0 è ⟨d−1t(ξ, ε), Xjξ⟩ΞK = 0 (2.23)

ãäå Xj, 1, l � èíôèíèòåçèìàëüíûå îïåðàòîðû ïðåäñòàâëåíèÿ Ag â K -ìåðíîì ïðîñòðàí-
ñòâå êîýôôèöèåíòîâ ξ = (ξ11, . . . , ξ1p1 , . . . , ξn1, . . . , ξnpn) ðàçëîæåíèÿ ïðîèçâîëüíîãî ýëå-

ìåíòà Φ ∈ K(Bx0 , Bx0(ε)) ïî áàçèñó (φ
(1)
1 , . . . , φ

(p1)
1 , . . . , φ

(1)
n , . . . , φ

(pn)
n ) .

Ñëåäóÿ [17], [18], [14], [15], ïîëó÷àåì äîñòàòî÷íîå óñëîâèå ðåäóêöèè ÓÐÊ ïîòåíöèàëü-
íîãî òèïà â óñëîâèÿõ ãðóïïïîâîé ñèììåòðèè íåëèíåéíîãî óðàâíåíèÿ (2.1).

Ò å î ð å ì à 2.5. Ïóñòü âûïîëíåíû óñëîâèÿ c1) � c3) , ÓÐÊ (2.9) (ñîîòâ. (2.10)) �
ïîòåíöèàëüíîãî òèïà, åãî ïîòåíöèàë ïðèíàäëåæèò êëàññó C2 â íåêîòîðîé îêðåñòíî-
ñòè òî÷êè âåòâëåíèÿ (x0; 0) è ÿâëÿåòñÿ èíâàðèàíòîì ïðåäñòàâëåíèÿ Lg ãðóïïû Gl(a) ,
s -ðàçìåðíîñòü ñòàöèîíàðíîé ïîäãðóïïû ýëåìåíòà x0 , ïðè÷åì κ = l − s > 0 . Òîãäà
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1. åñëè κ = n , òî äëÿ âñåõ (ξ(ε), ε) èëè (v(x0, ξ(ε), ε)) èç íåêîòîðîé îêðåñòíîñòè
íóëÿ â RK+1 ÓÐÊ (2.9) (ñîîòâ. (2.10)) âûïîëíåíî òîæäåñòâåííî, ò.å. âîçíèêàåò
ñèòóàöèÿ G -èíâàðèàíòíîé òåîðåìû 2.3 î íåÿâíûõ îïåðàòîðàõ;

2. åñëè κ < n è n ≥ 2 , òî èìååò ìåñòî ÷àñòè÷íàÿ ðåäóêöèÿ ÓÐÊ: â ïðèíÿòîì â
óñëîâèè c2) ñîãëàøåíèè î íóìåðàöèè áàçèñíûõ ýëåìåíòîâ â EK

1 ïåðâûå Kκ = p1 +
. . .+ pκ óðàâíåíèé ÿâëÿþòñÿ ëèíåéíûìè êîìáèíàöèÿìè îñòàëüíûõ pκ+1 + . . .+ pn .

Ä î ê à ç à ò å ë ü ñ ò â î. Â ïðèíÿòîé íóìåðàöèè (2.20) ýëåìåíòîâ EK
1 ñîãëàñíî

êîñèììåòðè÷åñêîìó òîæäåñòâó (2.23) â íåêîòîðîé îêðåñòíîñòè íóëÿ â Rk+1 èìååì

0 = ⟨df(x0, v(x0, ξ), ε), Xk[x0 + v(x0, ξ) + u(x0, v(x0, ξ), ε)]⟩H =

=
n∑
j=1

ps∑
s=1

{fjs(x0, v(x0, ξ), ε)[⟨dz(s)j , φ
(1)
k ⟩H + ⟨dz(s)j , Xk(v(x0, ξ) + u(x0, v(x0, ξ, ε)⟩H ]

ãäå k = 1, κ , ïðè÷åì ðàíã K ×Kκ � ìàòðèöû ñèñòåìû óðàâíåíèé ðàâåí Kκ , à ìàòðèöû[
⟨dz(s)j , φ

(1)
k ⟩H

]
(
[
⟨dφ(σ)

j , φ
(1)
k ⟩H

]
) ðàâåí κ â ñîîòâåòñòâèè ñ âèäîì ÓÐÊ (2.9) (ñîîòâ. (2.10)).

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.

Ñ ë å ä ñ ò â è å 2.1. Ïóñòü òî÷êå âåòâëåíèÿ (x0, 0) G -èíâàðèàíòíîãî îòíîñè-
òåëüíî íåïðåðûâíîé ãðóïïû ñ óñëîâèÿìè c1) - c3) óðàâíåíèÿ (2.1) îòâå÷àåò èíâàðèàíò-
íîå ÿäðî è ëèíåàðèçàöèÿ Bx0 − Bx0(ε) èìååò òðè-êàíîíè÷åñêèé ÎÆÍ. Òîãäà ðåäóêöèÿ
ÓÐÊ À. Ëÿïóíîâà èëè Ý. Øìèäòà îñóùåñòâëÿåòñÿ ïî ïîëíûì æîðäàíîâûì öåïî÷êàì
ñ ïîìîùüþ ïîëíîé ñèñòåìû ôóíêöèîíàëüíî-íåçàâèñèìûõ èíâàðèàíòîâ äåéñòâèÿ ãðóïïû
G .

Ç à ì å ÷ à í è å 2.2. 10 . Óòâåðæäåíèå ñëåäñòâèÿ ñîãëàñóåòñÿ ñ ðåçóëüòàòà-
ìè ðàáîòû [22] â ñëó÷àå ÎÆÍ ëèíåéíîé ïî ε ëèíåàðèçàöèè B − εB1 , äëÿ êîòîðîé
ÎÆÍ âñåãäà ìîæåò áûòü âûáðàí òðè-êàíîíè÷åñêèì. 20. Äëÿ ÓÐ ñ ñèììåòðèÿìè
SO(2), O(2), SH(2), H(2) èíâàðèàíòíàÿ ðåäóêöèÿ âûïîëíåíà â [23].

3. Ñòàöèîíàðíûå áèôóðêàöèîííûå çàäà÷è ñî ñïåêòðîì Øìèäòà â
ëèíåàðèçàöèè

Â áàíàõîâûõ ïðîñòðàíñòâàõ E1 è E2 â ïðåäïîëîæåíèè c3) ðàññìàòðèâàåòñÿ ñèñòåìà
óðàâíåíèé

F1(x, y, λ) = 0, F2(x, y, λ) = 0, Fk(x0, y0, λ) ≡ 0, k = 1, 2; λ = λ0 + ε;
F1
′
x(x0, y0, λ) = B0 +B(ε),−F1

′
y(x0, y0, λ) = A0 + A(ε),

−F2
′
x(x0, y0, λ) = A∗0 + A∗(ε), F2

′
y(x0, y0, λ) = B∗0 +B∗(ε),

(3.1)

ãäå A0 è B0 ïëîòíî çàäàííûå (DA = E1, DA = DA(ε) ⊃ DA0 , DB = E1, DB = DB(ε) ⊃ DB0)
çàìêíóòûå ëèíåéíûå îïåðàòîðû. Ìû íå îãîâàðèâàåì â êàæäîì ñëó÷àå óñëîâèå ïîä÷èíåí-
íîñòè ïëîòíî çàäàííûõ ôðåäãîëüìîâûõ îïåðàòîðîâ, ïðèíÿòûå íàïðèìåð â [15]. Ïðåäïîëà-
ãàåòñÿ òàêæå, ÷òî îïåðàòîðû A0 è B0 íå èìåþò îáùèõ íóëåé, ÷òîáû íå ââîäèòü ñëîæíóþ
òåõíèêó ¾íåçàêàí÷èâàþùèõñÿ¿ ÎÆÖ [24].
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Â óêàçàííûõ óñëîâèÿõ ñèñòåìà (3.1) äîïóñêàåò ëîêàëüíóþ çàïèñü

B0X − λ0A0Y = A(ε)Y −B(ε)X +R1(x0, y0, X, Y, ε),
B∗0Y − λ0A∗0X = A∗(ε)X −B∗(ε)Y +R2(x0, y0, X, Y, ε),
X = x− x0, Y = y − y0,

(3.2)

ãäå Rj(x0, y0, 0, 0, ε) ≡ 0, j = 1, 2, Rj
′
X(x0, y0, 0, 0, ε) ≡ 0, Rj

′
Y (x0, y0, 0, 0, ε) ≡ 0 . Ïóñòü n -

êðàòíîå ñîáñòâåííîå çíà÷åíèå Øìèäòà λ0 ÿâëÿåòñÿ ôðåäãîëüìîâîé òî÷êîé ñïåêòðà ìàò-

ðè÷íîãî îïåðàòîðà (B − λ0A) =

(
−λ0A∗0 B∗0
B0 −λ0A0

)
â ïðÿìîé ñóììå H ãèëüáåðòîâûõ

ïðîñòðàíñòâ H , Φ
(1)
k = (u

(1)
k , v

(1)
k )T è Ψ

(1)
k = (ũ

(1)
k , ṽ

(1)
k )T , k = 1, ..., n, � ñîáñòâåííûå ýëåìåí-

òû ïðÿìîé è ñîïðÿæåííîé

(B∗ − λ0A∗)Ψ(1)
k =

(
−λ0A0 B∗0
B0 −λ0A∗0

)(
ũ
(1)
k

ṽ
(1)
k

)
= 0

çàäà÷. Ïîëàãàÿ A(ε) =

(
A∗(ε) −B∗(ε)
−B(ε) A(ε)

)
, çàïèøåì ñèñòåìó (3.1) â âèäå

(B− λ0A)

(
X
Y

)
= A(ε)

(
X
Y

)
+

(
R2(x0, y0, X, Y, ε)
R1(x0, y0, X, Y, ε)

)
=

= A(ε)

(
X
Y

)
+R(x0, y0,

(
X
Y

)
, ε)

(3.3)

Çäåñü ïðåäïîëàãàåòñÿ, ÷òî âåêòîðíûé íåëèíåéíûé îïåðàòîð ìîæåò áûòü ïðåäñòàâëåí â
âèäå äîñòàòî÷íî ãëàäêîãî ïî (X,Y )T îïåðàòîðà R .

Î ï ð å ä å ë å í è å 3.1. [19]�[21]. Ýëåìåíòû Φ
(s)
k = (u

(s)
k , v

(s)
k )T , s = 1, pk, k = 1, n

îáðàçóþò ïîëíûé êàíîíè÷åñêèé îáîáùåííûé æîðäàíîâ íàáîð (ÎÆÍ≡ A(ε) -ÆÍ), åñëè

(B− λ0A)Φ
(s)
k =

s−1∑
j=1

AjΦ
(s−1)
k ,A(ε) = A1ε+A2ε

2 + . . . , ⟨Φ(s)
k ,Γ

(1)
l ⟩H = 0, s = 2, pk;

Dp = det

[
pk∑
j=1

⟨AjΦ
(pk+1−j)
k ,Ψ

(1)
l ⟩H

]
̸= 0,Ψ

(1)
l = (ũ

(1)
l , ṽ

(1)
l )T , k, l = 1, n

(3.4)

Ýòîò íàáîð áèêàíîíè÷åñêèé, åñëè ÎÆÍ ñîïðÿæåííîé îïåðàòîð-ôóíêöèè (B∗− λ0A∗)−
A∗(ε) , îòâå÷àþùèé ýëåìåíòàì {Ψ(1)

l }n1 òàêæå êàíîíè÷åñêèé, è òðè-êàíîíè÷åñêèé, åñëè
êðîìå òîãî

⟨Φ(j)
i ,Γ

(l)
k ⟩H = δikδjl,Γ

(l)
k =

pk+1−l∑
s=1

A∗sΨ
(pk+2−l−s)
k ; ⟨Z(j)

i ,Ψ
(l)
k ⟩H = δikδjl,

Z
(j)
i =

pk+1−j∑
s=1

AsΦ
(pk+2−j−s)
i ,Φ = Φ(x0, y0) = (Φ

(1)
1 , . . . ,Φ

(p1)
1 , . . . ,Φ

(1)
n , . . . ,Φ

(pn)
n )

(3.5)

Φ
(j)
i = Φ

(j)
i (x0, y0) , âåêòîðû Γ = Γ(x0, y0),Ψ = Ψ(x0, y0) è Z = Z(x0, y0) îïðåäåëÿþòñÿ

àíàëîãè÷íî. Äëÿ ëèíåéíîé îïåðàòîð-ôóíêöèè (B−λ0A)−εA1 ÎÆÍ âñåãäà áûòü âûáðàí
òðè-êàíîíè÷åñêèì, K = p1 + ...+ pn � êîðíåâîå ÷èñëî.
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Ë å ì ì à 3.1. Åñëè äëÿ ôðåäãîëüìîâîé îïåðàòîð-ôóíêöèè (B−λ0A)−A(ε) ñóùå-
ñòâóåò ïîëíûé òðè-êàíîíè÷åñêèé ÎÆÍ, òî îïðåäåëåíû ïðîåêòîðû

P = P(x0, y0) =
n∑
i=1

pi∑
j=1

⟨·,Γ(j)
i ⟩HΦ

(j)
i = ⟨·,Γ⟩HΦ : H → HK =

= K(B− λ0A;A(ε)) = span{Φ(j)
i (x0, y0)},

Q = Q(x0, y0) =
n∑
i=1

pi∑
j=1

⟨·,Ψ(j)
i ⟩HZ

(j)
i = ⟨·,Ψ⟩HZ : H → HK = span{Z(j)

i (x0, y0)}

(3.6)

ïîðîæäàþùèå ðàçëîæåíèÿ H â ïðÿìûå ñóììû, îòâå÷àþùèå òî÷êå (x0, y0)

H = HK
·
+H∞−K , H = HK

·
+H∞−K . (3.7)

Îïåðàòîð B − λ0A ñïëåòàåòñÿ ïðîåêòîðàìè P = P(x0, y0) è Q = Q(x0, y0) (B −
λ0A)P = Q(B − λ0A) íà DB−λ0A , (B − λ0A)Φ = A0Z,B

∗ − λ0A
∗)Ψ = A0Γ , A0 =

diag(B1, . . . , Bn), Bi− (pi× pi) �ìàòðèöà ñ åäèíèöàìè íà ïîäïîáî÷íîé äèàãîíàëè è íóëÿìè
íà îñòàëüíûõ ìåñòàõ. Îïåðàòîð (B − λ0A) : DB−λ0A ∩ H∞−K(x0, y0) → H∞−K(x0, y0)
ÿâëÿåòñÿ èçîìîðôèçìîì.

Ñ ë å ä ñ ò â è å 3.2. Äëÿ ëèíåéíîé ïî ε îïåðàòîð-ôóíêöèè (B−λ0A)−εA1 òðè-
êàíîíè÷åñêèé ÎÆÍ ñóùåñòâóåò è ñâîéñòâà ñïëåòåíèÿ ìîãóò áûòü äîïîëíåíû ñëåäóþ-
ùèìè A1P = QA1 íà DA1 , A1Φ = A1Φ,A

∗
1Ψ = A1Γ , ãäå A1 = diag(B1, . . . , Bn) -

êëåòî÷íî-äèàãîíàëüíàÿ ìàòðèöà, Bi − (pi × pi) -ìàòðèöû ñ åäèíèöàìè âäîëü ïîáî÷íîé
äèàãîíàëè è íóëÿìè â îñòàëüíûõ ìåñòàõ. Òàêèì îáðàçîì, îïåðàòîðû B − λ0A è A1

äåéñòâóþò â èíâàðèàíòíûõ ïàðàõ ïîäïðîñòðàíñòâ HK ,HK è H∞−K ,H∞−K , îòâå÷àþ-
ùèõ òî÷êå áèôóðêàöèè (x0, y0) è (B − λ0A) : DB−λ0A ∩ H∞−K → H∞−K ,A1 : HK → HK

ÿâëÿþòñÿ èçîìîðôèçìàìè.

Ò å î ð å ì à 3.1. Ïóñòü òî÷êå áèôóðêàöèè (x0, y0, 0) îòâå÷àåò ïîëíûé òðè-
êàíîíè÷åñêèé ÎÆÍ îïåðàòîð-ôóíêöèè (B − λ0A) − A(ε) . Çàäà÷à îïðåäåëåíèÿ ìàëûõ
ðåøåíèé ñèñòåìû (3.1) â îêðåñòíîñòè òî÷êè (x0, y0, 0) ýêâèâàëåíòíà ðàçûñêàíèþ ìà-
ëûõ ðåøåíèé óðàâíåíèé ðàçâåòâëåíèÿ â êîðíåâûõ ïîäïðîñòðàíñòâàõ À. Ëÿïóíîâà

f(x0, y0,v(x0, y0, ξ), ε) = f(x0, y0,v(x0, y0, ξ) + u(x0, y0,v(x0, y0, ξ), ε)) ≡
≡ A0ξ − ⟨A(ε)(v(x0, y0, ξ) + u(x0, y0,v(x0, y0, ξ), ε))+
+R(x0, y0,v(x0, y0, ξ) + u(x0, y0,v(x0, y0, ξ), ε),Ψ(x0, y0)⟩H = 0

(3.8)

è Ý.Øìèäòà

ts1(x0, y0,v(x0, y0, ξ), ε) ≡ −
n∑
j=1

ξj1⟨(I−A(ε)Γ0)
−1A(ε)Φ

(1)
j (x0, y0),Ψ

(1)
s (x0, y0)⟩H−

−⟨(I−A(ε)Γ0)
−1R(x0, y0,v(x0, y0, ξ) +w(x0, y0,v(x0, y0, ξ)ε), ε)),Ψ

(1)
s (x0)⟩H = 0

tsσ(x0, y0,v(x0, y0, ξ), ε) ≡ ξsσ−
−

n∑
j=1

ξj1⟨(I−A(ε)Γ0)
−1A(ε)Φ

(1)
j (x0, y0),Ψ

(ps+2−σ)
s (x0, y0)⟩H−

−⟨(I−A(ε)Γ0)
−1R(x0, y0,v(x0, y0, ξ) +w(x0, y0,v(x0, y0, ξ)ε), ε)),Ψ

(ps+2−σ)
s (x0)⟩H = 0.

(3.9)

Ä î ê à ç à ò å ë ü ñ ò â î. Êàê è â ï. 2 [15], [16] äëÿ äîêàçàòåëüñòâà ïåðâîé ÷àñòè

òåîðåìû ïîëàãàåì x = u + v, v = v(x0, y0, ξ) =
∑
i,k

ξikΦ
(k)
i (x0, y0) = ξ · Φ ∈ HK(x0, y0), u =
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u(x0, y0) ∈ H∞−K(x0, y0) è çàïèñûâàåì ñèñòåìó (3.1) â ïðîåêöèÿõ. Âòîðàÿ ÷àñòü äîêàçû-

âàåòñÿ ââåäåíèåì ðåãóëÿðèçàòîðà Øìèäòà [1] Γ0 = Γ0(x0, y0) = ˜(B− λ0A)
−1
, ˜(B− λ0A) =

B− λ0A+
n∑
i=1

⟨·,Γ(1)
j (x0, y0)⟩HZ(1)

j (x0, y0).

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
Ãðóïïîâàÿ ñèììåòðèÿ ñèñòåìû (3.1) îçíà÷àåò ñïëåòåíèå ïðåäñòàâëåíèÿìè Kg â ñëåäó-

þùåì âèäå

KgF1(x, y, λ) = F1(Lgx, Lgy, λ), KgF2(x, y, λ) = F2(Lgx, Lgy, λ) (3.10)

Äàëåå äåéñòâóåì ïî ñõåìå ï. 2 [15], [16]. Èç ðàâåíñòâ (3.10) è óñëîâèÿ Fk(x0, y0, λ) ≡ 0
ñëåäóåò

Kg{F ′kx(x0, y0, λ0 + ε)(x− x0) + F ′ky(x0, y0, λ0 + ε)(y − y0)+
+Rk(x0, y0, x− x0, y − y0, λ0 + ε)} = F ′kLgx

(Lgx0, Lgy0, λ0 + ε)Lg(x− x0)+
+F ′kLgy

(Lgx0, Lgy0, λ0 + ε)Lg(y − y0) +Rk(Lgx0, Lgy0, Lg(x− x0), Lg(y − y0), λ0 + ε),

k = 1, 2,

îòêóäà

KgF
′
kx
(x0, y0, λ0 + ε)(x− x0) = F ′kLgx

(Lgx0, Lgy0, λ0 + ε)Lg(x− x0),
KgF

′
ky
(x0, y0, λ0 + ε)(y − y0) = F ′kLgy

(Lgx0, Lgy0, λ0 + ε)Lg(y − y0),
KgRk(x0, y0, x− x0, y − y0, λ0 + ε) = Rk(Lgx0, Lgy0, Lg(x− x0), Lg(y − y0), λ0 + ε),

k = 1, 2

(3.11)

Ñëåäîâàòåëüíî,

Kg[B(x0, y0)− λ0A(x0, y0)] =

(
−λ0KgA

∗
0 KgB

∗
0

KgB0 −λ0KgA0

)
=

=

(
−λ0KgA

∗
0(x0, y0) KgB

∗
0(x0, y0)

KgB0(x0, y0) −λ0KgA0(x0, y0)

)
=

(
−λ0A∗0(Lgx0, Lgy0)Lg B∗0(Lgx0, Lgy0)Lg
B0(Lgx0, Lgy0)Lg −λ0A0(Lgx0, Lgy0)Lg

)
=

= [B(Lgx0, Lgy0)− λ0A(Lgx0, Lgy0)]Lg
(3.12)

Àíàëîãè÷íî

KgA(ε) = KgA(x0, y0, ε) =

=

(
KgA

∗(ε) −KgB
∗(ε)

−KgB(ε) KgA(ε)

)
=

(
KgA

∗(x0, y0, ε) −KgB
∗(x0, y0, ε)

−KgB(x0, y0, ε) KgA(x0, y0, ε)

)
=

=

(
A∗(Lgx0, Lgy0, ε)Lg −B∗(Lgx0, Lgy0, ε)Lg
−B(Lgx0, Lgy0, ε)Lg A0(Lgx0, Lgy0, ε)Lg

)
= [A(Lgx0, Lgy0, ε)]Lg,

(3.13)

KgR(x0, y0, x− x0, y − y0.ε) =

=

(
F2(Lgx, Lgy, λ0 + ε)− F ′2x(Lgx, Lgy, λ0 + ε)Lg(x− x0)− F ′2y(Lgx, Lgy, λ0 + ε)Lg(y − y0)
F1(Lgx, Lgy, λ0 + ε)− F ′1x(Lgx, Lgy, λ0 + ε)Lg(x− x0)− F ′1y(Lgx, Lgy, λ0 + ε)Lg(y − y0)

)
=

= R(Lgx0, Lgy0, Lg(x− x0), Lg(y − y0).ε),
îòêóäà ïîëó÷àåì

Φi(Lgx0, Lgy0) = LgΦi(x0, y0) = (Lgu
(1)
k (x0, y0), Lgv

(1)
k (x0, y0))

T ,
Γg(Lgx0, Lgy0) = L∗−1g Γj, Γj = Γj(x0, y0), i, j = 1, ..., n

(3.14)

è äëÿ îáëàñòåé çíà÷åíèé îïåðàòîðîâ F ′kx(x0, y0, λ0), F
′
ky
(x0, y0, λ0) âûïîëíåíû ñîîò-

íîøåíèÿ R(F ′kx(Lgx0, Lgy0, λ0)) = R(KgF
′
kx
(x0, y0, λ0)L

−1
g ) = KgR(F

′
kx
(x0, y0, λ0)),
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R(F ′ky(Lgx0, Lgy0, λ0)) = R(KgF
′
ky
(x0, y0, λ0)L

−1
g ) = KgR(F

′
ky
(x0, y0, λ0)). Òîãäà äëÿ ÿäðà ñî-

ïðÿæåííîãî îïåðàòîðà èìååì

N∗(B− λ0A) = span{Ψ(1)
k }n1 = span{ũ(1)k (x0, y0), ũ

(1)
k (x0, y0)}n1 = span{ũ(1)k , ũ

(1)
k }n1 =⇒

=⇒ N∗(B(Lgx0, Lgy0)− λ0A(Lgx0, Lgy0)) = span{K∗−1g Ψ
(1)
1 , ...K∗−1g Ψ

(1)
n },

(3.15)
è ïîäîáíî [2] �1.3 [3], [4], [15],[19]�[21] äîêàçûâàåòñÿ, ÷òî ýëåìåíòû óïîðÿäî÷åííûõ ïî
âîçðàñòàíèþ äëèí öåïî÷åê ÎÆÍ îïåðàòîð-ôóíêöèè (B−λ0A)−A(ε) è áèîðòîãîíàëüíûõ
èì ñèñòåì ïðåîáðàçóþòñÿ ïî ôîðìóëàì

Φ
(s)
k (Lgx0, Lgy0) = LgΦ

(s)
k (x0, y0) = (Lgu

(s)
k (x0, y0), Lgv

(s)
k (x0, y0))

T ,

Ψ
(s)
k (Lgx0, Lgy0) = K∗−1g Ψ

(s)
k (x0, y0) = (K∗−1g u

(s)
k (x0, y0), K

∗−1
g v

(s)
k (x0, y0))

T ,

Γ
(s)
k (Lgx0, Lgy0) = L∗−1g Γ

(s)
k (x0, y0) = (L∗−1g u

(s)
k (x0, y0), L

∗−1
g v

(s)
k (x0, y0))

T ,

Z
(s)
k (Lgx0, Lgy0) = KgZ

(s)
k (x0, y0).

(3.16)

Ïîýòîìó ÎÆÍ â òî÷êàõ îðáèòû (Lgx0, Lgy0) òàêæå óäîâëåòâîðÿþò óñëîâèÿì áèîðòîãî-
íàëüíîñòè (3.5) è ñïðàâåäëèâî óòâåðæäåíèå

Ë å ì ì à 3.2. Â óñëîâèÿõ ãðóïïîâîé ñèììåòðèè è ñóùåñòâîâàíèÿ òðè-
êàíîíè÷åñêèõ ÎÆÍ ïðîåêöèîííûå îïåðàòîðû (3.6) îïåðàòîð-ôóíêöèè (B− λ0A)−A(ε)
óäîâëåòâîðÿþò ñâîéñòâàì ñïëåòåíèÿ

P(Lgx0, Lgy0) = LgP(x0, y0)L
−1
g èëè LgP(x0, y0) = P(Lgx0, Lgy0)Lg

Q(Lgx0, Lgy0) = KgQ(x0, y0)K
−1
g èëè KgQ(x0, y0) = Q(Kgx0, Kgy0)Kg

(3.17)

è ïîðîæäàþò ðàçëîæåíèÿ ïðîñòðàíñòâà H â ïðÿìûå ñóììû, îòâå÷àþùèå òî÷êàì áè-
ôóðêàöèè (x0, y0, 0) è (Lgx0, Lgy0, 0)

H = HK
·
+H∞−K = HK(x0, y0)

·
+H∞−K(x0, y0), H = HK

·
+H∞−K = HK(x0, y0)

·
+H∞−K(x0, y0),

H = HK(Lgx0, Lgy0)
·
+H∞−K(Lgx0, Lgy0), H = HK(Lgx0, Lgy0)

·
+H∞−K(Lgx0, Lgy0).

(3.18)
Ïðè ýòîì áàçèñû â ïîäïðîñòðàíñòâàõ íóëåé N(B − λ0A) è äåôåêòíûõ ôóíêöèîíàëîâ
N∗(B − λ0A) è â ñîîòâåòñòâóþùèõ êîðíåâûõ ïîäïðîñòðàíñòâàõ ìîãóò áûòü âûáðàíû
òàê, ÷òîáû âûïîëíÿëèñü ñîîòíîøåíèÿ

HK(Lgx0, Lgy0) = LgHK(x0, y0),H∞−K(Lgx0, Lgy0) = LgH∞−K(x0, y0),
HK(Lgx0, Lgy0) = LgHK(x0, y0),H∞−K(Lgx0, Lgy0) = LgH∞−K(x0, y0),

(3.19)

Äîêàçàòåëüñòâî ñëåäóåò èç ôîðìóë (3.11)�(3.18).

Ò å î ð å ì à 3.2. Â óñëîâèÿõ ñóùåñòâîâàíèÿ òðè-êàíîíè÷åñêîãî ÎÆÍ îïåðàòîð-
ôóíêöèè (B−λ0A)−A(ε) ÓÐÊ À. Ëÿïóíîâà(3.8) è Ý.Øìèäòà (3.9) íàñëåäóþò ãðóïïîâóþ
ñèììåòðèþ (3.10) ñèñòåìû (3.1)

f(Lgx0, Lgy0, Lgv(x0, y0, ξ), ε) = f(Lgx0, Lgy0,v(Lgx0, Lgy0, ξ), ε) = Kgf(x0, y0,v(x0, y0, ξ), ε),
(3.20)

t(Lgx0, Lgy0, Lgv(x0, y0, ξ), ε) = t(Lgx0, Lgy0,v(Lgx0, Lgy0, ξ), ε) = Lgt(x0, y0,v(x0, y0, ξ), ε).
(3.21)
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Ä î ê à ç à ò å ë ü ñ ò â î. Ñîãëàñíî (3.7), (3.19) çàïèøåì ñèñòåìó (3.1) â òî÷êå
áèôóðêàöèè (Lgx0, Lgy0, 0) â ïðîåêöèÿõ íà êîðíåâûå ïîäïðîñòðàíñòâà

(I −Q(Lgx0, Lgy0))[B(Lgx0, Lgy0)− λ0A(Lgx0, Lgy0)]ũ =
= (I −Q(Lgx0, Lgy0){A(Lgx0, Lgy0, ε)[ũ+ v(Lgx0, Lgy0, ξ)]+

+R(Lgx0, Lgyo, ũ+ v(Lgx0, Lgy0, ξ)), ε)},
0 = Q(Lgx0, Lgy0){[B(Lgx0, Lgy0)− λ0A(Lgx0, Lgy0)]ũ−

−A(Lgx0, Lgy0, ε)(ũ+ v(Lgx0, Lgy0, ξ))−R(Lgx0, Lgyo, ũ+ v(Lgx0, Lgy0, ξ)), ε)}

(3.22)

Äëÿ ñóæåíèÿ ̂[B(x0, y0)− λ0A(x0, y0)] = (I−Q(x0, y0))(B(x0, y0)−λ0A(x0, y0))(I−P(x0, y0))
îïåðàòîðà B(x0, y0)−λ0A(x0, y0) íà ïîäïðîñòðàíñòâî H∞−K(x0, y0) âûïîëíåíî ñëåäóþùåå
ñîîòíîøåíèå ñèììåòðèè

Kg
̂[B(x0, y0)− λ0A(x0, y0)]

(3.2),(3.17)
=

= (I −Q(Lgx0, Lgy0))[B(Lgx0, Lgy0)− λ0A(Lgx0, Lgy0)](I −P(Lgx0, Lgy0))Lg =

= ̂[B(Lgx0, Lgy0)− λ0A(Lgx0, Lgy0)]Lg

(3.23)

Ïðèìåíÿÿ K−1g ê ïåðâîìó óðàâíåíèþ ñèñòåìû (3.22), ïîëó÷àåì

K−1g
̂[B(Lgx0, Lgy0)− λ0A(Lgx0, Lgy0)]ũ

(3.23)
=

(3.23)
= ̂[B(x0, y0)− λ0A(x0, y0)]L

−1
g ũ,

K−1g (I −Q(Lgx0, Lgy0))A(Lgx0, Lgy0, ε)[ũ+ v(Lgx0, Lgy0, ξ)]+

+K−1g (I −Q(Lgx0, Lgy0))R(Lgx0, Lgy0, ũ+ v(Lgx0, Lgy0, ξ))
(3.13)
=

(3.13)
= (I −Q(Lgx0, Lgy0))L

−1
g A(Lgx0, Lgy0, ε)[û+ v(Lgx0, Lgy0, ξ)]+

+(I −Q(x0, y0))L
−1
g R(Lgx0, Lgy0, ũ+ v(Lgx0, Lgy0ũ =⇒

̂[B(Lgx0, Lgy0)− λ0A(Lgx0, Lgy0)]L
−1
g ũ =

= (I −Q(x0, y0))A(x0, y0, ε)[L
−1
g ũ+ v(Lgx0, Lgy0, ξ)]+

+(I −Q(x0, y0))R(x0, y0, L
−1
g ũ+ v(x0, y0, ξ), ε).

(3.24)

Â ñèëó òåîðåìû î íåÿâíûõ îïåðàòîðàõ íàõîäèì åäèíñòâåííîå ðåøåíèå (3.24) â âèäå
L−1g ũ = u(x0, y0,v(x0, y0, ξ, )ε) , îòêóäà ñëåäóåò, ÷òî ũ = Lgu(x0, y0,v(x0, y0, ξ, )ε) . Ïîäñòà-
íîâêà íàéäåííîãî ðåøåíèÿ âî âòîðîå óðàâíåíèå ñèñòåìû (3.22) äàåò ÓÐÊ À.Ëÿïóíîâà (3.8)
â òî÷êå áèôóðêàöèè (Lgx0, Lgy0, 0) è åãî ãðóïïîâóþ ñèììåòðèþ (3.20)

f(Lgx0, Lgy0, Lgv(x0, y0, ξ), ε) ≡
≡ Q(Lgx0, Lgy0)[B(Lgx0, Lgy0)− λ0A(Lgx0, Lgy0)]Lgu(x0, y0,v(x0, y0, ξ, )ε)−
−Q(Lgx0, Lgy0)A(Lgx0, Lgy0, ε)[Lgu+ v(Lgx0, Lgy0, ξ)]−
−Q(Lgx0, Lgy0)R(Lgx0, Lgy0, Lgu+ v(Lgx0, Lgy0, ξ), ε) =
= KgQ(x0, y0)(B(x0, y0)− λ0A(x0, y0))−KgQ(x0, y0)(A(x0, y0, ε)(u+ v(x0, y0, ξ))−
−KgR(x0, y0,u+ v(x0, y0, ξ), ε) = Kgf(x0, y0,v(x0, y0, ξ), ε)

Äëÿ äîêàçàòåëüñòâà íàñëåäîâàíèÿ ñèììåòðèè ÓÐÊ Ý.Øìèäòà çàïèøåì óðàâíåíèå (3.1)
â òî÷êå âåòâëåíèÿ (Lgx0, Lgy0, 0) â âèäå ñèñòåìû è ïðèìåíÿÿ ðåãóëÿðèçàòîð Øìèäòà,
ïîëó÷èì

˜[B(Lgx0, Lgy0)− λ0A(Lgx0, Lgy0)]Lg(x− x0, y − y0)T =
= A(Lgx0, Lgy0, ε)Lg(x− x0, y − y0)T +R(Lgx0, Lgy0, Lg(x− x0, y − y0)T , ε)+

+
n∑
i=1

ξi1Z
(1)
i (Lgx0, Lgy0), ξjk = ⟨Lg(x− x0, y − y0)T ,Γ(k)

j (Lgx0, Lgy0)
T ⟩H,

j = 1, ...n, k = 1, ...pj.
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Ïîëàãàÿ Lg(x − x0, y − y0)
T = w̃ + Lgv(x0, y0, ξ) = w̃ + v(Lgx0, Lgy0, ξ)

â ñèëó ãðóïïîâîé ñèììåòðèè îïåðàòîðîâ ˜[B(x0, y0)− λ0A(x0, y0)] = [B(x0, y0) −
λ0A(x0, y0)] +

n∑
i=1

⟨·,Γk(x0, y0)⟩Zk(x0, y0),A(x0, y0, ε) è R(x0, y0, x − x0, y − y0, ε) (ñîîò-

âåòñòâåííî ðàâåíñòâàì (3.12)� (3.13)) íàõîäèì w̃ = Lg(x − x0, y − y0)
T èç ïåðâî-

ãî óðàâíåíèÿ ˜[B(Lgx0, Lgy0)− λ0A(Lgx0, Lgy0)]w̃ = Kg
˜[B(x0, y0)− λ0A(x0, y0)]L

−1
g w̃ =

KgA(x0, y0, ε)[L
−1
g w̃ + v(x0, y0, ξ)] + KgR(x0, y0, L

−1
g w̃ + v(x0, y0, ξ)) â âèäå L−1g w̃ =

w(x0, y0,v(x0, y0, ξ)) Òîãäà èç âòîðîãî óðàâíåíèÿ ñèñòåìû ïîëó÷àåì ÓÐÊ Ý.Øìèäòà â
òî÷êå (Lgx0, Lgy0, 0) è åãî ãðóïïîâóþ ñèììåòðèþ (3.21)

t(Lgx0, Lgy0, Lgv(x0, y0, ξ), ε) = P(Lgx0, Lgy0)w̃
(3.17)
=

(3.17)
= LgP(x0, y0)w̃(x0, y0,v(x0, y0, ξ), ε) = Lgt(x0, y0,v(x0, y0, ξ), ε)

Ä î ê à ç à ò å ë ü ñ ò â î ç à ê î í ÷ å í î.
Ïðèìåíÿÿ ðåçóëüòàòû ï. 2, ïîëó÷àåì ñëåäóþùåå óòâåðæäåíèå

Ò å î ð å ì à 3.3. Ïóñòü â óñëîâèÿõ ãðóïïîâîé ñèììåòðèè äëÿ ñèñòåìû (3.1) âû-
ïîëíåíû óñëîâèÿ c1) � c3) , ïðè÷åì â óñëîâèè c2) κ = n è Gs, s < l , ÿâëÿåòñÿ íîð-
ìàëüíûì äåëèòåëåì Gl ñ ñîîòâåòñòâóþùèì èäåàëîì T sg(a) ïðîèçâîäÿùèõ îïåðàòîðîâ,

è îïåðàòîð-ôóíêöèè (B − λ0A) − A(ε) âî ôðåäãîëüìîâîé òî÷êå λ0 îòâå÷àåò ïîëíûé
òðè-êàíîíè÷åñêèé ÎÆÍ ê N(Bx0 − λ0A0) . Òîãäà ñóùåñòâóåò íåïðåðûâíàÿ ôóíêöèÿ

v(x0, y0, ξ, ε) = v(x0, y0, ξ) + u(x0, y0,v(x0, y0, ξ), ε) : T ng(a)

(
x0
y0

)
× (−δ, δ) → H , èíâàðè-

àíòíàÿ îòíîñèòåëüíî ôàêòîð-ãðóïïû Gκ = Gn = Gl/Gs íà T ng(a)

(
x0
y0

)
, òàêàÿ, ÷òî

F1(x0, y0, v1(x0, y0, ξ, ε), v2(x0, y0, ξ, ε)) = 0, F2(x0, y0, v1(x0, y0, ξ, ε), v2(x0, y0, ξ, ε)) = 0
(3.25)

ïðè v(x0, y0, ξ) ∈ T ng(a)
(
x0
y0

)
, |ε| < δ .

Ñ ë å ä ñ ò â è å 3.1. Òåîðåìà 3.3 ñïðàâåäëèâà äëÿ ïîëóïðîñòûõ òî÷åê âåòâëåíèÿ,
ò.å. ïðè îòñóòñòâèè îáîáùåííûõ æîðäàíîâûõ öåïî÷åê. Ïðè ýòîì â òåîðåìå è åå äîêà-
çàòåëüñòâå ðå÷ü èäåò îá ÓÐ.

Ò å î ð å ì à 3.4. Ïóñòü â ïðåäïîëîæåíèÿõ c1) � c3) , ÓÐÊ À. Ëÿïóíîâà (ñî-
îòâ. Ý.Øìèäòà) � ïîòåíöèàëüíîãî òèïà è åãî ïîòåíöèàë U(x, y, ξ, ε) ïðèíàäëåæèò
êëàññó C2 â íåêîòîðîé îêðåñòíîñòè òî÷êè áèôóðêàöèè (x0, y0; 0) è ÿâëÿåòñÿ èíâàðèàí-
òîì ïðåäñòàâëåíèÿ Lg ãðóïïû Gl(a) , s -ðàçìåðíîñòü ñòàöèîíàðíîé ïîäãðóïïû ýëåìåí-
òà (x0, y0) , ïðè÷åì κ = l − s > 0 . Òîãäà

1. åñëè κ = n , òî äëÿ âñåõ (ξ(ε), ε) èëè (v(x0, y0, ξ(ε), ε)) èç íåêîòîðîé îêðåñòíîñòè
íóëÿ â RK+1 ÓÐÊ (3.8) (ñîîòâ. (3.9)) âûïîëíåíî òîæäåñòâåííî, ò.å. âîçíèêàåò
ñèòóàöèÿ òåîðåìû 3.3;

2. åñëè κ < n è n ≥ 2 , òî èìååò ìåñòî ÷àñòè÷íàÿ ðåäóêöèÿ ÓÐÊ: â ïðèíÿòîì â
óñëîâèè c2) ñîãëàøåíèè î íóìåðàöèè áàçèñíûõ ýëåìåíòîâ â HK ïåðâûå Kκ = p1 +
. . .+ pκ óðàâíåíèé ÿâëÿþòñÿ ëèíåéíûìè êîìáèíàöèÿìè îñòàëüíûõ pκ+1 + . . .+ pn .
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Ñ ë å ä ñ ò â è å 3.1. Ïóñòü òî÷êå áèôóðêàöèè îòâå÷àåò èíâàðèàíòíîå ÿäðî è
ëèíåàðèçàöèÿ èìååò òðè-êàíîíè÷åñêèé ÎÆÍ. Òîãäà ðåäóêöèÿ ÓÐÊ À.Ì.Ëÿïóíîâà è
Ý.Øìèäòà îñóùåñòâëÿåòñÿ ïî ïîëíûì æîðäàíîâûì öåïî÷êàì ñ ïîìîùüþ ïîëíîé ñè-
ñòåìû ôóíêöèîíàëüíî-íåçàâèñèìûõ èíâàðèàíòîâ äåéñòâèÿ ãðóïïû Gl .

Ðàññìîòðåííóþ â ï. 3 àáñòðàêòíóþ ñèòóàöèþ ìû ïðåäïîëàãàåì ïðèìåíèòü ê çàäà-
÷àì ðàñïðîñòðàíåíèÿ ýëåêòðîìàãíèòíûõ âîëí, ïðîõîäÿùèõ ÷åðåç îäíîðîäíûé èçîòðîïíûé
íåìàãíèòíûé ñëîé ñ íåëèíåéíîñòüþ òèïà Êåððà, çàïîëíÿþùåé øàðîâîé ñëîé èëè ñëîé
ìåæäó äâóìÿ ñîôîêóñíûìè îäíîïîëîñòíûìè ãèïåðáîëîèäàìè. Äèýëåêòðè÷åñêàÿ ïðîíè-

öàåìîñòü ε âíóòðè ñëîÿ îïðåäåëÿåòñÿ ïî çàêîíó Êåððà ε = ε2 + a|
−→
E |2 , ãäå a > 0 - êî-

ýôôèöèåíò íåëèíåéíîñòè, ε2 > max(ε1, ε3) - êîíñòàíòû, ε1 ≥ ε0, ε1 - äèýëåêòðè÷åñêàÿ
ïðîíèöàåìîñòü âíóòðåííåãî ïðîñòðàíñòâà è ε3 ≥ ε0, ε3 -äèýëåêòðè÷åñêàÿ ïðîíèöàåìîñòü
âíåøíåãî ïðîñòðàíñòâà, ε0 -äèýëåêòðè÷åñêàÿ ïðîíèöàåìîñòü âàêóóìà.
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Stationary bifurcation problems with E. Schmidt spectrum

in linearization under group symmetry conditions.

c⃝ B. V. Loginov4; I. V. Konopleva5; L. V. Mironova6

Abstract.With the aim of applications in electromagnetic oscillations theory G -invariant implicit
operator theorem and theorem about reduction of variational type branching equations and
branching equations in the root-subspaces on the number of equations are proved for bifurcational
problems with E.Schmidt spectrum in the linearization. Terminilogy and designations of the
works [1]-[4] are used.
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invariant implicit operator theorem, variational type branching equations and branching equations
in the root-subspaces.

4Pro�esor, Ulyanovsk State Technical University, Ulyanovsk; loginov@ulstu.ru
5Docent, Ulyanovsk State Technical University, Ulyanovsk; i.konopleva@ulstu.ru
6Assistent,Ulyanovsk Higher Civil Aviation School, Ulyanovsk; i.konopleva@ulstu.ru

MVMS journal. 2011. V. 13, No. 3


