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Àííîòàöèÿ. Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ íåïðåðûâíûå àïïðîêñèìàöèè çàäà÷è Ãîëüä-
øòèêà îòðûâíûõ òå÷åíèé íåñæèìàåìîé æèäêîñòè. Àïïðîêñèìèðóþùàÿ çàäà÷à ïîëó÷àåòñÿ èç
èñõîäíîé ìàëûìè âîçìóùåíèÿìè ñïåêòðàëüíîãî ïàðàìåòðà (çàâèõðåííîñòè) è íåïðåðûâíû-
ìè ïî ôàçîâîé ïåðåìåííîé àïïðîêñèìàöèÿìè ðàçðûâíîé íåëèíåéíîñòè. Ïðè îïðåäåëåííûõ
óñëîâèÿõ âàðèàöèîííûì ìåòîäîì óñòàíàâëèâàåòñÿ ñõîäèìîñòü ðåøåíèé àïïðîêñèìèðóþùèõ
çàäà÷ ê ðåøåíèÿì èñõîäíîé çàäà÷è. Â ðàáîòå òàêæå ðàññìàòðèâàåòñÿ ìîäèôèêàöèÿ îäíîìåð-
íîãî àíàëîãà ìàòåìàòè÷åñêîé ìîäåëè Ãîëüäøòèêà. Ìîäåëü ïðåäñòàâëÿåò ñîáîé íåëèíåéíîå
äèôôåðåíöèàëüíîå óðàâíåíèå ñ ãðàíè÷íûì óñëîâèåì. Íåëèíåéíîñòü â óðàâíåíèè íåïðåðûâ-
íàÿ è çàâèñèò îò ìàëîãî ïàðàìåòðà. Â ïðåäåëå, ïðè ñòðåìëåíèè ïàðàìåòðà ê íóëþ, ïîëó÷àåòñÿ
ðàçðûâíàÿ íåëèíåéíîñòü. Ðåçóëüòàòû î ðåøåíèÿõ ñîãëàñóþòñÿ ñ ðåçóëüòàòàìè, ïîëó÷åííûìè
äëÿ îäíîìåðíîãî àíàëîãà ìîäåëè Ãîëüäøòèêà.

Êëþ÷åâûå ñëîâà: ìîäåëü Ãîëüäøòèêà, îòðûâíûå òå÷åíèÿ, íåëèíåéíîå äèôôåðåíöèàëüíîå
óðàâíåíèå, ðàçðûâíàÿ íåëèíåéíîñòü, íåïðåðûâíàÿ àïïðîêñèìàöèÿ.

1. Ââåäåíèå

Â ðàáîòàõ [1], [2] ðàññìàòðèâàëàñü ìàòåìàòè÷åñêàÿ ìîäåëü îòðûâíûõ òå÷åíèé íåñæèìà-
åìîé æèäêîñòè Ì.À. Ãîëüäøòèêà, â ðàáîòå [3] � íåïðåðûâíàÿ àïïðîêñèìàöèÿ ïëîñêîé çà-
äà÷è Ãîëüäøòèêà, à â ðàáîòå [4] � íåïðåðûâíàÿ àïïðîêñèìàöèÿ ìîäèôèêàöèè îäíîìåðíîãî
àíàëîãà ìîäåëè Ãîëüäøòèêà. Äàííàÿ ñòàòüÿ ïðåäñòàâëÿåò ñîáîé îáúåäèíåíèå ðåçóëüòàòîâ
ðàáîò [3], [4].

Àïïðîêñèìàöèè êðàåâûõ çàäà÷ ýëëèïòè÷åñêîãî òèïà ñî ñïåêòðàëüíûì ïàðàìåòðîì è
ðàçðûâíîé ïî ôàçîâîé ïåðåìåííîé íåëèíåéíîñòüþ ðàññìàòðèâàëèñü â ðàáîòàõ [5]�[7]. Àï-
ïðîêñèìèðóþùàÿ çàäà÷à ïîëó÷àëàñü èç èñõîäíîé âîçìóùåíèåì ñïåêòðàëüíîãî ïàðàìåòðà
è àïïðîêñèìàöèåé íåëèíåéíîñòè êàðàòåîäîðèåâûìè ôóíêöèÿìè. Âàðèàöèîííûì ìåòîäîì
äîêàçàíû òåîðåìû î ñõîäèìîñòè ðåøåíèé àïïðîêñèìèðóþùèõ çàäà÷ ýëëèïòè÷åñêîãî òè-
ïà ñî ñïåêòðàëüíûì ïàðàìåòðîì è íåïðåðûâíîé íåëèíåéíîñòüþ ê ðåøåíèÿì ïðåäåëüíîé
çàäà÷è ñ ðàçðûâíîé íåëèíåéíîñòüþ. Â ðàáîòå [5] ïðåäïîëàãàëîñü, ÷òî äèôôåðåíöèàëüíàÿ
÷àñòü âìåñòå ñ ãðàíè÷íûì óñëîâèåì ïîðîæäàåò êîýðöèòèâíûé îïåðàòîð, â ðàáîòå [6] ðàñ-
ñìàòðèâàëèñü ðåçîíàíñíûå ýëëèïòè÷åñêèå êðàåâûå çàäà÷è ñî ñïåêòðàëüíûì ïàðàìåòðîì
è ðàçðûâíîé íåëèíåéíîñòüþ, à â ðàáîòå [7] � îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî çàäà÷ Äèðè-
õëå äëÿ óðàâíåíèÿ ýëëèïòè÷åñêîãî òèïà âûñîêîãî ïîðÿäêà ñ ðàçðûâíîé íåëèíåéíîñòüþ.
Èçó÷àëñÿ âîïðîñ áëèçîñòè ðåøåíèé àïïðîêñèìèðóþùåé è èñõîäíîé çàäà÷. Àïïðîêñèìàöèÿ
çàäà÷è ñ ðàçðûâíîé íåëèíåéíîñòüþ ïîñëåäîâàòåëüíîñòüþ çàäà÷ ñ íåïðåðûâíîé íåëèíåé-
íîñòüþ äëÿ îïåðàòîðà Ëàïëàñà íà êîíêðåòíûõ ïðèìåðàõ ñêëåéêè âèõðåâûõ è ïîòåíöèàëü-
íûõ òå÷åíèé ðàññìàòðèâàëàñü ðàíåå â ðàáîòàõ È.È. Âàéíøòåéíà. Íà àêòóàëüíîñòü äàí-
íîé òåìàòèêè è íåîáõîäèìîñòü èññëåäîâàíèé â ýòîì íàïðàâëåíèè óêàçàíî òàêæå â ðàáîòå
Ì.À. Êðàñíîñåëüñêîãî è À.Â. Ïîêðîâñêîãî [8].

1Äîöåíò êàôåäðû âûñøåé ìàòåìàòèêè, Ñàíêò-Ïåòåðáóðãñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ñàíêò-
Ïåòåðáóðã; potapov@apmath.spbu.ru.
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2. Ïîñòàíîâêà çàäà÷è

Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà ïëîñêîé çàäà÷è Ãîëüäøòèêà ñîñòîèò â îïðåäåëåíèè
íåïðåðûâíî-äèôôåðåíöèðóåìîé ôóíêöèè òîêà ψ , óäîâëåòâîðÿþùåé óðàâíåíèþ

∆ψ =

{
ω, åñëè ψ < 0,
0, åñëè ψ ≥ 0,

è êðàåâîìó óñëîâèþ
ψ|Γ = φ(s),

ãäå ∆ � îïåðàòîð Ëàïëàñà, ω � çàâèõðåííîñòü, Γ � êóñî÷íî-ãëàäêèé êîíòóð ïëîñêîé
îãðàíè÷åííîé îáëàñòè Ω , φ � íåïðåðûâíàÿ íåîòðèöàòåëüíàÿ è îòëè÷íàÿ îò íóëÿ ëèøü íà
÷àñòè êîíòóðà ôóíêöèÿ.

Àïïðîêñèìèðóþùàÿ çàäà÷à èìååò âèä

∆ψ =


ωk, åñëè ψ < −ε,
−ωk

ε
ψ, åñëè − ε ≤ ψ ≤ 0,

0, åñëè ψ ≥ 0,

ψ|Γ = φ(s),

ωk > 0 , ε > 0 . Àïïðîêñèìèðóþùàÿ çàäà÷à ïðåäñòàâëÿåò ñîáîé íåëèíåéíîå ýëëèïòè÷åñêîå
äèôôåðåíöèàëüíîå óðàâíåíèå ñ êðàåâûì óñëîâèåì. Íåëèíåéíîñòü â óðàâíåíèè íåïðåðûâ-
íàÿ è çàâèñèò îò ìàëîãî ïàðàìåòðà. Â ïðåäåëå, ïðè ñòðåìëåíèè ïàðàìåòðà ê íóëþ, ïîëó÷à-
åòñÿ ðàçðûâíàÿ íåëèíåéíîñòü. Îòìåòèì, ÷òî ðàçðûâíûå íåëèíåéíîñòè äîâîëüíî ÷àñòî âîç-
íèêàþò êàê èäåàëèçàöèè íåïðåðûâíûõ íåëèíåéíîñòåé, èìåþùèõ ó÷àñòêè áûñòðîãî ðîñòà
ïî ôàçîâîé ïåðåìåííîé. Ïðè ýòîì óäîáíî ñ÷èòàòü, ÷òî íåïðåðûâíûå íåëèíåéíîñòè çàâèñÿò
îò ìàëîãî ïàðàìåòðà ε è â ïðåäåëå ïðè ε → 0 ïîëó÷àåòñÿ ðàçðûâíàÿ íåëèíåéíîñòü. Â
ñèëó ðåçóëüòàòîâ ðàáîò [5]�[7] àïïðîêñèìàòîðîì ïðè ψ ∈ [−ε, 0] ìîæåò áûòü ëþáàÿ íåïðå-
ðûâíàÿ íà ýòîì îòðåçêå ôóíêöèÿ f = f(ψ) , óäîâëåòâîðÿþùàÿ óñëîâèÿì f(−ε) = ωk ,
f(0) = 0 .

Ôóíêöèÿ ψ0 óäîâëåòâîðÿåò çàäà÷å{
∆ψ0 = 0,
ψ0|Γ = φ(s).

Èç ïðèíöèïà ìàêñèìóìà ñëåäóåò, ÷òî ôóíêöèÿ ψ0(x) ïîëîæèòåëüíà â îáëàñòè Ω . Ñäåëàâ
çàìåíó u = ψ − ψ0 , ïðèõîäèì ê ñëåäóþùåé çàäà÷å:

∆u =

{
ω, åñëè u < −ψ0(x),
0, åñëè u ≥ −ψ0(x),

u|Γ = 0.

Èìååì
−∆u = ωg(x, u(x)), (2.1)

u|Γ = 0, (2.2)

ãäå

g(x, u) =

{
−1, åñëè u < −ψ0(x),
0, åñëè u ≥ −ψ0(x).
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Êðàåâîé çàäà÷å (2.1)�(2.2) ñîïîñòàâèì ôóíêöèîíàë Jω(u) , çàäàííûé íà H1
◦(Ω) , ñëåäó-

þùèì îáðàçîì:

Jω(u) = J1(u)− ω

∫
Ω

dx

u(x)∫
0

g(x, s)ds,

ãäå

J1(u) =
1

2

2∑
i=1

∫
Ω

u2xidx =
1

2

∫
Ω

(u2x1 + u2x2)dx

 .

Â ðàáîòå [2] äîêàçàíî, ÷òî ñóùåñòâóåò ω0 > 0 òàêîå, ÷òî äëÿ ëþáîãî ω > ω0

inf
v∈H1

◦(Ω)
Jω(v) < 0 , íàéäåòñÿ u ∈ H1

◦(Ω) òàêîå, ÷òî Jω(u) = inf
v∈H1

◦(Ω)
Jω(v) è ëþáîå òà-

êîå u ÿâëÿåòñÿ íåíóëåâûì ïîëóïðàâèëüíûì ðåøåíèåì êðàåâîé çàäà÷è (2.1)�(2.2). Òà-
êèì îáðàçîì, ïðè ω , ïðåâûøàþùèõ íåêîòîðîå çíà÷åíèå, çàäà÷à èìååò, ïî êðàéíåé ìåðå,
îäíî íåòðèâèàëüíîå ðåøåíèå (â ñèëó òåîðåì âëîæåíèÿ Ñîáîëåâà ðåøåíèå íåïðåðûâíî-
äèôôåðåíöèðóåìî). Â ñèëó [9] äëÿ âåëè÷èíû áèôóðêàöèîííîãî ïàðàìåòðà ω0 , íà÷èíàÿ ñ
êîòîðîãî çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ (2.1)�(2.2) ðàçðåøèìà, ñïðàâåäëèâà ñëåäóþùàÿ
îöåíêà ñâåðõó:

ω0 ≤ inf
û∈U

J1(û)∫
Ω

dx
û(x)∫
0

g(x, s)ds

,

ãäå U = {û ∈ H1
◦(Ω) :

∫
Ω

dx
û(x)∫
0

g(x, s)ds > 0} .

Çàôèêñèðóåì ω > ω0 è ïóñòü ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü (ωk) , ωk > 0 , ñõîäèò-
ñÿ ê ω . Íåëèíåéíîñòü g(x, u) àïïðîêñèìèðóåòñÿ ïîñëåäîâàòåëüíîñòüþ êàðàòåîäîðèåâûõ
ôóíêöèé (gk(x, u)) .

Èìååì
−∆u = ωkg

k(x, u(x)), x ∈ Ω, (2.3)

u|Γ = 0, (2.4)

ãäå

gk(x, u) =


−1, åñëè u < −ε− ψ0(x),
1
ε
(u+ ψ0(x)), åñëè − ε− ψ0(x) ≤ u ≤ −ψ0(x),
0, åñëè u ≥ −ψ0(x).

Â ñëó÷àå ìîäèôèêàöèè îäíîìåðíîãî àíàëîãà ìîäåëè Ãîëüäøòèêà òðåáóåòñÿ íàéòè äâà-
æäû íåïðåðûâíî-äèôôåðåíöèðóåìóþ ôóíêöèþ ψ , óäîâëåòâîðÿþùóþ óðàâíåíèþ

ψ′′ =


ω, åñëè ψ < −ε,
−ω

ε
ψ, åñëè − ε ≤ ψ ≤ 0,

0, åñëè ψ ≥ 0,

è ãðàíè÷íûì óñëîâèÿì ψ(0) = 1 , ψ(1) = 0 , ω > 0 , ε > 0 . Ìîäåëü ïðåäñòàâëÿåò ñîáîé
íåëèíåéíîå îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå ñ ãðàíè÷íûì óñëîâèåì. Íåëèíåé-
íîñòü â óðàâíåíèè íåïðåðûâíàÿ è çàâèñèò îò ìàëîãî ïàðàìåòðà ε , â ïðåäåëå ïðè ε → 0
ïîëó÷àåòñÿ ðàçðûâíàÿ íåëèíåéíîñòü. Äàííàÿ ñòàòüÿ ïîñâÿùåíà ïîñòðîåíèþ ðåãóëÿðèçà-
öèè êðàåâîé çàäà÷è äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà
â ñëó÷àå, êîãäà ñâîáîäíûé ÷ëåí åñòü ðàçðûâíàÿ ôóíêöèÿ òèïà Õåâèñàéäà. Â äàííîé ðàáî-
òå ðåçóëüòàòû ðàáîò [5]�[7] ïåðåíîñÿòñÿ íà îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ,
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êîíêðåòíóþ çàäà÷ó ñ ðàçðûâàìè � îäíîìåðíûé àíàëîã ìîäåëè Ãîëüäøòèêà. Îòìåòèì, ÷òî
â ñèëó [5]�[7] àïïðîêñèìàòîðîì âìåñòî −ω

ε
ψ ïðè −ε ≤ ψ ≤ 0 ìîæåò áûòü òàêæå ëþ-

áàÿ ôóíêöèÿ f = f(ψ) , íåïðåðûâíàÿ íà îòðåçêå [−ε, 0] è óäîâëåòâîðÿþùàÿ óñëîâèÿì
f(−ε) = ω , f(0) = 0 .

3. Ðåøåíèå çàäà÷è

Â ðàáîòå [3] äëÿ ïëîñêîé çàäà÷è Ãîëüäøòèêà ïîêàçàíî, ÷òî âûïîëíåíû âñå óñëîâèÿ
òåîðåìû 1 èç ðàáîòû [5]. Ïîýòîìó ïîñëåäîâàòåëüíîñòü (uk) ðåøåíèé àïïðîêñèìèðóþùèõ
çàäà÷ (2.3)�(2.4) ÿâëÿåòñÿ ìèíèìèçèðóþùåé ïîñëåäîâàòåëüíîñòüþ äëÿ ôóíêöèîíàëà Jω

íà H1
◦(Ω) , ñîäåðæèò ïîäïîñëåäîâàòåëüíîñòü (ukl) , ñõîäÿùóþñÿ â C1(Ω) ê ïîëóïðàâèëü-

íîìó ðåøåíèþ u0 ïðåäåëüíîé çàäà÷è (2.1)�(2.2), äëÿ êîòîðîãî

Jω(u0) = inf
v∈H1

◦(Ω)
Jω(v) =

inf
v∈H1

◦(Ω)

1

2

∫
Ω

(v2x1 + v2x2)dx− ω

∫
Ω

dx

v(x)∫
0

g(x, s)ds

 .

Åñëè èíôèìóì Jω íà H1
◦(Ω) äîñòèãàåòñÿ â åäèíñòâåííîé òî÷êå u0 , òî uk → u0 â C1(Ω) .

Îòìåòèì, ÷òî ñîãëàñíî òåîðåìå 3 èç ðàáîòû [10] äëÿ ëþáîãî k ≥ 2 ñóùåñòâóåò uk ∈ H1
◦(Ω)

òàêîå, ÷òî

Jk(uk) = inf
v∈H1

◦(Ω)
Jk(v) = inf

v∈H1
◦(Ω)

J1(v)− ωk

∫
Ω

dx

v(x)∫
0

gk(x, s)ds

 .

Ïðè÷åì ëþáîå òàêîå uk ∈ W2
q(Ω) è ÿâëÿåòñÿ ñèëüíûì ðåøåíèåì ñîîòâåòñòâóþùåé àï-

ïðîêñèìèðóþùåé êðàåâîé çàäà÷è.
Â ðàáîòå [4] äëÿ îäíîìåðíîãî àíàëîãà ìîäåëè Ãîëüäøòèêà ïîêàçàíî, ÷òî ïðè ε → 0

âñå ðåçóëüòàòû î ðåøåíèÿõ (÷èñëî ðåøåíèé, àíàëèòè÷åñêèå âûðàæåíèÿ íîðì ðåøåíèé
è çíà÷åíèé ôóíêöèîíàëà, ïîðîæäàåìîãî çàäà÷åé, íà íèõ) ñîãëàñóþòñÿ ñ ðåçóëüòàòàìè,
ïîëó÷åííûìè ðàíåå â ðàáîòå [2]. Äåéñòâèòåëüíî, èç èñêîìîãî óðàâíåíèÿ èìååì

ψ1(x) = c1x+ 1,

ψ2(x) = c2 cos

(√
ω

ε
x

)
+ c3 sin

(√
ω

ε
x

)
,

ψ3(x) =
ω

2
x2 + c4x+ c5,

ψ4(x) = c6

(
sin

(√
ω

ε
x

)
− tg

(√
ω

ε

)
cos

(√
ω

ε
x

))
,

ãäå c1, ..., c6 � ïðîèçâîëüíûå ïîñòîÿííûå. Ó÷èòûâàÿ óñëîâèÿ íåïðåðûâíîñòè è äèôôåðåí-
öèðóåìîñòè äàííûõ ôóíêöèé â òî÷êàõ x0 , x1 è x2 (ψ1(x0) = ψ2(x0) = 0 , ψ2(x1) =
ψ3(x1) = −ε , ψ3(x2) = ψ4(x2) = −ε) , íàõîäèì äàííûå ïîñòîÿííûå. Ïðè ε→ 0 èìååì

ψ1(x) → − x

x0
+ 1,

ψ2(x) → 0,
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ψ3(x) →
ω

2
(x− x0)(x− 1),

ψ4(x) → 0,

÷òî ñîãëàñóåòñÿ ñ [2]:

ψ(x) =

{
− x
x0

+ 1, åñëè 0 ≤ x ≤ x0
ω
2
(x− x0)(x− 1), åñëè x0 ≤ x ≤ 1

, x0 =
1

2
± 1

2

√
1− 8

ω
.

Çàìåíîé u = ψ + x− 1 èñõîäíàÿ çàäà÷à ïðåîáðàçóåòñÿ ê âèäó

u′′ =


ω, åñëè u < −ε+ x− 1,
ω
ε
(x− 1− u(x)), åñëè − ε+ x− 1 ≤ u ≤ x− 1,

0, åñëè u ≥ x− 1,
(3.1)

u(0) = u(1) = 0. (3.2)

Ïðè ε→ 0 äëÿ ëþáîãî ω > 0 äàííàÿ ïðîáëåìà èìååò òðèâèàëüíîå ðåøåíèå, ïðè 0 < ω < 8
äðóãèõ ðåøåíèé íåò. Åñëè ω ≥ 8 , òî, êðîìå òðèâèàëüíîãî, çàäà÷à èìååò åùå äâà ðåøåíèÿ:

u±(x) =

{
x(1− 1

x0
), åñëè 0 ≤ x ≤ x0,

ω
2
(x− x0 +

2
ω
)(x− 1), åñëè x0 ≤ x ≤ 1,

ãäå x0 =
1
2
± 1

2

√
1− 8

ω
, êîòîðûå ïðè ω = 8 ñîâïàäàþò (ñëèâàþòñÿ â îäíî). Ôóíêöèîíàë

Jω(u) =
1

2

1∫
0

u′
2
dx− ω

∫
{x∈[0,1]: u(x)<x−1}

(x− 1− u(x))dx

äëÿ êàæäîãî ω > 0 äîñòèãàåò èíôèìóìà íà H1
◦ â íåêîòîðîé òî÷êå u0 , è ëþáîå òàêîå

u0 ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (3.1)�(3.2) ïðè ε → 0 (äëÿ äàííîãî íåäèôôåðåíöèðóåìîãî
ôóíêöèîíàëà ïðåäåëüíîå óðàâíåíèå ÿâëÿåòñÿ óðàâíåíèåì Ýéëåðà). Íîðìà â H1

◦ èìååò
âèä:

||u||H1
◦ =

 1∫
0

u′
2

dx


1
2

.

Ïîëó÷åíû àíàëèòè÷åñêèå âûðàæåíèÿ íîðì ðåøåíèé â H1
◦ äëÿ ðàññìàòðèâàåìîé çàäà÷è è

çíà÷åíèé ôóíêöèîíàëà Jω íà íèõ êàê ôóíêöèé ïàðàìåòðîâ ω è ε . Ïðè ε→ 0 èìååì

Jω(u±) =
1

1±
√

1− 8/ω
±
ω2
√
1− 8/ω

48
∓
ω
√

1− 8/ω

24
− ω2

48
+
ω

8
− 1

2

è

||u±||H1
◦ =

√
2

1±
√

1− 8/ω
∓
ω2
√
1− 8/ω

24
±
ω
√

1− 8/ω

12
+
ω2

24
− ω

4
− 1.

Òàêèì îáðàçîì, íàéäåíû àíàëèòè÷åñêèå âûðàæåíèÿ äëÿ íîðìû ñîáñòâåííûõ ôóíêöèé
ñîîòâåòñòâóþùåé êðàåâîé çàäà÷è è çíà÷åíèå ôóíêöèîíàëà, ïîðîæäàåìîãî ýòîé çàäà÷åé,
íà íèõ â çàâèñèìîñòè îò ñîáñòâåííîãî çíà÷åíèÿ ω ; èññëåäîâàí âîïðîñ î ÷èñëå ðåøåíèé
â çàâèñèìîñòè îò çíà÷åíèé ñïåêòðàëüíîãî ïàðàìåòðà (÷èñëî ðåøåíèé èñ÷åðïûâàåòñÿ íàé-
äåííûìè òðåìÿ, ò. å. íå÷åòíî).
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Çàäà÷à (3.1)�(3.2) ïðåîáðàçóåòñÿ ê âèäó

−u′′ = ω


−1, åñëè u < −ε+ x− 1,
1
ε
(u− x+ 1), åñëè − ε+ x− 1 ≤ u ≤ x− 1,

0, åñëè u ≥ x− 1,
(3.3)

u(0) = u(1) = 0. (3.4)

Ïðåäåëüíàÿ çàäà÷à èìååò âèä
−u′′ = ωg(x, u(x)), (3.5)

u(0) = u(1) = 0, (3.6)

ãäå

g(x, u) =

{
−1, åñëè u < x− 1,
0, åñëè u ≥ x− 1.

Â ðàáîòå [4] ïîêàçàíî, ÷òî äëÿ çàäà÷è (3.5)�(3.6) âûïîëíåíû âñå óñëîâèÿ òåîðåìû 3 èç
ðàáîòû [10]. Ïîýòîìó ñóùåñòâóåò ω0 > 0 òàêîå, ÷òî äëÿ ëþáîãî ω > ω0 inf

v∈H1
◦
Jω(v) < 0 , è

íàéäåòñÿ u ∈ H1
◦ òàêîå, ÷òî

Jω(u) = inf
v∈H1

◦
Jω(v). (3.7)

Îòìåòèì, ÷òî äëÿ âåëè÷èíû ω0 ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà ñâåðõó [9]:

ω0 ≤ inf
û∈U

1
2

1∫
0

û′
2
dx∫

{x∈[0,1]: û(x)<x−1}
(x− 1− û(x))dx

,

ãäå U = {û ∈ H1
◦ :

∫
{x∈[0,1]: û(x)<x−1}

(x−1− û(x))dx > 0} . Êðîìå òîãî, åñëè u � òî÷êà ðàçðû-

âà ôóíêöèè g(x, ·) , òî −1 = g(x, u−) < g(x, u+) = 0 , ò. å. ôóíêöèÿ g(x, ·) èìååò òîëüêî
ïðûãàþùèå ðàçðûâû äëÿ ïî÷òè âñåõ x ∈ [0, 1] . Çíà÷èò, ëþáîå u , óäîâëåòâîðÿþùåå (3.7),
ÿâëÿåòñÿ íåíóëåâûì ïîëóïðàâèëüíûì ðåøåíèåì çàäà÷è (3.5)�(3.6). Èç òåîðåìû 3 èç ðàáî-
òû [10] òàêæå ñëåäóåò, ÷òî ñóùåñòâóåò uk ∈ H1

◦ òàêîå, ÷òî Jω(uk) = inf
v∈H1

◦
Jω(v). Ïðè÷åì

ëþáîå òàêîå uk ∈ W2
q è ÿâëÿåòñÿ ñèëüíûì ðåøåíèåì ñîîòâåòñòâóþùåé àïïðîêñèìèðóþ-

ùåé çàäà÷è (3.3)�(3.4).
Äàëåå ðàññìîòðèì ïðîáëåìó áëèçîñòè ðåøåíèé àïïðîêñèìèðóþùåé çàäà÷è uk ê ðå-

øåíèÿì ïðåäåëüíîé çàäà÷è (3.5)�(3.6). Àíàëîãè÷íî [3] ïðîâåðÿåòñÿ, ÷òî äëÿ îäíîìåðíîãî
àíàëîãà ìîäåëè Ãîëüäøòèêà âûïîëíåíû óñëîâèÿ òåîðåìû 1 èç ðàáîòû [5]. Ïîýòîìó ïî-
ñëåäîâàòåëüíîñòü (uk) ðåøåíèé àïïðîêñèìèðóþùèõ çàäà÷ (3.3)�(3.4), ïîñòðîåííàÿ âûøå,
ÿâëÿåòñÿ ìèíèìèçèðóþùåé ïîñëåäîâàòåëüíîñòüþ äëÿ ôóíêöèîíàëà Jω íà H1

◦ è ñîäåðæèò
ïîäïîñëåäîâàòåëüíîñòü (ukl) , ñõîäÿùóþñÿ â ðàâíîìåðíîé ìåòðèêå C1 ê ïîëóïðàâèëüíî-
ìó ðåøåíèþ u0 ïðåäåëüíîé çàäà÷è (3.5)�(3.6), äëÿ êîòîðîãî Jω(u0) = inf

v∈H1
◦
Jω(v) . Åñëè

ïîñëåäíèé èíôèìóì äîñòèãàåòñÿ â åäèíñòâåííîé òî÷êå u0 , òî uk → u0 â C1 .
Òàêèì îáðàçîì, òåîðåìû îá óðàâíåíèÿõ ñ ðàçðûâíûìè íåëèíåéíîñòÿìè èëëþñòðèðóþò-

ñÿ ïðèêëàäíîé çàäà÷åé. Â çàäà÷å Ãîëüäøòèêà èíòåðåñ ïðåäñòàâëÿåò ñóùåñòâîâàíèå íåòðè-
âèàëüíûõ ðåøåíèé â çàâèñèìîñòè îò çíà÷åíèÿ çàâèõðåííîñòè â îáëàñòè îòðûâíûõ òå÷åíèé.
Ïîêàçàíî, ÷òî ïðè çíà÷åíèÿõ ñïåêòðàëüíîãî ïàðàìåòðà � çàâèõðåííîñòè, ïðåâûøàþùèõ
íåêîòîðîå çíà÷åíèå, çàäà÷à èìååò, ïî êðàéíåé ìåðå, îäíî íåòðèâèàëüíîå ðåøåíèå, ÷òî ñî-
ãëàñóåòñÿ ñ ðåçóëüòàòàìè äàííîé ðàáîòû (âûøå ïîëó÷åíî, ÷òî ïðè ω > 8 îäíîìåðíûé
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àíàëîã ìîäåëè Ãîëüäøòèêà èìååò äâà íåíóëåâûõ ðåøåíèÿ). Êðîìå òîãî, èçó÷åíà ïðîáëåìà
áëèçîñòè ðåøåíèé àïïðîêñèìèðóþùåé è ïðåäåëüíîé çàäà÷. Ïîêàçàíî, ÷òî åñëè uk � ñèëü-
íîå ðåøåíèå àïïðîêñèìèðóþùåé çàäà÷è, äîñòàâëÿþùåå àáñîëþòíûé ìèíèìóì ôóíêöèî-
íàëó çàäà÷è, òî ïîñëåäîâàòåëüíîñòü (uk) ñîäåðæèò ïîäïîñëåäîâàòåëüíîñòü, ñõîäÿùóþñÿ â
ðàâíîìåðíîé ìåòðèêå ê íåêîòîðîìó ïîëóïðàâèëüíîìó ðåøåíèþ ïðåäåëüíîé çàäà÷è, íà êî-
òîðîì ôóíêöèîíàë ýòîé çàäà÷è äîñòèãàåò íèæíåé ãðàíè íà âñåì ïðîñòðàíñòâå; åñëè ôóíê-
öèîíàë ïðåäåëüíîé çàäà÷è äîñòèãàåò ñâîåé íèæíåé ãðàíè íà âñåì ïðîñòðàíñòâå òîëüêî â
îäíîé òî÷êå u0 , òî uk → u0 â ðàâíîìåðíîé ìåòðèêå, ÷òî òàêæå ñîãëàñóåòñÿ ñ ðåçóëüòàòà-
ìè äàííîé ðàáîòû (íàïðèìåð, âûøå îòìå÷àëîñü, ÷òî ïðè 0 < ω < 8 îäíîìåðíûé àíàëîã
ìîäåëè Ãîëüäøòèêà èìååò òîëüêî íóëåâîå ðåøåíèå è, ñëåäîâàòåëüíî, inf

v∈H1
◦
Jω(v) = 0 ).
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Approximations of Gol'dshtik's model

c⃝ D. K. Potapov2

Abstract. In this paper we consider continuous approximations of the Gol'dshtik problem
for separated �ows of incompressible �uid. An approximating problem is obtained from the
initial problem by small perturbations of a spectral parameter (vorticity) and by the continuous
approximations of discontinuous nonlinearity in the phase variable. Using a variational method
under certain conditions, we prove the convergence of solutions of the approximating problems to
the solutions of the initial problem. A modi�cation for a one-dimensional analogue of the Gol'dshtik
mathematical model is considered. The model is a nonlinear di�erential equation with a boundary
condition. Nonlinearity in the equation is continuous and depends on a small parameter. We have
a discontinuous nonlinearity, when this parameter tends to zero. The results of the solutions are
in accord with the results obtained for the one-dimensional analogue of the Gol'dshtik model.

Key Words: Gol'dshtik model, separated �ows, nonlinear di�erential equation, discontinuous
nonlinearity, continuous approximation.

2Associate Professor of Higher Mathematics Chair, Saint-Petersburg State University, Saint-Petersburg;
potapov@apmath.spbu.ru.

MVMS journal. 2011. V. 13, No. 1


